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Abstract

The aim of this work is to study some noncommutative differential operators. We take

an algorithmic approach as well as further developing the mathematics, and design

and analyse algorithms to solve fundamental problems. We also give applications to

differential equations.

First we consider how to factor skew polynomials. These are polynomials in a

differential or difference operator. Using the eigenring method, we present algorithms

for computing factorizations and least common left multiple decompositions of skew

polynomials over Fq(t), for a prime power q = pµ (here Fq is the finite field with

q elements). Our algorithms are effective in the skew polynomial ring Fq(t)[D; σ, δ]

(where Dt = σ(t)D + δ(t)), for any automorphism σ and any σ-derivation δ of Fq(t).

Most importantly, these algorithms are the first to run in time polynomial in the

degree of the input

In the second part of this thesis, we presents theory and algorithms for noncom-

mutative Gröbner bases in Poincaré-Birkhoff-Witt extensions. These extension rings

generalize the previous domains over which non-commutative Gröbner bases have

been applied. Our approach to noncommutative Gröbner bases differs from previ-

ous work, which assumes that the coefficients are from a field or commutative ring.

This is relevant for computations involving Cartan’s theory of moving frames, and we

explore these applications.

In the third part of this thesis, we further our study of computations with mov-

ing frames, and extend the Rust-Riquier existence and uniqueness theory to analytic

v



vi

PDEs written in terms of moving frames of non-commuting partial differential op-

erators. The main idea for the theoretical development is to use the commutation

relations between the partial differential operators to place them in a standard order.

This normalization is exploited to generalize the corresponding steps of the commut-

ing Rust-Riquier Theory to the noncommutative case.
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Chapter 1

Introduction

1.1 Skew polynomial rings

One of the most active and important research areas in noncommutative algebra

is the investigation of skew polynomial rings (sometimes called Ore extensions or

rings). Noether and Schmeidler [32] were the first to consider this kind of ring, and

they were later systematically studied by Ore [37] in the 1930’s both in the context

of differential equations, and as operators on finite fields. Skew polynomial rings

were one of the earliest examples in noncommutative algebra. Since then, these

rings have been extensively studied, for example, for characterizing various kinds

of radicals (Jacobson and Baer) and global and Krüll dimensions of such rings, for

constructing finite-dimensional algebras, classifying all valuations of these algebras,

etc. One can find a theoretical treatment of this material in many standard books on

noncommutative algebras (for example, [10], [11], [21], [24], [25] and [28]).

Over the past ten years, skew polynomials have been successfully applied in many

areas, including for example solving Ordinary Differential Equations (ODEs: see

1
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Bronstein and Petkovšek[7], Chyzak and B. Salvy[9], van Hoeij[22] and Singer[44],

etc.), control theory (see Chyzak-Quadrat-Robertz[8], Fliess-Mounier[16], Gluesing-

Luerssen[20], etc.), and coding theory (see McEliece[29], Piret[39] etc.).

We will begin with an abstract definition of a skew polynomial. For a ring R, let

σ be an endomorphism of R. We define a σ-derivation as a linear map δ : R → R

such that δ(ab) = σ(a)δ(b) + δ(a)b. Intuitively, when σ is the identity, δ behaves like

a differential operator.

Definition 1.1.1. Given an associative ring R, with σ an endomorphism of R and δ

a derivation of R, a skew polynomial ring R[x; σ, δ] is a ring generated freely over R

by an element x subject to the relation ax = xσ + δ(a) for all a ∈ R.

There are two archetypical cases of skew polynomials.

(1) If σ is an identity mapping, then R[x; σ, δ] := R[x; δ] is called a skew polynomial

with derivation type;

(2) if δ = 0, then R[x; σ, δ] := R[x; σ] is called a skew polynomial with endomorphism

type;

These cases correspond respectively to some commonly used rings in computer

algebra applications:

Example 1.1.1. Let R = Q[t] be the usual rational polynomial ring over Q.

(1) The differential polynomials: Q[t][x; σ1, δ] := Q[t][x; δ], σ(t) = t, δ(t) = 1.

xt = tx + 1

(2) The Shift polynomials: Q[t][x; σ, δ0] := Q[t][x; σ], where σ(t) = t + 1, δ0(t) = 0.

xt = (t + 1)x
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The noncommutative relations xt = tx+1 and xt = (t+1)x originally came from

the requirements of the composition properties of differential operators and difference

operators. For example, let ∂ and t∂2 + 1 be two differential operators over Q[t] with

the action ∂(t) = 1 (this will make ∂ correspond to “usual” differentiation). Suppose

we want to write a differential operator

∂(t∂2 + 1)

in a standard form
∑n

i=1 ai(t)∂
i. In order to do this, we have to “swap” the position

of t and ∂, but since they do not commute, there are some restrictions. One is the

composition rule, which requires that

(∂(t∂2 + 1)) ◦ F (t) = ∂ ◦ (
(t∂2 + 1) ◦ F (t)

)

where we use ◦ for the ring action of the differential operator on the space of differ-

entiable functions in one variable, and, for example, F (t) = t2 is such a differentiable

function. Note that ∂ and t∂2 +1 correspond to x and tx2 +1 in the above skew poly-

nomial ring R[x; δ] respectively, and the rule xt = tx + 1 corresponds to ∂t = t∂ + 1.

We check the composition rule as follows:

(∂(t∂2 + 1)) ◦ F (t) = ∂ ◦ ((t∂2 + 1) ◦ F (t))

= ∂ ◦ (((t∂2) ◦ F (t)) + F (t))

= ∂ ◦ (tF ′′(t) + F (t))

= F ′′(t) + tF ′′′(t) + F ′(t).
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(∂(t∂2 + 1)) ◦ F (t) = (∂t∂2 + ∂) ◦ F (t)

= ((t∂ + 1)∂2 + ∂) ◦ F (t) where we use ∂t = t∂ + 1

= (t∂3 + ∂2 + ∂) ◦ F (t)

= tF ′′′(t) + F ′′(t) + F ′(t)

That is, the noncommutative rule ∂t = t∂ + 1 is the appropriate one to make the set

of differential operators
∑n

i=1 ai(t)∂
n become a ring.

Similarly, for two difference operators σ and tσ2 + 1 with σ(t) = t + 1, the rule

σt = (t + 1)σ transforms σ(tσ2 + 1) into a difference operator in a standard form

again, that is,

(σ(tσ2 + 1)) ◦ F (t) = σ ◦ ((tσ2 + 1) ◦ F (t))

= σ ◦ (tσ2(F (t)) + F (t))

= σ ◦ (tF (t + 2) + F (t))

= σ ◦ (tF (t + 2)) + σ ◦ F (t)

= (t + 1)F (t + 3) + F (t + 1)

(σ(tσ2 + 1)) ◦ F (t) = (σtσ2 + σ) ◦ F (t)

= ((t + 1)σ3 + σ) ◦ F (t) where we use σt = (t + 1)σ

= (t + 1)σ3 ◦ F (t) + σ ◦ F (t)

= (t + 1)F (t + 3) + F (t + 1)

Skew polynomial rings have a number of important structural properties which

make them mathematically rich, correspond to real applications, and also allow for

effective and efficient algorithms.
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One important property of skew polynomials is that R[x; σ, δ] is a principal right

ideal domain if σ is injective and R is a division ring. Therefore, the Euclidian

algorithms hold in skew polynomial rings.

It is generally much more convenient and computationally efficient to consider

only the pure derivation case or pure automorphism case. The following theorem

gives one method to transform R[x; σ, δ] into the two archetypical cases above:

Proposition 1.1.1. ([10]) Let R = K[x; σ, δ] be a skew polynomial ring over a field

K with endomorphism σ and σ-derivation δ. Then either

(1) δ is inner, and by a suitable choice of x, δ may be taken to be 0;

(2) σ is inner, and by a suitable choice of x, α may be taken to be the identity;

(3) σ leaves the center C of K fixed and δ maps it to 0; in this case C is contained

in the center of R.

We will define this transformation explicitly, and it forms an important part of

efficient algorithms, described in later sections of this thesis.

One of the significant differences between the usual polynomial rings and skew

polynomial rings is that skew polynomial rings are not unique factorization domains.

For example, let k = C(X) and L = ∂2. Then there are two factorizations ∂2 =

∂ ◦ ∂ = (∂ + f ′
f
)(∂ − f ′

f
) with f a monic polynomial in z of degree ≤ 1. If we only

consider the degrees, Ore[37] gave the following uniqueness theorem, which can be

proven as a consequence of the Jordan-Hölder theorem, see Jacobson[24].

Theorem 1.1.2. (Ore[37]). If f ∈ R[x; σ, δ] factors completely as

f = f1f2 · · · fn

= g1g2 · · · gm
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where f1, . . . , fn, g1, . . . , gm ∈ R[x; σ, δ] are irreducible, then n = m and there exists a

permutation φ of {1, . . . , n} such that for 1 ≤ i ≤ n, deg (fi) = deg (gφ(i)).

We refer to Singer and van der Put[45] for more details. Moreover, the usual

Gauss lemma does not apply. A indicative example of this is as follows:

Example 1.1.2. Let R = C̄[t][x; δ], with δ(t) = 1, be a polynomial ring, where C̄ is

the algebraic closure of a field C. It is easy to check that

tx2 + t2x− t = (x + t)(tx− 1)

Clearly the GCD of the leading coefficients of x + t and tx − 1 is 1, but the

coefficients of the left hand side can be divided by t. That is, Gauss lemma does not

hold!

This unfortunate property makes the study of skew polynomials considerably more

difficult than that of the usual polynomials. In particular, factoring algorithms are

inherently much more complex.

Since the 1990’s skew polynomials have attracted the interest of many computer

algebraists. A primary reason is that one can use them to compute with ordinary

differential equations. In fact, this was Ore’s starting point in the 1930’s, but de-

velopment was not continued, possibly due to the lack of computers at that time.

Work on differential factoring algorithms resumed recently, for example, Brostein

and Petkovsek [7], Giesbrecht [18, 19], van Hoeij [22, 23] and Singer [44].

As noted earlier, algorithms for factoring and decomposing skew polynomials are

very important in computer algebra, and are used for solving systems of differential

and difference operators, for example in Maple. They also arise in cryptography,

specifically in attacks on the Hidden Field Equation cryptosystem (see [12])
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The earliest and most famous method for factoring differential operators goes

back to Beke in 1894 [4]. Since then a number of authors have pursued different

approaches, and developed a number of distinct algorithms. Some of these have been

implemented in well-known mathematical software systems such as Mathematica and

Maple. However, none of these previous algorithms run in time polynomial in the

input size.

Our goal in Chapter 2 is to give the first polynomial-time factoring and decomposi-

tion algorithms, at least in the modular case. As mentioned above, skew polynomial

rings are not unique factorization domains and the usual Gauss’ lemma does not

apply. As well, this ring is non-commutative. Therefore, one cannot apply the now

well-refined methods of factoring commutative polynomials to skew polynomials. Our

method is purely algebraic. The main idea of our algorithms is to use the proper-

ties of an associative algebra known as the eigenring related to the polynomial to be

factored. Decompositions of this associative algebra will correspond to factorizations

and decompositions of the skew polynomial. The eigenring can be used to factor

and find least common left multiple decompositions efficiently. Up to now, we have

successfully obtained such algorithms for skew polynomials over the function fields of

a finite field. These results are included in Chapter 2, and have been published in

Proc. ACM Symposium on Symbolic and Algebraic Computation ISSAC2003, pages

127-134. ACM, 2003.

1.2 Poincaré-Birkhoff-Witt extensions

Many different rings with derivation operators have been explored in the mathemat-

ical literature, such as (iterated) skew polynomial rings (see, e.g., Chyzak and B.
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Salvy[9]), Weyl algebra (see, e.g., Saito-Sturmfels-Takayama[43]), rings of differential

operators (see, e.g., Bronstein and Petkovšek[7]), smash products (see, e.g., Bergen-

Montgomery[6]), etc. As well, other rings with derivation-like properties, such as

enveloping Lie algebras, solvable algebras, and some quantum groups can be anal-

ysed with similar techniques. In [5], Bell and Goodearl defined the following so-called

Poincaré-Birkhoff-Witt extensions, which provides a unified treatment of these rings.

Definition 1.2.1. Let R and T be two associative rings, with R ⊆ T . T is called a

(finite) Poincaré-Birkhoff-Witt extension of R if there exist x1, x2, · · · , xn ∈ T such

that

(1) the monomials xi1
1 xi2

2 · · · xin
n form a basis for T as a free left R-module, where

i1, i2, · · · , in ∈ N;

(2) xir − rxi := [xi, r] ∈ R for each i = 1, · · · , n and any r ∈ R;

(3) xixj − xjxi := [xi, xj] ∈ R + Rx1 + · · ·+ Rxn for all i, j = 1, · · · , n.

We write T = R〈x1, · · · , xn〉.

Conditions (2) and (3) allow one to swap the positions of elements such that every

element in T has a unique representation
∑

rαxα1
1 · · · xαn

n where rα ∈ R and {αi} ∈ N.

Example 1.2.1. Some typical examples of PBW extensions are as follows:

(1) When xir − rxi = 0 and xixj − xjxi = 0 for all r ∈ R and i, j ∈ {1, · · · , n},
the PBW extension R〈x1, · · · , xn〉 is a usual polynomial ring R[x1, · · · , xn] with

n-variables {x1, · · · , xn}.

(2) When R = K[y1, · · · , yn], a polynomial ring over a field K, and xik − kxi = 0,

xiyi − yixi = 1, xiyj − yjxi = 0 (i 6= j), xixj − xjxi = 0 for all k ∈ K, i, j ∈
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{1, · · · , n} the PBW extension R〈x1, · · · , xn〉 is so-called n-Weyl algebra. These

correspond to partial differential equations.

(3) When R is a field and xir − rxi = 0, the PBW extension R〈x1, · · · , xn〉 is

so-called (universal) enveloping Lie algebra of a Lie algebra with dimension n.

Remark 1.2.1. We have to remind the reader of the differences between PBW exten-

sions and other similar algebraic structures. For example, in [26] algebras of solvable

type are defined as follows: let A = k[x1, . . . , xn] be a finitely generated k-algebra

with n generators x1, . . . , xn and M = {xα = xα1
1 · · ·xαn

n | α = (α1, . . . , αn) ∈ Nn} be

the set of all standard monomials in A. Then A is called an algebra of solvable type if

M is a k-basis of A and xαxβ = qα,βxα+β +f , where xα, xβ ∈M, qα,β ∈ k\{0}, f ∈ A

satisfies the leading monomial of f is smaller that that of xα+β for some admissible

order. We note a number of important differences. For example, algebras of solvable

type require that coefficients and indeterminates commute, whereas PBW extensions

make no such requirement. The smash product R#U(L) is not an algebra of solvable

type in general, but is a PBW extension (see [21]).

One of the most important properties of PBW extensions is that the associated

graded ring of R〈x1, · · · , xn〉 is a usual polynomial ring R[x1, · · · , xn], which gives a

simple proof of the following noetherian property:

Theorem 1.2.1. If R is noetherian, then so is R〈x1, · · · , xn〉.

This property, which says that all ascending chains of ideals are finite, is ex-

tremely useful for inductive proofs of mathematical properties, and for showing that

our algorithms terminate.
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It is well-known that commutative Gröbner Bases are a well established technique

with many applications, including polynomial solving, constructive approaches to

commutative algebra, algebraic geometry, coding theory, statistics, etc. (see, for

example, Becker-Weispfenning[3], Eisenbud[13], Pistone-Riccomagno-Wynn[38]).

Recently, noncommutative Gröbner Bases have become a focus of research activity.

To our knowledge, noncommutative Gröbner bases were studied as early as Galligo

[17] in 1985, where he discussed Gröbner bases in Weyl algebras. A Weyl algebra of di-

mension n over a field k is the free associative k-algebra An = k[t1, · · · , tn; ∂1, · · · , ∂n]

modulo the commutation rules:

titj = tjti, ∂i∂j = ∂j∂i, ∂itj = tj∂i for i 6= j, and ∂iti = ti∂i + 1

Later Apel and Lassner [2] in 1988 considered Gröbner bases in enveloping Lie

algebras, and Kandri-Rody and Weispfenning [26] considered them in solvable alge-

bras. Since then many papers have been published in this direction. In particular,

the algorithms of Chyzak and Salvy [9] have been implemented in Maple.

On the other hand, Mora [30, 31] considered noncommutative Gröbner bases over

free algebras. Let X = {xi}i∈Ω be a set and S be the set of all words in the alphabet

X plus the empty word φ, i.e., S = {xi1xi2 · · · xim | xij ∈ X, m ≥ 1} ∪ {φ} and

the multiplication on S is defined as the concatenation of words. Then the k-space

k〈X〉 with basis S and above multiplication is called a free k-algebra on the set X.

Because of the freeness condition on the algebra, the variables are non-commuting

among themselves. However, the variables do commute with elements of k. A typical

element f of k〈X〉 is a polynomial over k in (finite) non-commuting variables of X.

Although these two main streams of research have some intersection, they have de-

veloped quite independent approaches. In some sense, the Weyl algebra case attracts



11

more interest since it can be applied to solving problems with differential equations,

and has useful noetherian properties implying Gröbner bases always exist. For free

algebras, Gröbner bases may not exist due to the lack of a noetherian property, but

this approach is still useful for term rewriting and word problems [31].

Most recently, studying noncommutative differential operators has become an ac-

tive research area. For example, combining invariant theory and elimination theory,

or elimination in moving frames of partial differential operators invariant under an

equivalence group (see [14], [15]) , requires the use of noncommutative Gröbner bases

in PBW extensions.

In Chapter 3, we present a theory and algorithms for noncommutative Gröbner

bases in Poincaré-Birkhoff-Witt extensions. These extension rings generalize the pre-

vious domains over which non-commutative Gröbner bases have been applied. Our

approach to noncommutative Gröbner bases differs from previous work, which as-

sumes that the coefficients are from a field or commutative ring. In applications

such as Cartan’s method of moving frames, this is not the case. Note that in PBW

extensions the coefficients and variables don’t commute in general. These two non-

commutative properties make PBW extensions more complicated than other rings

with derivation types. For example, one of the four cornerstones in classic Gröbner

bases theory, the S-pair, does not exist in PBW extensions. We have to calculate

a generating set and syzygy set. The theory that we present are applied to moving

frames by using a so-called Drach transformation, which transforms a system with

n-dependent variables into a new system with only one dependent variable.

The main results in this chapter have been published in the proceedings of 5th

Conference on Computer Algebra in Scientific Computation (2002).
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1.3 Non-commutative Riquier Bases

Noncommutative Gröbner bases are a powerful tool for working with linear partial

differential operators, but are not directly applicable to polynomially nonlinear or

analytic systems of partial differential equations. For commutative differential oper-

ators, the Cauchy-Kovalevskaya Theorem gives an “Existence and Uniqueness The-

orem” for analytic solutions to systems of analytic partial differential equations in

a certain form. However, not all systems can be converted to this form. In par-

ticular, systems with more equations than dependent variables generally cannot be

converted, motivating the need for the Riquier-Janet theory developed in the early

part of the twentieth century. This theory can be applied to arbitrary linear (and

some non-linear) systems of analytic partial differential equations to give existence

and uniqueness theorems for formal and local analytic (real or complex) solutions and

is restricted to systems written in terms of commutative differential operators.

Using ideas from Gröbner bases theory, Rust[41] and Rust et al [42] gives a

Gröbner-style development of Riquier theory and generalized this to the nonlinear

case for systems written in terms of commutative differential operators.

The method of moving frames given by Cartan is a powerful theoretical tool for

studying the geometric properties of submanifolds and their invariants under the ac-

tion of a transformation group. However, Cartan’s methods have not been widely

applied and are restricted mainly to problems in classical differential geometry. Re-

cently Fels and Olver formulated a new approach to the moving frame theory that

can be systematically applied to general transformation groups. The key idea is to

formulate a moving frame as an equivariant map to the transformation group. We
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refer to Olver [33, 34, 35, 36] for details. Their new approach extends the applicabil-

ity of Cartan’s methods, and is much better suited to the development of symbolic

computation algorithms.

Recently, the need to analyse systems of partial differential equations written

in terms of non-commutative differential operators has become even more relevant

because of potential applications to moving frames. We extend the Rust-Riquier ex-

istence and uniqueness theory to analytic PDEs written in terms of non-commuting

partial differential operators. The main idea for the theoretical development is to use

the commutation relations between the differential operators to place them in a stan-

dard order. This normalization is exploited to generalize the corresponding steps of

the commuting Rust-Riquier theory to the noncommutative case. These results have

been submitted to the journal Foundations of Computational Mathematics. They are

applied to the problem of group classification of classes of nonlinear diffusion equa-

tions and make rigorous the methods developed by Lisle for classification problems.
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[30] T. Mora, Gröbner basis for noncommutative polynomial rings, Proc. AAECC3,

Lecture Notes in Computer Science 229(1986).

[31] T. Mora, An introduction to commutative and noncommutative Gröbner bases ,
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Chapter 2

Factoring and Decomposing Ore
Polynomials over Fq(t)

We present algorithms for computing factorizations and least common left multiple

(LCLM) decompositions of Ore polynomials over Fq(t), for a prime power q = pµ. Our

algorithms are effective in Fq(t)[D; σ, δ], for any automorphism σ and σ-derivation δ of

Fq(t). On input f ∈ Fq(t)[D; σ, δ], the algorithms run in time polynomial in degD(f),

degt(f), p and µ.

The earliest and most famous method for factoring differential operators goes back

to [2]. Many factorization algorithms are based on Beke’s algorithm for computing

first order factors and then computing higher order factors by using the exterior power

method. In many cases these methods are quite expensive in practice.

Recently, a number of authors have pursued different approaches. By considering

the exponential parts of linear differential operators, van Hoeij [13] gives a new ef-

ficient factorization algorithm. Since the existence of hyper-exponential solutions is

equivalent to the existence of right factors of degree 1, Bronstein and Petkovšek [5]

describes an algorithm that reduces the problem of factoring in Ore polynomial rings

to finding all the irreducible right factors of degree 1. Singer [29] gives a method to

20
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decide if a linear differential operator is reducible without having to find a factor.

He uses the fact that each differential operator L is associated to a linear algebraic

group G, its Galois group, and the reductive property of G decides if L is reductive.

He shows that factorization can be reduced to solving a so-called mixed equation in

many cases. Van Hoeij [12] provides an efficient method to compute the solutions of

this equation.

Most closely related to our work here, van der Put [25, 26, 27] gives procedures

for factoring differential operators over Q(t) and Fp(t) by considering the so-called

p-curvature. In principle these techniques can be generalized to the case of difference

operators: see Singer and van der Put [28], Sections 5.1 and 5.2. Very recently,

Cluzeau [6] presents algorithms for factoring differential systems with coefficients in

Fp(t).

2.1 Introduction

The Ore polynomials F(t)[D; σ, δ], over a field of rational function F(t), are the poly-

nomials in F(t)[D] under the usual addition and (generally non-commutative) multi-

plication such that

Da(t) = σ(a(t))D + δ(a(t)) for any a(t) ∈ F(t).

Here σ is any automorphism of F(t) and δ is a σ-derivation, that is, δ is an F-linear map

such that for a, b ∈ F(t), δ(ab) = σ(a)δ(b) + δ(a)b. This ring has been well studied

mathematically at least since [23]; we draw heavily on the excellent expositions in

[7, 8], as well as [16, 17] in this paper. F(t)[D; σ, δ] is a principal left (right) ideal

domain, and hence admits unique monic least common left (right) multiples (LCLMs)
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and greatest common right (left) divisors (GCRDs). Efficient algorithms for basic

operations and an introduction to the computational theory are given in [4].

We present algorithms for the following two problems in Ore polynomial domains

over Fq(t), the field of rational functions over the finite field Fq with q = pµ elements

where p is prime. Given f ∈ Fq(t)[D; σ, δ]:

(1) Factorization: find g, h ∈ Fq(t)[D; σ, δ] \ Fq(t) such that f = gh, or certify

that f is irreducible in Fq(t)[D; σ, δ] (there is no such factorization).

(2) LCLM-decomposition: find g, h ∈ Fq(t)[D; σ, δ] of positive degree in D such

that f = lclm(g, h) and gcrd(g, h) = 1, or certify that f is indecomposible in

Fq(t)[D; σ, δ] (there is no such decomposition).

The number of steps required by our algorithms is polynomial in degD(f), degt(f), p

and µ.

We consider a general class of Ore polynomials. Over Fq(t), we let σ be any

automorphism fixing Fq, so σ(t) = (σ1t + σ2)/(σ3t + σ4), for σ1, σ2, σ3, σ4 ∈ Fq such

that σ1σ4−σ2σ3 6= 0. The σ-derivation δ is arbitrary, and can be specified completely

by δ(t) ∈ Fq(t). Standard canonicalization to the pure shift, pure dilation, and pure

derivation cases will be presented in Section 2.2. As well, we summarize the costs

and coefficient bounds on basic operations in Section 2.2.

The main idea of our algorithms is that the eigenring can be used to factor and

LCLM-decompose any f ∈ Fq(t)[D; σ, δ]. A similar idea is employed in [10, 11] to

give efficient algorithms for factoring and LCLM-decomposing Ore polynomials over

Fq[D; τ ], where τ is a Frobenius automorphism of Fq. Indeed, this is one of the

original settings for Ore polynomials explored by [22, 24]. Properties of the eigenring,

and an efficient algorithm to compute it, are presented in Section 2.3. For notational



23

convenience we will generally write S := Fq(t)[D; σ, δ]. Following [21, 23, 24], but

essentially using the language of [7], we define the idealizer of Sf to be I(Sf) =

{u ∈ S | fu ∈ Sf}. I(Sf) is the largest subalgebra of S in which Sf is a two-sided

ideal. The eigenring E(Sf) of Sf is defined as the quotient E(Sf) = I(Sf)/Sf .

The eigenring is an associative algebra over the field of constants K = {a(t) ∈ Fq(t) :

a(t)D = Da(t)}.
In Section 2.3, we develop the central theory behind our algorithms. The first key

point, which has been used in the differential case by [26], is that Fq(t) is a finite

algebraic extension of K. In particular, K ∼= Fq(T ), for an indeterminate T . We

prove here that this is the case for all rings of Ore polynomials over Fq(t). (This is

in contrast to the case over F(t), for a field F of characteristic zero, where the field of

constants is F.) Over Fq(t), the eigenring E(Sf) is isomorphic to a finite dimensional

associative algebra (of relatively small dimension) over K.

The second key point is that every non-trivial zero-divisor in E(Sf) yields a non-

trivial factorization of f , and f is irreducible if and only if E(Sf) is a division algebra.

For LCLM-decompositions, we show correspondingly that any pair of orthogonal

idempotents in E(Sf) yield a non-trivial LCLM-decomposition of f , and f is LCLM-

decomposable if and only if E(Sf) possesses no such orthogonal idempotents.

Finally, we note that there are efficient algorithms for the problem of finding zero

divisors and idempotents in finite dimensional associative algebras over K = Fq(T ).

[15] provides an efficient algorithm for computing the Jacobson radical and primitive

orthogonal idempotents in the semi-simple part. We extend this in a straightforward

way to produce orthogonal idempotents in the algebra itself (should they exist). That

we can demonstrate our algorithms to require polynomial time relies on the fact that
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the algorithm of [15] requires time polynomial in the dimension of the input associative

algebra and the degree (in T ) of the structure constants.

In Section 2.4, we employ this correspondence between zero divisors in the eigen-

ring and factorizations to split reducible polynomials. Similarly, in Section 2.5, we

use the correspondence between orthogonal idempotents in the eigenring and LCLM-

decompositions to compute LCLM-decompositions.

While we do not give the explicit exponents, the dominant cost is the decomposi-

tion of the eigenring, and this requires time about O((degD(f) + degt(f) + p + µ)6).

Note that the algorithm runs in time polynomial in p, not log p, reflecting the fact

the dimension of the eigenring is polynomial in p.

2.2 Canonical skew polynomial rings

While Ore’s skew polynomials, with both an automorphism and a derivation, appear

quite general, there are in fact only a small number of representative cases. In this

section we briefly present this well-known reduction. Throughout this section we

consider the ring S := Fq(t)[D; σ, δ], where σ is an automorphism of Fq(t) fixing Fq

and δ is a σ-derivation of Fq(t). While we state the results over Fq(t), much of what

we say will hold over F(t) for any perfect field F.

2.2.1 Reducing to the pure automorphism and derivation

cases

It is well known that if Fq(t)[D; σ, δ] has both a non-trivial automorphism σand non-

trivial σ-derivation δ, then, after a change of variables, S is isomorphic to a ring
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S′ = Fq(t)[D′; σ′] with only an automorphism (i.e., whose derivation is identically

zero) by means of the substitution:

D → D + δ(t)

t− σ(t)
,

See [7], Proposition 3.1, page 498. This change of variables is computationally effi-

cient. Thus, we need only consider the pure automorphism case Fq(t)[D; σ] and the

pure derivation case Fq(t)[D; δ].

2.2.2 Automorphism classes and the shift and dilation cases

In this subsection we assume that S := Fq(t)[D; σ]. We show that any such ring is

isomorphic to a ring Fq(t)[D; σ] of difference operators (i.e., where σ(t) = t + γ for

γ ∈ Fq), or a ring of dilation operators (i.e., where σ(t) = ξt for some ξ ∈ F∗q2) over

a quadratic field extension. This classification is straightforward (and well known),

and the transformation is computationally efficient.

Every automorphism of Fq(t) which fixes Fq has the property that

σ(t) =
σ1t + σ2

σ3t + σ4

where det

(
σ1 σ2

σ3 σ4

)
6= 0.

The automorphisms form a group under composition, and it is easily proven that

Aut(Fq(t)) ∼= PGL(2,Fq), the projective general linear group of invertible 2 × 2 ma-

trices over Fq modulo scalar multiples of the identity. In particular, there is an

isomorphism

Aut(Fq(t)) → PGL(2,Fq),
σ1t + σ2

σ3t + σ4

7→
(

σ1 σ2

σ3 σ4

)
.

Since every matrix is similar to a matrix in Jordan form, every s ∈ F2×2
q satisfies
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either

Case (1) ∃u ∈ F2×2
q2 , such that usu−1 =

(
αq 0

0 α

)
,

for α ∈ Fq2 ;

Case (2) ∃u ∈ F2×2
q such that usu−1 =

(
α 1

0 α

)
,

for α ∈ Fq.

Note that in Case (1), s generally has distinct eigenvalues and hence a generally

irreducible minimal polynomial over Fq. Thus the eigenvalues, and transformation

matrices to the Jordan form, lie in a quadratic extension Fq2 of Fq. In Case (2) s has

repeated eigenvalues, which must lie in Fq.

This notion of normal form is easily extended to the skew polynomial ring itself.

Suppose σ is represented in PGL(2,Fq) by s ∈ F2×2
q and usu−1 is in Jordan form as

above. Let τ be the fractional linear transformation corresponding to u. Then

σ := τ ◦ σ ◦ τ−1 =





ξt, for ξ = αq−1 ∈ F∗q2 , a dilation, or

t + γ, for γ = α−1 ∈ Fq, a shift.

The map τ , which is itself an automorphism of Fq(t), is naturally extended to

Fq(t)[D; σ], by τ(D) = D, whence Fq(t)[D; σ] ∼= Fq(t)[D; σ].

To factor an f ∈ Fq(t)[D; σ] we may thus factor the polynomial τ(f). This ring

isomorphism is efficiently computable, and thus we assume from now on that σ is

either a shift or dilation over Fq(t), where q is redefined as appropriate.
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2.2.3 Derivation operators

It is easily observed that the derivation operator, in the pure derivation ring Fq(t)[D; δ],

satisfies the standard algebraic properties of differentiation. In particular, δ is Fq-

linear and δ(tn) = ntn−1δ(t). We can specify the derivation operator completely by

specifying the value of δ(t) ∈ Fq(t), and for any rational function r(t) ∈ Fq(t), we

have δ(r(t)) = r′(t)δ(t), where r′(t) ∈ Fq(t) is the usual first derivative of r with

respect to t. For simplicity, we will assume that δ(t) is of constant degree, and do not

consider its degree explicitly in our analysis.

2.2.4 Representation and basic operations with skew poly-

nomials

To standardize our representation of f ∈ Fq(t)[D; σ, δ], we write

f =
∑

0≤i≤n

ai(t)Di,

where the a0(t), . . . , an(t) ∈ Fq(t) are always written to the left of the power of D.

Let c ∈ Fq[t] be the LCM of the denominators of coefficients of f . It is obvious that

c · f ∈ Fq[t][D; σ, δ], and if c · f = f1f2 · · · fk, for f1, . . . , fk ∈ Fq(t)[D; σ, δ], then f =

(c−1 · f1)f2 · · · fk. There is no necessity that polynomials in Fq[t][D; σ, δ] factor over

Fq[t][D; σ, δ], and indeed there may be reducible polynomials in Fq[t][D; σ, δ] such that

every complete factorization involves at least one factor in Fq(t)[D; σ, δ]\Fq[t][D; σ, δ].

We may, however, assume that our input comes from Fq[t][D; σ] or Fq[t][D; δ] and our

output is in Fq(t)[D; σ] or Fq(t)[D; δ] respectively.

Basic operations with skew polynomials are performed with the polynomials in
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standard representation. These basic operations are addition, subtraction, multipli-

cation, division with remainder, greatest common right (left) divisor (GCRD), and

least common left multiple (LCLM). Many good algorithms have been developed for

these operations (see, e.g., [4], [18], [14]) We note the following crude bounds on the

costs of these algorithms and on the size of the output (see [19]).

Theorem 2.2.1. Let f, g ∈ Fq(t)[D; σ, δ], and h1 = f + g, h2 = fg, h3 = rem(f, g),

h4 = quo(f, g) (i.e., f = quo(f, g)g+rem(f, g) for the unique quo(f, g), and rem(f, g)

∈ Fq(t)[D; σ, δ] such that degD(rem(f, g)) < degD(g)), h5 = lclm(f, g), and h6 =

gcrd(f, g)). Then bounds on the degrees in D for h1, . . . , h6 are as in the usual poly-

nomial case, while

degt(hi) = O ((degD(f) + degD(g))(degt(f) + degt(g)))

for 1 ≤ i ≤ 6. The cost of computing h1, . . . , h6 is bounded by

O
(
(degD(f) + degD(g))5(degt(f) + degt(g))2

)

operations in Fq.

2.3 The eigenring of Ore polynomials over finite

fields

In this section we describe the centre of the ring of Ore polynomials Fq(t)[D; σ, δ],

where S := Fq(t)[D; σ] for an automorphism σ, or S := Fq(t)[D; δ] for a derivation

δ. In each case the centre turns out to be the usual polynomial ring Fq(T )[Y ], for

independent indeterminates T and Y . Hence the centre is a unique factorization
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domain. We then observe that every polynomial in S has a non-trivial left multiple

in the centre, the minimal central multiple. We then describe the eigenring of a

polynomial and give its properties. In particular, how zero-divisors in the eigenring

correspond to factors of the original polynomial. We also show how to construct the

eigenring efficiently.

An element f ∈ S is invariant if Sf = fS. An invariant element f ∗ such

that Sf ⊇ Sf ∗ is called a bound for f , and f is said to be bounded, if there exists

a non-trivial bound. Closely related to the invariant elements in S is the centre

C of S, those elements which commute with every element of S. Every element

f ∈ S has a minimal central left (and right) multiple f̂ ∈ C\{0}, the (monic) polyno-

mial of lowest degree in the centre which is a left (right) multiple of f . [16], Chapter

3, Theorem 11 shows that the central left and right multiples are in fact equal. Thus,

we refer to f̂ as simply the minimal central multiple of f .

2.3.1 The centre in the pure automorphism case

We first consider the shift and dilation cases. To describe the centre of S, we must first

understand the constant field K of σ, whose elements are fixed by the automorphism.

Following [22], we say a ϕ ∈ Fq[t] is additive if ϕ(α + β) = ϕ(α) + ϕ(β) for any

α, β ∈ Fq, where Fq is the algebraic closure of Fq. The additive polynomials in Fq[t],

where q = pµ, are exactly those of the form ϕ =
∑

0≤i≤µ ϕit
pi ∈ Fq[t].

Theorem 2.3.1. Let K be the constant field of σ.

• If σ(t) = t + γ for some γ ∈ F∗q then K = Fq(ϕ(t)), where ϕ ∈ Fq[t] is the

additive polynomial of smallest degree such that ϕ(γ) = 0.
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• If σ(t) = ξt for some ξ ∈ F∗q then K = Fq(t
ν), where ν is the multiplicative

order of ξ.

Proof. First observe that σ(ϕ(t)) = ϕ(t+γ) = ϕ(t)+ϕ(γ) = ϕ(t), so ϕ(t) is invariant

under σ, as is tq − t. Thus Fq(t
q − t) ⊆ K ⊆ Fq(t). By Luröth’s theorem K = Fq(v(t))

for some v ∈ Fq[t], and there exists a u ∈ Fq[t] such that tq − t = u(v(t)). Since tq − t

is additive, by Theorem 3.3 of [9] we find u, v are also additive. Letting ϕ be the

additive polynomial of minimal degree with root γ ensures that K = Fq(ϕ(t)).

In the dilation case, h(t) =
∑

0≤i≤m hit
i ∈ Fq[t] is fixed by σ when σ(h(t)) = h(ξt)

This is true only if for all i, hi = 0 or ξi = 1, i.e., when h ∈ Fq[t
ν ]. By [20], Page 71,

the only rational functions which are fixed by σ are quotients of polynomials in K,

and hence K = Fq(t
ν)

For consistency, we will let ν := deg ϕ in the shift case. Thus, in both the shift and

the dilation case we can write the ground field as an algebraic extension of degree ν

over the constant field K of σ. It should be noted that in all cases it is straightforward

to compute the constant field.

The centre of S is characterized by the following:

Theorem 2.3.2. The centre C of a pure automorphism Ore polynomial ring is char-

acterized as follows.

• Usual: When σ(t) = t, C = Fq(T )[Y ] where T = t and Y = D;

• Shift: When σ(t) = t + γ for γ ∈ F∗q, then C = Fq(T )[Y ], where T = ϕ(t) as

in Theorem 2.3.1, and Y = Dν;

• Dilation: When σ(t) = ξt is a dilation, then C = Fq(T )[Y ] where T = tν and

Y = Dν, and σ has multiplicative order ν.
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Thus in all cases C is a usual, commutative polynomial ring.

Proof. For f =
∑

0≤i≤n ai(t)Di ∈ S to be in the centre, t · f = f · t or

∑
0≤i≤n

ai(t)t · Di =
∑

0≤i≤n

ai(t)Di · t =
∑

0≤i≤n

ai(t) · σi(t) · Di,

whence either ai(t) = 0 or σi(t) = t. In other words C ⊆ Fq(t)[Dν ; σ].

We note also that D · f = f · D or

D ·
∑

0≤i≤n

ai(t)Di =
∑

0≤i≤n

σ(ai(t))Di+1 =
∑

0≤i≤n

ai(t) · Di+1.

Thus, σ(ai(t)) = ai(t), or in other words, ai(t) ∈ K for 0 ≤ i ≤ n.

Combining these two conditions yields the centre, as specified in the theorem.

There is a close relationship between the centre, the minimal central multiples and

the invariant elements. In the automorphism case Fq(t)[D; σ], [17], Theorem 1.1.22,

shows every invariant element f ∗ has the form f ∗ = a(t)Dkf̂ for f̂ ∈ C, a(t) ∈ Fq(t)

and k ∈ Z≥0.

2.3.2 The centre and minimal central multiples in Fq(t)[D; δ]

In the derivation case, the constant subfield of Fq(t) in Fq(t)[D; δ] is K = {a(t) ∈
Fq(t) : δ(a(t)) = 0}.

Lemma 2.3.3. The constant subfield of Fq(t)[D; δ] is Fq(t
p).

Proof. We first consider the kernel of δ in the polynomial ring Fq[t]. Suppose a(t) =

antn + an−1t
n−1 + · · ·+ a0 ∈ Fq[t], and δ(a(t)) = 0. Then

0 = δ(a(t))

= nantn−1δ(t) + (n− 1)an−1t
n−2δ(t) + · · ·+ a1δ(t)

= (nantn−1 + (n− 1)an−1t
n−2 + · · ·+ a1)δ(t).

(2.3.1)
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Since δ(t) 6= 0, it follows that

a(t) = amp(t
p)m + a(m−1)p(t

p)m−1 + · · ·+ apt
p + a0 ∈ Fq[t

p],

where m = n/p ∈ N, or in other words, a(t) ∈ Fq[t
p].

To identify the kernel of δ in Fq(t), Corollary 3.9, [3] implies that the only fractions

in the kernel of δ are fractions of polynomials in the kernel of δ. That is, the kernel

of δ is Fq(t
p).

We note that Fq(t) is an algebraic extension of K = Fq(t
p) of degree p. For

consistency with the automorphism case we let ν = p = [Fq(t) : K].

Lemma 2.3.4. The centre of Fq(t)[D; δ] is Fq(t
p)[Dp].

Proof. This is proven in [1]. See [17], Theorem 1.1.32.

For consistency with the automorphism case, we let T = tp and Y = Dp, so the

centre of Fq(t)[D; δ] is the commutative polynomial ring Fq(T )[Y ].

Again there is a close relationship between the centre, the minimal central mul-

tiples and the invariant elements. In the pure derivation case Fq(t)[D; δ], [1] shows

f ∗ = a(t)f̂ for f̂ ∈ C and a(t) ∈ Fq(t).

2.3.3 Constructing the eigenring

To completely factor an f ∈ S, we construct a finite dimensional associative algebra

A over the constant subfield K, with the property that each non-trivial zero divisor

in A yields a non-trivial factorization of f . A candidate for A might be the quotient

S/Sf , but it is in general only an S-module, and not an algebra. While we could in

principle decompose this module directly, the algorithmic machinery to do so has not
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been completely developed. S/Sf is only an algebra when Sf is a two-sided ideal in

S. To regain some of the desirable structure of finite algebras, we follow [7], Section

0.7, and introduce the eigenring. Define

I(Sf) = {u ∈ S | fu ∈ Sf}

the idealizer of Sf . The set I(Sf) is the largest subalgebra of S in which Sf is a

two-sided ideal. The eigenring E(Sf) of Sf is defined as the quotient

E(Sf) = I(Sf)/Sf,

a finite dimensional K-algebra since S is an K-algebra and Sf a two-sided ideal in

I(Sf).

The key facts about E(Sf), which we shall prove in the coming subsections, are

that it is a division ring if and only if f is irreducible, and that non-trivial zero divisors

in E(Sf) allow us to compute non-trivial factors of f efficiently. We shall also prove

that pairs of orthogonal idempotents summing to the identity in E(Sf) correspond

to LCLM-decompositions.

Computationally, we will represent the eigenring as a finite dimensional subalgebra

of a matrix ring over K, where K is the field of constants in Fq(t). If deg f = n, the

eigenring E(Sf) is isomorphic to the K-algebra

A = {u ∈ I(Sf) | deg u < n}

= {u ∈ S | fu ∈ Sf and deg u < n} ∼= E(Sf)

under addition in S and multiplication in S reduced modulo f (i.e., each element in

E(Sf) is represented by its unique residue modulo f of degree less than n).
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To compute a K-basis for A, let W ⊆ S be the set of all g ∈ S with deg g < n.

As a K-vector space W is isomorphic to S/Sf , with K-basis

{tiDj | 0 ≤ i < ν, 0 ≤ j < n},

and dimension nν. Multiplication on the left by f induces an K-linear map Ψ : W →
W : if u ∈ W then Ψ(u) = v, where fu = wf + v for w ∈ S and v ∈ S, the unique

remainder, with degree less than n. Clearly v ∈ W . The elements of A are exactly

those elements in the null space of Ψ, a basis which is found by constructing a matrix

for Ψ (an nν × nν matrix over K) and then using linear algebra over K to compute

a basis for the null space. This matrix is computed by evaluating Ψ at each of the

basis elements of W , i.e., finding Ψ(tiDj) for 0 ≤ i < ν and 0 ≤ j < n.

Thus, A can be presented by means of a K-basis A1, . . . , Am ∈ W of polynomials

under multiplication in S reduced modulo f , or as a K-basis A1, . . . , Am ∈ Knν×nν of

matrices, where Ai specifies the linear action of Ai on W . Finding such a basis for A

involves only nν divisions with remainder in S of polynomials of degree less than n

in D and less than max{degt f, q} in t, followed by linear algebra to find the kernel

of Ψ. We obtain the following.

Theorem 2.3.5. A basis A1, . . . , Am ∈ W for A as a reduced polynomial algebra, or a

basis A1, . . . , Am ∈ Knν×nν for A as a matrix algebra, can be found in time polynomial

in degD f , degt f and p.

2.3.4 Reducibility and the eigenring

We show that non-trivial zero-divisors exists in E(Sf) if and only if f has a non-trivial

factorization.
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Theorem 2.3.6. Let f ∈ S. Then f has a non-trivial factorization if and only if

E(Sf) has non-trivial zero divisors.

Proof. Any non-trivial zero divisor in E(Sf) yields a non-trivial factorization of f .

For if u, v ∈ I(Sf), with u, v 6∈ Sf and uv ∈ Sf , it follows that gcrd(f, u) 6= 1.

To see this, suppose conversely that gcrd(f, u) = 1. There exist s, t ∈ S such that

sf+tu = 1 and sfv+tuv = v. But fv ∈ Sf and uv ∈ Sf so v ∈ Sf , a contradiction.

If u, v are represented in the basis W , then they have degree (in D) less than that of

f , and hence gcrd(f, u) is a non-trivial right factor of f .

To prove the converse, assume f is not irreducible, and f = gh for g, h ∈ S of

positive degree. Let f̂ ∈ C = K[Y ] be the minimal central multiple of f .

First suppose f̂ is reducible as a polynomial in K[Y ], that is, f̂ = ĝĥ for ĝ, ĥ ∈
K[Y ] \ K. Since ĝ, ĥ ∈ C, both ĝ and ĥ ∈ I(Sf). By the minimality of deg f̂ , we also

know ĝ, ĥ 6∈ Sf , i.e., ĝ + Sf, ĥ + Sf ∈ E(Sf) \ {0}. Finally, since ĝĥ ∈ Sf , we see

ĝ + Sf, ĥ + Sf are zero divisors in E(Sf).

Now assume that f̂ is irreducible as a polynomial in K[Y ] (and f = gh is reducible

in S), we show that in fact f = lclm(f1, f2) for some f1, f2 ∈ S of positive degree

such that gcrd(f1, f2) = 1, i.e., f is LCLM-decomposable. In this case there exist

g1, g2 ∈ S such that g1f1 + g2f2 = 1. Let h1 = g1f1 and h2 = g2f2, neither of which

are equivalent to zero modulo f . Then

fh1 = f(1− g2f2) ∈ Sf2 and fh1 = fg1f1 ∈ Sf1,

so fh1 ∈ Sf . Similarly fh2 ∈ Sf , so h1, h2 ∈ I(Sf). Moreover, h1h2 = h1 − h2
1 =

h2 − h2
2, which is right-equivalent to zero modulo both f1 and f2, and hence modulo

f . Thus (h1 + Sf)(h2 + Sf) ∈ Sf and h1 + Sf and h2 + Sf are non-trivial zero

divisors in E(Sf).
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Still assuming that f̂ is irreducible as a polynomial in K[Y ] yet f is reducible, we

now show that f is in fact LCLM-decomposable. Since Sf̂ is a maximal two-sided

ideal in S, E(Sf) = S/Sf̂ is a (finite dimensional) simple algebra and

0 ( E(Sf)(f + Sf̂)︸ ︷︷ ︸
F

( E(Sf)(h + Sf̂)︸ ︷︷ ︸
H

⊆ E(Sf)

is a tower of left ideals in E(Sf). Since E(Sf) is simple there exists a complementary

ideal G such that H∩G = F and F + G = 1. E(Sf) inherits from S the property of

being a left principal ideal ring. That is, there exists a unique monic ḡ ∈ S of minimal

degree such that G = ḡ + Sf̂ , called the minimal left modular generator of G. This

follows easily from the fact that if ḡ1 +Sf̂ , ḡ2 +Sf̂ ∈ G, then gcrd(ḡ1, ḡ2)+Sf̂ ∈ G.

Thus G = ḡ + Sf̂ , f = lclm(h, ḡ) and gcrd(h, ḡ) = 1. Thus f is decomposable, and

hence its eigenring has zero divisors.

Note that the above theorem does not hold in general, at least in the derivation

case in characteristic 0. [29] exhibits reducible polynomials whose eigenrings are

division algebras. Essentially, it is the fact that Fq(t) is an algebraic extension of the

field of constants that allows for the more representative structure of the eigenring.

2.3.5 Decomposability and the eigenring

For a given polynomial f ∈ S, we now show a correspondence between the existence

of a pair of non-trivial orthogonal idempotents summing to the identity in E(Sf),

and the existence of a non-trivial LCLM-decomposition of f .

Recall that two idempotents e1, e2 in an algebra are orthogonal if e1e2 = e2e1 = 0.

Theorem 2.3.7. Let e1, e2 ∈ I(Sf) be such that ē1 = e1 + Sf and ē2 = e2 + Sf ∈
E(Sf) are non-trivial orthogonal idempotents such that e1+e2 ∈ 1+Sf (so e1e2 ∈ Sf
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and e2
1 − e1, e

2
2 − e2 ∈ Sf). Let fi ∈ S\{0} be the polynomial of minimal degree such

that fiei ⊆ Sf , for i = 1, 2. Then f = lclm(f1, f2) and gcrd(f1, f2) = 1.

Proof. For i = 1, 2, the set Ji = {u ∈ S : uei ∈ Sf} is a left ideal in S. Since S is a

principal left ideal ring, Ji is generated by a unique monic fi ∈ S. Note that fi is a

right factor of f since f ∈ Ji (because ei ∈ I(Sf)).

For any h ∈ S such that h ∈ Sf1 and h ∈ Sf2, then h + Sf = h(e1 + e2) + Sf .

But hei ∈ Sf , so h ∈ Sf . Hence f = lclm(f1, f2).

We now show gcrd(f1, f2) = 1. Let g1 = gcrd(f, e1), g2 = gcrd(f, e2). Clearly

gcrd(g1, g2) = gcrd(f, e1, e2) = 1 since e1 + e2 ∈ 1 + Sf . There exist vi, wi ∈ S such

that vif +wiei = gi. Now g2e1 = (v2f +w2e2)e1 = v2fe1 +w2e2e1 ∈ Sf . Thus f1 | g2.

Similarly f2 | g1. Since gcrd(g1, g2) = 1, it follows that gcrd(f1, f2) = 1.

Theorem 2.3.8. Given f ∈ S, and f1, f2 of positive degree such that gcrd(f1, f2) = 1

and f = lclm(f1, f2), there exist non-trivial orthogonal idempotents ē1, ē2 ∈ E(Sf)

whose sum is 1 ∈ E(Sf).

Proof. Since gcrd(f1, f2) = 1, there exists g1, g2 ∈ S such that g1f1 + g2f2 = 1. Let

h1 = g1f1 and h2 = g2f2, neither of which lie in Sf . Then fh1 = f(1 − g2f2) =

f − fg2f2 ∈ Sf2 and fh1 = fg1f1 ∈ Sf1, so fh1 ∈ Sf . Similarly fh2 ∈ Sf , so

h1, h2 ∈ I(Sf). We assign ē1 = h1 + Sf , and ē2 = h2 + Sf and note that both are

in E(Sf) = I(Sf)/S. Moreover, h1h2 = h1 − h2
1 = h2 − h2

2 ∈ Sf , since its is clearly

in Sf1 and Sf2, and hence in Sf . Thus ē1 and ē2 are orthogonal idempotents in

E(Sf). As well, h1 + h2 = 1, so ē1 + ē2 = 1 ∈ E(Sf).
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2.4 Factoring modular Ore polynomials

Theorem 2.3.6 effectively reduces the problem of factoring in S to finding zero divisors

in a finite dimensional associative algebra over the field of constants K in both the

difference and differential case. To find such zero divisors quickly we use the algorithm

of [15]. For any finite-dimensional associative algebra over Fq(T ), their algorithm

finds the Jacobson radical if it exists, and, for a semi-simple algebra, finds a system

of primitive orthogonal idempotents. Otherwise it reports that A is a division algebra.

In either case, the output immediately yields zero divisors or states that none exists.

The algebra is presented to the zero-divisor finding algorithm as a basis of generating

matrices over Fq(T ) (also known as the structure constants for the algebra). The

algorithm of [15] runs in time polynomial in the dimension of the algebra and the

height (degree in T ) of the structure constants (entries in the basis). Computing a

basis for the eigenring A ∼= E(Sf) has been discussed in the previous section.

The cost of their algorithm is polynomial in the dimension of the algebra, the

maximum degree of the entries of the generating matrices, and log q.

Again, we let S = Fq(t)[D; σ, δ], transformed to a pure differential or automor-

phism ring as in Section 2.2.

Algorithm: Factorization

Input: I f ∈ S of degree n;

Output: I g, h ∈ S, or a message that f is irreducible;

(1) Compute a basis A1, . . . , Am ⊆ Knν×nν for A ∼= E(Sf) as in Subsection 2.3.3;

(2) If A is a division ring then report “f is irreducible”

Else
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(3) Find a non-trivial left zero divisor u ∈ A;

Compute h := gcrd(f, u) and g ∈ S with f = gh;

(5) Return g, h;

Theorem 2.4.1. The above algorithm works as specified. It runs in time polynomial

in degD(f), degt(f) and q.

Proof. Correctness when f is irreducible follows from Theorem 2.3.6, as does the

existence of u when f is irreducible. Suppose that v ∈ A\{0} is such that uv =

0. To see that gcrd(f, u) is a non-trivial factor of f , assume to the contrary that

gcrd(f, u) = 1. Then there exist s, t ∈ S such that sf + tu = 1 and sfv + tuv = v.

But fv ∈ Sf and uv ∈ Sf , so v ∈ Sf , a contradiction to v being non-trivial in A

(which is defined modulo f).

The costs are dominated by finding a basis for the eigenring (see Theorem 2.3.5)

and finding the zero-divisors in A (see [15]), all of which are polynomial in degD(f),

degt(f) and q.

2.5 Computing a complete LCLM decomposition

In this section we present a method for the LCLM-decomposition of a polynomial

f ∈ Fq(t)[D; σ, δ]. Again, we let S = Fq(t)[D; σ, δ], transformed to a pure differential

or automorphism ring as in Section 2.2.

Using the relationship between the existence of an LCLM-decomposition and the

existence of non-trivial, orthogonal idempotents in E(Sf) summing to 1 developed in

Theorems 2.3.7 and 2.3.8 of the previous section, we reduce the problem to finding

such idempotents.
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We need to be able to find a pair of orthogonal idempotents in A which sum to

the identity. We again employ the algorithm of [15], this time to compute Rad(A)

and an idempotent in A mod Rad(A). We use this to construct an idempotent in A

as follows.

Algorithm: Orthogonal-Idempotents

Input: I a basis A1, . . . , Am ∈ Kr×r for an associative algebra (containing the iden-

tity). Here K = Fq(T ) for an indeterminate T , and q some power of a

prime q.

Output: I non-trivial orthogonal idempotents e1, e2 ∈ A such that e1 + e2 = 1.

(1) Compute Rad(A), and assume Rad(A)η = 0, using the algorithm of [15].

(2) If A/ Rad(A) is a division algebra;

(3) Then output “A has no non-trivial idempotents”;

(3) Else

(4) Let ē ∈ A be such that ē mod Rad(A) is a non-trivial idempotent in A/ Rad(A),

using the algorithm of [15].

(5) Compute u ∈ K[x]: u ≡ 1 mod xη, u ≡ 0 mod (x− 1)η;

v ∈ K[x]: v ≡ 0 mod xη, v ≡ 1 mod (x− 1)η;

(6) Output e1 := u(ē), e2 = v(ē);

Theorem 2.5.1. Orthogonal-Idempotents works as specified. The time required is

polynomial in r and the maximum degree of any entry in Ai for 1 ≤ i ≤ m.

Proof. We need to show that e1, e2 are orthogonal idempotents in A. First, note that

ē2− ē ∈ Rad(A), so (ē2− ē)η = 0. Thus, the minimal polynomial in K[x] of ē divides
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(x2 − x)η = xη(x− 1)η. With u, v as in step (5), we know

u(x) = q1(x)xη + 1 u(x) = q2(x)(x− 1)η

v(x) = r1(x)xη v(x) = r2(x)(x− 1)η + 1

for some q1, q2, r1, r2 ∈ K[x]. Now

e2
1 − e1 = e1(e1 − 1) = q2(ē)(ē− 1)ηq1(ē)ē

η

= ēη(ē− 1)ηq1(ē)q2(ē) = 0,

e2
2 − e2 = e2(e2 − 1) = r2(ē)(ē− 1)ηr1(ē)ē

η

= ēη(ē− 1)ηr1(ē)r2(ē) = 0,

e2e1 = e1e2 = q1(ē)(ē− 1)ηr1(ē)ē
η

= ēη(ē− 1)ηq1(ē)r1(ē) = 0.

Finally e1 + e2 = u(ē) + v(ē) = (u + v)(ē). But u + v ≡ 1 mod xη(x − 1)η by

construction, so e1 + e2 = 1.

That the algorithm runs in polynomial in the dimension r and the maximum

degree of a structure constant follows immediately from [15].

We can now present our algorithm to compute an LCLM-decomposition.

Algorithm: LCLM-Decomposition

Input: I f ∈ S of degree n;

Output: I g, h ∈ S with f = lclm(g, h) and gcrd(g, h) = 1 for 1 ≤ i ≤ k;

(1) Compute a basis A1, . . . , Am ⊆ Knν×nν for A ∼= E(Sf) as in Section 2.3;

(2) Using Orthogonal-Idempotents, attempt to find a pair of orthogonal idempo-

tents e1, e2 ∈ A such that e1 + e2 = 1 ∈ A;
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(3) If no such idempotents exist, report “f is indecomposable”;

Else

(4) Let g, h ∈ S each be of minimal degree such that ge1 ∈ Sf , and he2 ∈ Sf ;

(5) Return g, h;

Theorem 2.5.2. The above algorithm works as specified. It runs in time polynomial

in degD(f), degt(f) and p.

Proof. Correctness of Step (3) follows from Theorem 2.3.8, and that of Step (5) follows

from Theorem 2.3.7.

The dominant cost in this algorithm is computing the orthogonal idempotents with

Orthogonal-Idempotents, which can be done in time polynomial in the dimension

and degree of entries in the basis for A, i.e., polynomial in n, degt(f) and p. As well,

we must compute g and h in step (4), but this is simply linear algebra in W (see

Subsection 2.3.3).

2.6 Conclusion

Given f ∈ Fq(t)[D; σ, δ], we have considered the problems of computing factoriza-

tions f = gh for g, h ∈ Fq(t)[D; σ, δ], and LCLM-decompositions f = lclm(g, h) for

relatively (right) prime g, h. The algorithms presented require time polynomial in

degD f , degt f and q. Our main idea was to work by decomposing the eigenring, and

use the correspondence between these decompositions and factorizations to split f .

Many important questions remain to be considered. We have shown here how to

split and LCLM-decompose polynomials into two factors, and can iterate the algo-

rithm on these factors until a complete factorization or complete LCLM-decomposition
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is obtained. However, we must be careful to manage the growth in the degree of t in

the factors. We can also ask if there are any factors of a specific given degree s. For

this an analogue to the method of [11] should apply.

As noted earlier, one of the main goals was to apply this work to factoring in

Q(t)[D; σ, δ]. The problems of lifting and factor reconstruction are considerably more

difficult in the non-commutative case. Interesting mathematical questions also arise

in understanding the factorization pattern under modular reduction, which could

greatly affect the complexity of algorithms for these problems.
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Chapter 3

Non-Commutative Gröbner Bases
in Poincaré-Birkhoff-Witt
Extensions

Commutative Gröbner Bases are a well established technique with many applications,

including polynomial solving and constructive approaches to commutative algebra

and algebraic geometry. Noncommutative Gröbner Bases are a focus of much recent

research activity. For example, combining invariant theory and elimination theory, or

elimination in moving frames of partial differential operators invariant under an equiv-

alence group, requires the use of noncommutative Gröbner bases. This paper presents

theory and algorithms for noncommutative Gröbner bases in Poincaré-Birkhoff-Witt

extensions. These extension rings generalize the previous domains over which non-

commutative Gröbner bases have been applied. Our approach to noncommutative

Gröbner bases differs from previous work which assumes that the coefficients are

from a field or commutative ring. In applications such as Cartan’s method of moving

frames, this is not the case, and the theory that we present can be applied.

48
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3.1 Introduction

Since the mid-1980’s, noncommutative Gröbner bases have developed as an active

research area in Computer Algebra, with many applications. See, for example,

Chyzak and Salvy [6] for Ore algebras, Green [10] for path algebras, Kandri-Rody

and Weispfenning [12] for algebras of solvable type, Mora [17] for free algebras over

fields. Generally speaking, there are two streams in these studies. One stream is

focused on free algebras, which preserve properties of semigroups. The other stream

focuses on algebras of solvable type (including rings of differential operators) which

admit Dickson’s lemma allowing algorithms to terminate.

In most of the above papers, the authors assume that the coefficients are from a

field or commutative ring, and that these commute with the indeterminates (although

the indeterminates may not commute with each other).

There are many interesting and useful rings which the above papers do not address.

Examples include some kinds of homogenous partial differential equations with non-

constant coefficients (see Adams et al. [2]). The method of choosing coordinates

which are invariant under a given symmetry group (e.g., polar coordinates), in its most

general form requires the introduction of a moving frame of non-commuting partial

differential operators (Cartan’s famous equivalence method). Elimination theories for

such systems, by necessity, require a non-commutative Gröbner Basis method of the

type presented in this paper (see Lisle & Reid [14], and Mansfield [15]). Another

example is the skew enveloping algebra R#U(L) (see McConnell and Robson [16]),

which is important in associative ring theory. This motivates us to define Gröbner

bases in Poincaré-Birkhoff-Witt (PBW) extensions. We prove the left division rule

and many fundamental properties of such Gröbner bases, and give an algorithm to
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construct them. As a special case, we consider the graded lexicographic ordering,

and reduce computing Gröbner bases of PBW extensions to the commutative case.

Finally we apply this theory to the moving frame approach in Section 3.4.

Differential elimination algorithms have been effective in pre-processing and sim-

plifying systems for the subsequent application of the methods of scientific compu-

tation. Such methods include numerical integration techniques and symmetry tech-

niques.

A popular new research area is the area of Geometric Integration [18]. The gen-

eral philosophy is to include as many qualitative features of the physical system being

studied in the tools that you use to study the system. For example numerical integra-

tors, which are invariant under the symplectic group (geometric integrators) are used

to numerically solve Hamilton’s equations which are also symplectically invariant.

This paper represents progress in this direction for differential elimination algorithms

by, for example, enabling the differentiations and eliminations of such algorithms to

be executed in a moving frame, invariant under a group admitted by the given prob-

lem. Our extension of such algorithms to coefficients which do not come from a field

(i.e., are not invertible) is potentially relevant for matrix formulations arising in non-

commutative field theories. In such instances it is helpful to be able to perform such

calculations, as physicists would, in the non-commutative matrix formalism, instead

of breaking it down to components, and using commutative differential algebra, as is

the current practise. This is an area which we are investigating.
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3.2 Poincaré-Birkhoff-Witt Extensions

We first introduce the definition of PBW extensions used in this paper, which is

defined by Bell and Goodearl [5]. This definition leads to a unified treatment of

many polynomial rings currently studied in associative ring theory and Computer

Algebra.

Definition 3.2.1. Let R and T be two associative rings with R ⊆ T . T is called a

(finite) PBW extension of R if there exist x1, x2, · · · , xn ∈ T such that

(1) the monomials xi1
1 xi2

2 · · · xin
n form a basis for T as a free left R-module, where

i1, i2, · · · , in ∈ N;

(2) xir − rxi := [xi, r] ∈ R for each i = 1, · · · , n and any r ∈ R;

(3) xixj − xjxi := [xi, xj] ∈ R + Rx1 + · · ·+ Rxn for all i, j = 1, · · · , n.

We write T = R〈x1, · · · , xn〉.

Conditions (2) and (3) allow one to swap the positions of elements such that every

element in T has a unique representation
∑

rαxα1
1 · · · xαn

n where rα ∈ R and {αi} ∈ N.

We call the monomials of form xi1
1 · · ·xin

n standard monomials. Note also that

any non-standard monomial xi1
j1
· · · xin

jn
can be expressed as a finite sum of standard

monomials.

Remark 3.2.1. We have to remind the reader of the differences between PBW exten-

sions and other similar algebraic structures. For example, comparing PBW extensions

with algebras of solvable type defined in [12], we note a number of important differ-

ences. Algebras of solvable type require coefficients and indeterminates commute,

whereas PBW extensions make no such requirement. For example, R#U(L) is not

an algebra of solvable type in general, but is a PBW extension. On the other hand,
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algebras of solvable type define a “quantum” or “ordering” version of condition (3)

above, which states roughly that the commutator is smaller than the product under

a term ordering. In an upcoming paper we define skew-PBW extensions which in-

clude both algebras of solvable type and PBW extensions. A comparison of PBW

extensions with free algebras can assist in understanding their differences.

Example 3.2.1. There are several prototypical examples of PBW extensions:

(1) The usual multivariate polynomial rings over R, Ore algebras and PBW al-

gebras discussed in Computer algebra. The skew enveloping algebra (or smash

product) R#U(L) is an example of PBW extensions. In particular, the universal

enveloping algebra U(L), the n-Weyl algebra An(K) and skew polynomial ring

(derivation type) R[x, δ] also are examples of PBW extensions (see McConnell

and Robson [16]).

(2) Some kinds of PDEs with non-constant coefficients. For example, let R =

K(x1, · · · , xn) be a function field over a field K. It is well-known that all partial

derivations over R form a (possibly infinite dimensional) Lie algebra under the

usual brace product. In the language of PDEs, one partial differential equation

is written as:

an(x1, · · · , xn)
∂i1

∂xi1
1

· · · ∂in

∂xin
n

+ · · ·+ a0(x1, · · · , xn) = 0.

Corresponding to the skew enveloping algebra, the above equation is in the ring

K(x1, · · · , xn)#U(L), and can be written as:

an(x1, · · · , xn)x̄i1
1 · · · x̄in

n + · · ·+ a0(x1, · · · , xn) = 0.

(3) Moving frames (see Section 3.4) and some systems of linear homogeneous par-

tial differential equations with non-constant coefficients (see [2], [14] and [15]).
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We denote by M(X) or M(x1, . . . , xn) the set {xα1
1 xα2

2 · · ·xαn
n |αi ∈ N} of all

standard monomials of {x1, · · · , xn}. For simplicity, we write Xα = xα1
1 xα2

2 · · · xαn
n and

α = (α1, α2, · · · , αn) ∈ Nn. Given a total order ≺ on the set of standard monomials,

we define the leading monomial lm(f) of f ∈ R〈x1, · · · , xn〉 to be the largest standard

monomial occurring in f with non-zero coefficient, the leading coefficient lc(f) to

be the coefficient of lm(f) and leading term lt(f) = lc(f) · lm(f). For a subset

S ⊆ R〈x1, · · · , xn〉, lm(S) = {lm(s)|s ∈ S} while lc(S) and lt(S) are similarly defined

and `(S) will be the left ideal generated by S in R〈x1, · · · , xn〉. The degree of

Xα := xα1
1 · · ·xαn

n is deg(Xα) = |α| := α1 + · · ·αn.

Definition 3.2.2. An admissible order ≺ on M(X) is a total order of M(X) which

satisfies:

(1) multiplicative, i.e., r ≺ Xα and Xα ≺ Xβ imply that lm(XηXαXγ) ≺ lm(XηXβXγ),

where Xη, Xα, Xβ, Xγ ∈M(X) and r ∈ R.

(2) degree compatible, i.e., deg(Xα) ≺ deg(Xβ) implies Xα ≺ Xβ, where Xα, Xβ ∈
M(X).

Remark 3.2.2. From condition (2), we get the descending chain condition, i.e., there

are no infinite strictly descending chains of standard monomials, which is vital in the

proof of termination of algorithms.

Example 3.2.2. The typical example of this order is the graded lexicographic order-

ing. That is, xα1
1 xα2

2 · · ·xαn
n ≺ xβ1

1 xβ2

2 · · · xβn
n if and only if the first nonzero component

of (
∑n

k=1(αk − βk), α1 − β1, · · · , αn − βn) is negative.

Before computing Gröbner bases in PBW extensions, we first need a notion of the

coefficient ring being computable.
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Definition 3.2.3. An associative (though not necessarily commutative) ring R is

(left) computable, if in addition to the usual arithmetic operations being computable,

the following two conditions hold:

(1) (left ideal membership) Given a, a1, · · · , am ∈ R, there is an algorithm which de-

cides whether a is in the left ideal R(a1, · · · , am) and if so, finds b1, b2, · · · , bm ∈
R such that a =

∑m
i=1 biai.

(2) (left syzygies) Given a1, · · · , am ∈ R there is an algorithm which finds a finite

set of generators for the R-module

Syz(a1, · · · , am) := {(b1, · · · , bm) ∈ Rm|
m∑

i=1

biai = 0}.

If R is a field, the condition “left ideal membership” is trivial. But if R is a ring,

it is a useful and necessary condition. The condition “left syzygies” is needed to

guarantee that the algorithm GröbnerPBW which follows is implementable, since from

the noetherian condition we only know that there exist a finite number of generators.

In fact these conditions have been used in many papers, for example, Gianni, Trager

and Zacharias [9]. It is a common condition when one considers Gröbner theory on

rings instead of fields. There are many rings satisfying this condition, for example,

the usual polynomial ring over a field and the universal enveloping Lie algebra over

a field (see Apel and Lassner [4]).

In the remainder of the paper, we assume that R is a left computable and noethe-

rian (not necessarily commutative) ring with a finite PBW extension R〈x1, · · · , xn〉,
and ≺ is an admissible order on M(X).
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3.3 Gröbner Bases in PBW Extensions

In [8], Galligo first considered Gröbner bases in the ring of linear differential operators.

Later, many authors extended Galligo’s idea to various rings. For example, Chyzak

and Salvy [6] consider Gröbner bases in Ore algebras, and Insa and Pauer [11] for

Gröbner bases in the ring of differential operators, assuming the coefficients form a

subring of a function field. In this paper we consider the more general case, PBW

extensions.

Definition 3.3.1. For f, g ∈ M(X), f is a factor of g if there exist p, q ∈ M(X)

such that g = lm(pfq). Also g is said to be divisible by f , denoted by f |g.

It is easy to see that if f = xα1
1 · · · xαn

n , and g = xβ1

1 · · · xβn
n , then f is a factor of g

if and only if αk ≤ βk, for all 1 ≤ k ≤ n.

In the following definition, we only require that the leading terms are reduced.

The conditions involving reduced polynomials (over rings) are no longer required, and

so reducing non-leading terms is unnecessary (see [1], p.211).

Definition 3.3.2. Let G be a finite subset of R〈x1, · · · , xn〉 and f, h ∈ R〈x1, · · · , xn〉.
We say h is a one step reduction of f modulo G, denoted f →G h, if for the leading

term aXα in f , there exist g1, · · · , gt ∈ G and r1, · · · , rt ∈ R such that

(1) lm(gi)’s are factors of Xα, say lm(XβigiX
γi) = Xα, for all i = 1, · · · , t;

(2) a =
∑t

i=1 ri lc(gi) for some ri ∈ R, i = 1, · · · , t;

(3) h = f −∑t
i=1 riX

βigiX
γi .

Furthermore, we say f reduces to h modulo G if and only if there exist h1, · · · , hs ∈
R〈x1, · · · , xn〉 such that f →G h1 →G h2 →G · · · →G hs →G h.
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Remark 3.3.1. (1) Note that the conditions of (1) and (3) are equivalent to:

(1)’ lm(gi)’s are factors of Xα, say lm(Xβigi) = Xα, for all i = 1, · · · , t;

(3)’ h = f −∑t
i=1 riX

βigi.

(2) We remind the reader that Gauss reduction does not work in PBW exten-

sions since the elements of R are not necessarily invertible. Therefore we have

to use “sum” to cancel some terms. For example, consider the PBW extension

K[y1, y2, y3]〈x1, x2, x3〉, where K[y1, y2, y3] is the usual polynomial ring over a field K

and {x1, x2, x3} is the 3-dimensional Lie algebra with [x1, x2] = x1, [x1, x3] = −2x1 and

[x2, x3] = −2x3. Set G = {g1 := y1x1, g2 := y2x2} and f := (2y1 + 3y2)x1x2 + x1 + 1.

Since K[y1, y2, y3] is just a ring, not a field, we do elimination as follows:

h = f − (2g1x2 + 3g2x1) = (2y1 + 3y2)x1x2 + x1 + 1− (2(y1x1)x2 + 3(y2x2)x1)

= (2y1 + 3y2)x1x2 + x1 + 1− (2(y1x1x2) + 3y2(x1x2 − x3)) = x1 − 3y2x3 + 1.

Definition 3.3.3. An element f ∈ R〈x1, · · · , xn〉 is said to be in reduced form with

respect to G if f can not be reduced modulo G. A reduced form of f modulo G is

an element h ∈ R〈x1, · · · , xn〉 such that h is in reduced form with respect to G and

f →G h.

As in the commutative case we have a division rule, but here it is one-sided.

Proposition 3.3.1. (Left division rule) Let G := {g1, · · · , gt} ⊆ R〈x1, · · · , xn〉
and f ∈ R〈x1, · · · , xn〉. Then there exist h1, · · · , ht, ψ ∈ R〈x1, · · · , xn〉 such that

f = h1g1 + · · ·+ htgt + ψ, where ψ is reduced modulo G and

lm(f) = max{max{lm(lm(hi) lm(gi))}t
i=1, lm(ψ)}

.
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Proof. If f is reduced modulo G, then there is nothing to do. Assume then that

there is a reduction chain f → ψ1 → ψ2 → · · · . By the definition of reduction, the

leading term is decreased, that is, lm(f) Â lm(ψ1) Â lm(ψ2) Â · · · . Since Â is a well-

ordering, the reduction chain has to stop, say, f → ψ1 → · · · → ψs → ψ, where ψ is

reduced modulo G. By Remark 3.3.1, we have f − ψ1 = r11X
α11g1 + · · ·+ r1tX

α1tgt,

where {r1i} ∈ R, lt(f) = r11 lt(Xα11g1) + · · · + r1t lt(Xα1tgt) (some rji and αji could

be zero) and lm(f) = lm(Xα1igi) for all i such that r1i 6= 0 (since R could have

zero-divisors). Similarly we have the representation for ψ1 − ψ2 = r21X
α21g1 + · · · +

r2tX
α2tgt. Therefore

f − ψ2 = (f − ψ1) + (ψ1 − ψ2) = (r11X
α11 + r21X

α21)g1 + · · ·+ (r1tX
α1t + r2tX

α2t)gt.

Note that the coefficients of {gi} are not all zero if s > 2. Continuing in this way, we

get the representation for f − ψ as required.

The above proposition gives a method to calculate the reduced form:

Algorithm: ReducedForm

Input: I G = {g1, · · · , gt} ⊆ R〈x1, · · · , xn〉;
I f ∈ R〈x1, · · · , xn〉;

Output: I a reduced form of f modulo G: h1, · · · , ht, ψ ∈ R〈x1, · · · , xn〉 such that

f = h1g1 + · · · + htgt + ψ, where ψ is reduced modulo G and lm(f) =

max{max{lm(lm(hi) lm(gi))}t
i=1, lm(ψ)};

Set ψ := f and h1, . . . , ht := 0;

While ψ 6= 0 and lc(ψ) ∈ `(lc(g) : g ∈ G, lm(g)| lm(ψ)) Do

Find {ri}t
1 ∈ R, {Xαi}t

1 so lc(ψ) =
∑t

i=1 ri lc(gi), lm(Xαigi) = lm(ψ);
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ψ := ψ −∑t
i=1 riX

αigi.

For i = 1 to t Do hi := hi + riX
αi ;

End

Definition 3.3.4. Let I be a left ideal of R〈x1, · · · , xn〉 and G a subset of I. Then

G is called a (left) Gröbner basis of I if for all f ∈ I, f →G 0.

While some of the definitions and theorems in the PBW extensions case are equiv-

alent to those in the commutative case, others do not hold.

Theorem 3.3.2. Let I be a left ideal of R〈x1, · · · , xn〉 and let G be a finite subset of

I. The following assertions are equivalent:

(1) G is a left Gröbner basis of I;

(2) For all 0 6= f ∈ I, f is reducible modulo G;

(3) For all 0 6= f ∈ I, there exist g1, · · · , gt ∈ G such that lm(gi), i = 1, · · · , t are

factors of lm(f) and lc(f) ∈ `(lc(g1), · · · , lc(gt));

(4) For α ∈ Nn, let

`(α, I) := `(lc(f) : f ∈ I, lm(f) = Xα). Then for all α ∈ Nn the left ideal `(α, I)

is generated by {lc(g) : g ∈ G, lm(g)|Xα}.

Proof. (1) ⇒ (2) follows from the definition of Gröbner bases.

(2) ⇒ (1): Let G := {g1, · · · , gt} and 0 6= f ∈ I. Since f is reducible, by

induction and Proposition 3.3.1, there exist h1, · · ·ht, ψ ∈ R〈x1, · · · , xn〉 such that

f = h1g1 + · · ·htgt + ψ, where ψ is reduced modulo G. This implies that ψ =

f − (h1g1 + · · · + htgt) ∈ I, and so ψ is reducible by (2), a contradiction. Therefore

ψ = 0, that is, f can be reduced to 0 modulo G.

(2) ⇔ (3) follows from the definition of reduction.
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(3) ⇒ (4): For fixed α ∈ Nn, for any r ∈ `(α, I), since `(α, I) is usually not

a principal ideal, there exist f1, · · · , ft ∈ I with lm(fi) = Xα, i = 1, · · · , t and

a1, · · · , at ∈ R such that r = a1 lc(f1) + · · ·+ at lc(ft). From (3), for each fi, we have

lc(fi) = b1 lc(gi1) + · · ·+ bs lc(gis), where gij ∈ G, lm(gij)| lm(fi), bj ∈ R, j = 1, · · · , s.

Thus r ∈ `(lc(g) : g ∈ G, lm(g)|Xα).

Conversely, let a ∈ `(lc(g) : g ∈ G, lm(g)|Xα). Then a = r1 lc(g1) + · · · + rt lc(gt)

for some ri ∈ R, gi ∈ G, lm(gi)|Xα, i = 1, · · · , t. Choose {Xαi}t
1 ∈ M(X) such that

lm(Xαigi) = Xα for i = 1, · · · , t. Note that Xαigi ∈ I, we get

a = r1 lc(g1) + · · ·+ rt lc(gt) = r1 lc(Xα1g1) + · · ·+ rt lc(Xαtgt)

∈ `(lc(f) : f ∈ I, lm(f) = Xα).

(4) ⇒ (3): For any 0 6= f ∈ I, let lm(f) = Xα. Then lc(f) ∈ `(α, I). By (4),

lc(f) ∈ `(lc(g) : g ∈ G, lm(g)|Xα).

Corollary 3.3.3.

(1) If G is a Gröbner basis for the left ideal I in R〈x1, · · · , xn〉, then I = `(G).

(2) If G is a Gröbner basis and f ∈ `(G) and f →G h, where h is reduced, then

h = 0.

(3) Let G be the Gröbner basis of left ideal I and f ∈ R〈x1, · · · , xn〉. Then f ∈ I

if and only if f = 0 modulo G.

Next we give a method to construct Gröbner bases in PBW extensions. We remind

the reader that in general rings the S-pair criteria are not necessarily available. A

simple example can be found in ([4], p.248).

Theorem 3.3.4. Let I be the left ideal of R〈x1, · · · , xn〉 generated by a finite set G.

For F := {g1, · · · , gs} ⊆ G, let lcm(F ) be the least common multiple of {lm(gi)}s
i=1.
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Let BF be a finite set of generators of Syz(lc(g1), · · · , lc(gs)). Then the following

assertions are equivalent:

(1) G is a Gröbner basis of I;

(2) For all F := {gi}s
1 ⊆ G and for all {b1, . . . , bs} ∈ BF , we have that

∑s
i=1 bi(X

lcm(F )/ lm(gi))gi reduces to zero with respect to G.

Proof. (1) ⇒ (2) follows from
∑s

i=1 bi(X
lcm(F )/ lm(gi))gi ∈ `(G).

(2) ⇒ (1): Let f ∈ I. By Theorem 3.3.2 we need to show: lc(f) ∈ `(lc(g) :

g ∈ G, lm(g)| lm(f)). Let G := {g1, · · · , gt}. Then f ∈ I implies that there ex-

ists a representation f =
∑t

i=1 figi. Furthermore we may choose {fi}t
1 such that

max≺{lm(lm(fi) lm(gi))}t
i=1 is minimal, say Xα0 . Let F := {gi ∈ G| lm(lm(fi) lm(gi)) =

Xα0}. Without loss of generality, we may assume that F = {g1, · · · , gs}, 1 ≤ s ≤ t.

The following argument considers cases based on the leading monomial of f .

If lm(f) = Xα0 , then lt(f) =
∑s

i=1 lt(figi) and lc(f) =
∑s

i=1 lc(fi) lc(gi) ∈

`(lc(g) : g ∈ F ). Note that gi ∈ F implies lm(f) = lm(lm(fi) lm(gi)). Thus

lm(gi)| lm(f). Therefore lc(f) ∈ `(lc(g) : g ∈ G, lm(g)| lm(f)).

If lm(f) ≺ Xα0 , then

s∑
i=1

lc(fi) lc(gi) = 0 and (lc(f1), · · · , lc(fs)) ∈ Syz(lc(g1), · · · , lc(gs)).

Let BF be a basis of Syz(lc(g1), · · · , lc(gs)), say,

BF := {~b1, · · · ,~bk} := {(b11, · · · , b1s), · · · , (bk1, · · · , bks)}.

There exist r1, · · · , rk ∈ R such that (lc(f1), · · · , lc(fs)) = r1
~b1 + · · · + rk

~bk =

(r1b11 + · · · + rkbk1, · · · , r1b1s + · · · + rkbks). That is, for 1 ≤ i ≤ s, we have lc(fi) =

r1b1i + · · ·+ rkbki. Now
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f =
t∑

i=1

figi =
s∑

i=1

figi +
t∑

i=s+1

figi

=
s∑

i=1

(fi −
k∑

j=1

rjbji lm(fi))gi +
s∑

i=1

k∑
j=1

rjbji lm(fi)gi +
t∑

i=s+1

figi.

For the first sum of equation (3.2), from lm(fi−
∑k

j=1 rjbji lm(fi)) ≺ lm(fi), we have

that lm(lm(fi −
∑k

j=1 rjbji lm(fi)) lm(gi)) ≺ Xα0 , i = 1, · · · , s.

For the third sum of equation (3.2), by the definition of F , we have

max{lm(lm(fi) lm(gi))}t
i=s+1 ≺ Xα0 .

In order to get the contradiction to the minimality of α0, we have to rewrite the

second sum of equation (3.2). Note that for all gi ∈ F , lm(lm(fi) lm(gi)) = Xα0 .

Thus there is an element 0 6= γ ∈ Nn such that α0 = lcm(F ) + γ. Then

s∑
i=1

k∑
j=1

rjbji lm(fi)gi =
k∑

j=1

rjX
γ(

s∑
i=1

bji
Xlcm(F )

lm(gi)
gi)

+
k∑

j=1

rj(
s∑

i=1

(bji lm(fi)−Xγbji
Xlcm(F )

lm(gi)
)gi).

Clearly, the leading monomials of every product in the second sum are smaller than

Xα0 . Thus we only need to consider the first sum. By the assumption,
∑s

i=1 bji
Xlcm(F )

lm(gi)
gi

reduces to zero modulo G. Then by the division rule there exist h1, · · · , ht ∈ R〈x1, · · · , xn〉
such that

∑s
i=1 bji

Xlcm(F )

lm(gi)
gi−

∑t
i=1 higi = 0 and lm(lm(hi) lm(gi)) ≺ Xα0−γ. Therefore

k∑
j=1

rjX
γ(

s∑
i=1

bji
Xm(F )

lm(gi)
gi) =

k∑
j=1

rjX
γ(

t∑
i=1

higi) =
k∑

j=1

t∑
i=1

Xγhigi.

It is easy to see that for all i, lm(lm(Xγhi) lm(gi)) ≺ Xα0 , a contradiction as required.

The above theorem suggests an algorithm to construct Gröbner bases:
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Algorithm: GröbnerPBW

Input: I F = {f1, · · · , fs} ⊆ R〈x1, · · · , xn〉.
Output: I G = {g1, · · · , gt}, a Gröbner basis for `(f1, · · · , fs).

Initialization: G := F, G′ := all subsets of F ;

While G′ 6= ∅ Do

Choose ∅ 6= S ∈ G′, say, S := {fi1 , · · · , fik};
G′ := G′ \ S;

Compute BS, a generating set for Syz(lc(fi1), · · · , lc(fik)) and lcm(S);

For each b := (bi1 , · · · , bik) ∈ BS Do

bi1(X
lcm(S)/ lm(fi1))fi1 + · · ·+bik(X

lcm(S)/ lm(fik))fik →G ψ, ψ is reduced

modulo G.

If ψ 6= 0, then

G := G ∪ {ψ};
G′ := {S ′ ∪ {ψ}}; add ψ to every nonempty subset S ′.

End Do

End Do

By the noetherian properties of the ring R, we know that R〈x1, · · · , xn〉 is also

noetherian and we obtain the following proposition.

Corollary 3.3.5. Let I be a non-zero left ideal of R〈x1, · · · , xn〉. Then I has a finite

Gröbner basis.

If R has some special properties, we can define a notion of S-pairs. For example,

when R is a field, we can define reduction and S-pairs in a similar way to the way

they are defined in the commutative case, and easily prove that:
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Corollary 3.3.6. Assume that R is a field. Let I be a left ideal of R〈x1, · · · , xn〉
generated by a finite set G. Then G is a Gröbner basis if and only if all S-pairs

reduce to zero.

For noncommutative PIDs, we can define S-pairs in a similar fashion to com-

mutative PIDs, though the situation becomes much more complex. For example, in

noncommutative PIDs and UFDs, factors are only unique with respect to some in-

variant factors and left greatest common divisors are may not same as right greatest

common divisors. We will discuss these issues in a forthcoming paper.

Discussing Gröbner bases from the graded point of view has a long history; for

example, Robbiano [19], and more recently Apel [3], consider Gröbner bases on general

graded rings. In PBW extensions the graded lexicographic ordering is the most

popular ordering. Let T = R〈x1, · · · , xn〉 be a PBW extension and ≺ a term ordering

compatible with the graded lexicographic ordering. The associated graded ring gr T

is defined as R[x̄1, · · · , x̄n] with rx̄i = x̄ir and x̄ix̄j = x̄jx̄i for all r ∈ R, that is, usual

polynomial ring over R.

We set up a relation between the Gröbner bases of R〈x1, · · · , xn〉 and its associ-

ated graded ring gr R〈x1, · · · , xn〉. For an element f ∈ R〈x1, · · · , xn〉, f̄ will be the

image of f in gr R〈x1, · · · , xn〉. Recall that the standard filtration of R〈x1, · · · , xn〉
is F1,F2, · · · ,Fn where Fi is the R-subspace generated by all Xα with |α| ≤ i and

gr R〈x1, · · · , xn〉 = ⊕Fn/Fn−1 = R[x̄1, · · · , x̄n]. For any left ideal I of R〈x1, · · · , xn〉,
there is a graded ideal gr I of gr R〈x1, · · · , xn〉 which is defined by setting (gr I)i =

(I + Fi−1) ∩ Fi/Fi−1 ' I ∩ Fi/I ∩ Fi−1 ⊂ Fi/Fi−1, and gr I = ⊕i(gr I)i.

Lemma 3.3.7. ( [16]) Let T = R〈x1, · · · , xn〉 be a PBW extension. If R is a noethe-

rian ring, then T and gr T are noetherian rings.
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Theorem 3.3.8. Let I be a left ideal of T = R〈x1, · · · , xn〉. If G = {f1, · · · , fm}
is a Gröbner basis of I, then {f̄1, · · · , f̄m} is a Gröbner basis of gr I. Conversely

if {g1, · · · , gt} is a Gröbner basis of gr I, then choose {f1, · · · , ft} ⊆ I such that

f̄1 = g1, · · · , f̄t = gt and {f1, · · · , ft} is a Gröbner basis of I.

Proof. Let G = {f1, · · · , fm} be a Gröbner bases of I. For a homogeneous element

g ∈ (gr I)i, there exists f ∈ (I + Fi−1) ∩ Fi/Fi−1 such that f̄ = g. Since f ∈ I, we

assume that f = h1f1 + · · · + htft with lm(lm(hj) lm(fj)) ≺ lm(f), 1 ≤ j ≤ t. Thus

g = f̄ = f + Fi−1 = h1f1 + · · ·+ htft + Fi−1 = (h1f1 + Fi−1) + · · ·+ (htft + Fi−1) =

h̄1f̄1 + · · · + h̄tf̄t. Therefore {f̄1, · · · , f̄m} is a Gröbner basis of gr I. We leave the

remainder of the proof to the reader (note that S-pair criteria are usually not available

in grT ).

3.4 Application to Moving Frames

Standard differential elimination algorithms are based on commuting derivations. In

many applications it is natural to choose instead a basis for these derivations which

is adapted to the geometry of the application (e.g., a basis which is invariant under

some given symmetry group of the application).

In these cases, the given commuting frame of commuting partial differential oper-

ators ∂
∂xi

may not be well suited to the application.

One class of moving frames is moving frames of differential operators of the form

∆i =
∑

i

Aj
i (z)

∂

∂zj
, (3.4.1)
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and these satisfy frame commutation relations of the form:

[ ∆i, ∆j ] =
∑

k

γk
ij(z)∆k . (3.4.2)

A significant abstraction and generalization of these ideas was initiated by Cartan,

and in recent times developed and applied by Fels and Olver [7].

A simple example of such an approach is using polar coordinates for cylindrically

invariant problems (where the operators ∂
∂θ

and ∂
∂r

commute). Given an arbitrary

Lie group G the power of the general method of moving frames is that, on some

sufficiently prolonged space, a G-invariant frame always exists.

A study of differential-elimination methods in moving frames of differential oper-

ators was given by Lisle in his PhD thesis [13]. However Lisle did not give a rigorous

Gröbner basis theory for his approach. He was able, however, to do very complex clas-

sification problems which were beyond the power of differential elimination packages

based on commuting derivations.

In this section we show that the Gröbner theory developed in this paper can be

applied to moving frames of differential operators for systems of linear homogeneous

partial differential equations.

We treat an illustrative example which arises from the group classification problem

for the class of nonlinear diffusion equations of the form

ut =
(
D(u)ux

)
x

. (3.4.3)

This example was used by Lisle and Reid [14] and Lisle [13] to illustrate Lisle’s moving

frame method. The method of group classification attempts, for every form of D(u),

to describe the symmetry properties of the above partial differential equation. This is

easy for the illustrative example, but in general leads to intractable overdetermined
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systems of partial differential equations for the symmetries when commuting deriva-

tions are used. The idea of Lisle’s method, was to exploit equivalence transformations

which mapped members of the class of partial differential differential equations to an-

other member of the class. In the above case u 7→ au + b, x 7→ cx + d, t 7→ ex + f ,

are simple examples of such transformations. Then the method constructs a moving

frame of differential operators invariant under such an equivalence group.

One branch of the calculation, for the nonlinear diffusion equation, leads to the

following system of partial differential equations in the frame standard form of Lisle

and Reid [14]:

∆1∆1θ
1 = 0 ∆1θ

2 = 0 ∆1θ
3 = 0

∆2θ
1 = 0 ∆2θ

2 = 2∆1θ
1 − θ3 ∆2θ

3 = 0

∆3θ
1 = −1

2
θ1 ∆3θ

2 = 0 ∆3θ
3 = 0.

This is the system of equations just after equation (18) of Lisle and Reid [14]. In this

case the frame derivations ∆j, j = 1, 2, 3, have vanishing commutators except for

[∆1, ∆3] = −1

2
∆1. (3.4.4)

In terms of the original physical variables x, t, u, and the commuting coordinate frame

∂
∂x

, ∂
∂t

, ∂
∂u

, the frame derivations are given by

∆1 := D1/2 ∂

∂x
, ∆2 :=

∂

∂t
, ∆3 := D/Ḋ

∂

∂u
, (3.4.5)

and the dependent variables θ1, θ2, θ3, yield the infinitesimal symmetries via the re-

lation (14) given in Lisle and Reid [14].

Notice that the theory of this paper, which is directed to linear homogeneous

systems is not directly applicable, since the above system has 3 dependent variables.
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To transform it to an equivalent system, with one dependent variable, we use the

Drach Transformation which, although written for the commutative case, easily gen-

eralizes to the non-commutative case. Consider systems with n independent variables

x1, ..., xn (here n = 3) and m dependent variables (here m = 3). The Drach transfor-

mation proceeds by introducing m new independent variables xn+j, j = 1, ..., m and

is defined by:

θj := ∆n+jw, j = 1, ...,m, ∆n+j :=
∂

∂xn+j

(3.4.6)

together with the additional relations

∆n+j∆n+kw = 0, 1 ≤ j, k ≤ m. (3.4.7)

The only non-vanishing commutators remain as

[ ∆i, ∆j ] =
∑

k

γk
ij(z)∆k, 1 ≤ i, j ≤ n . (3.4.8)

Under this transformation our system becomes

∆1∆1∆4w = 0 ∆1∆5w = 0 ∆1∆6w = 0

∆2∆4w = 0 ∆2∆5w = 2∆1∆4w −∆6w ∆2∆6w = 0

∆3∆4w = −1

2
∆4w ∆3∆5w = 0 ∆3∆6w = 0,

together with the extra relations

∆3+j∆3+kw = 0, 1 ≤ j, k ≤ 3, (3.4.9)

and the single non-vanishing commutator amongst the ∆1, ..., ∆6 remains as [∆1, ∆3] =

−1
2
∆1. Now the system for w is a system to which our PBW Gröbner methods can

be applied.
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Next we outline the main idea. Set the independent variables x = {x1, · · · , xm},
dependent variables u = {u1, · · · , un}, derivatives {∆1, · · · , ∆m} and ∆ = {∆αui|α =

(α1, · · · , αm) ∈ Nm, i ∈ {1, · · · , n}}. For α = (α1, · · · , αm) ∈ Nm, let |α| = α1 + · · ·+
αm. Now we define the ranking on ∆ as following:

Without loss of generality, we may assume that x1 ≺ x2 ≺ · · · ≺ xm and u1 ≺
u2 ≺ · · · ≺ un. The total degree ordering on ∆ is given by:

∆αui ≺ ∆βuj ⇐⇒ |α| < |β|, or |α| = |β|, and i < j, or

|α| = |β|, i = j and α1 < β1, or

|α| = |β|, i = j, α1 = β1, · · · , αk−1 = βk−1,

and αk < βk for some 2 ≤ k ≤ m− 1.

By the commutation rule, we also can write ∆j∆
αui as a polynomial of standard

monomials and ui. Thus we can define hd∆j∆
αui as the highest derivative (highest

with respect to ≺).

Definition 3.4.1. A positive ranking ≺ of ∆ is a total degree ordering of ∆ which is

compatible with differentiation and well-ordering:

∆αui ≺ ∆βuj ⇒ hd∆γ∆αui ≺ hd∆γ∆βuj (3.4.10)

hd∆αui ≺ hd∆γ∆αui for |γ| 6= 0. (3.4.11)

It is easy to see that positive ranking is compatible with Definition 3.2.2 and

that the Drach transformation keeps the positive ranking invariant. Let I be the

left ideal generated by w-system. Then f(u) = 0 for all f ∈ I. This point of

view enables us to study w-systems through Gröbner bases for left ideals in PBW

extensions. Given fw, gw in w-system, the S-pair is defined to be S(fw, gw) =
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lcm(lm(f), lm(g))/ lm(f) · fw − lc(f)/lc(g) · lcm(lm(f), lm(g))/ lm(g) · gw. In par-

ticular if we assume that all S-pairs are reduced to zero in the original untransformed

system, then it is easy to show that all the S-pairs in the w-system are reduced to

zero and we can use Corollary 3.3.6 to construct Gröbner bases. Thus we have a

Buchberger-like algorithm for moving frames.

The above example from Lisle and Reid [14] is fairly simple, to do, even in the

original non-invariant commuting coordinate frame. However Lisle and Reid [14]

apply their moving frame method to some highly non-trivial systems (also given

earlier in Lisle’s thesis [13]. These include group classification of a class of potential

convection diffusion equation and also a large class of linear wave equations admitting

an infinite equivalence group.

Lisle and Reid conjectured [14], but did not prove, that if their linear homogeneous

frame systems had their S-pairs reduce to zero, then they would obtain a Gröbner

basis. This conjecture is rigorously proved in the current paper.

Some of the linear homogeneous systems in [14] involve functions of the dependent

variables (the class variables) in their coefficients. The sometimes nonlinear auxiliary

relations satisfied by the class functions, need a separate treatment, and had to be

checked on a case by case basis. A fully algorithmic approach involving the class

functions in addition to the linear homogeneous frame systems, is an important open

problem. Finally, we note the we are currently working on generalizing the treatment

of this paper to PBW extensions over modules, and this would allow the example to

be treated directly without using the indirect Drach Transformation.



Bibliography

[1] W. W. Adams and P. Loustaunau, An Introduction to Gröbner Bases, Amer.
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Chapter 4

Non-commutative Riquier Theory

in Moving Frames of Differential

Operators

Symbolic manipulation algorithms which apply a finite number of differentiations

and eliminations to over-determined systems of partial differential equations (PDE)

to yield them in forms suitable for the subsequent application of analytic and numeric

solution techniques have recently attracted attention. Such algorithms usually should

have an existence and uniqueness theorem for their output.

Such differential elimination algorithms, which can be regarded as a differential

generalization of the method of Gröbner Bases (an algorithmic method for systems

of polynomials), although enjoying success, can become intractable due to expression

explosion on many problems. One symbolic approach based on extending the ancient

73
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idea of choosing appropriate coordinates is to make the steps of the differential elim-

ination methods share geometric features of the problems to which they are applied.

Such features include the invariance under a known Lie group and often require the

expression of the given PDE in terms of a set of non-commuting Partial Differential

Operators (PDO) invariant under the given group.

Generalizing the commutative differential elimination algorithms to the case of

non-commutative PDO, requires the construction of an existence and uniqueness the-

ory for systems of PDE expressed in terms of such PDO.

In this article such an existence and uniqueness theory is given for systems of

analytic PDE. It can be algorithmically applied to polynomially non-linear PDE.

The main idea for the theoretical development is to use the commutation relations

between the PDO to place them in a standard order. This normalization is exploited

to generalize to the non-commutative case the corresponding steps of a previously

developed commutative theory (by Rust, Reid and Wittkopf). This theory is applied

to problems from Lisle’s methods for examining equivalence and symmetry properties

of families of PDE, and potentially can be applied to problems arising in the method

of moving frames, as developed in recently by Olver, Fels and others.

4.1 Introduction

We consider systems of partial differential equations (PDE) with independent vari-

ables x = (x1, x2, ..., xm) ∈ Fm and dependent variables u = (u1, ..., un) ∈ Fn where

F = R or C. We restrict our attention to (mainly over-determined) systems which are

F-analytic functions of their independent, dependent variables and Partial Differential



75

Operators (PDO) applied to u where the PDO have the form:

∂̃i =
m∑

j=1

aij(x, u)
∂

∂xj

, i = 1, ...,m, (4.1.1)

Here the aij(x, u) are F-analytic functions and the matrix aij(x, u) is invertible (i.e.

det(aij(x, u))m×m 6= 0) for (x, u) in some connected open subset V of Fm × Fn. Such

over-determined systems arise in applications motivating the need for the existence

and uniqueness theory developed in this paper.

An easy computation shows that the ∂̃i satisfy commutation relations of the form:

[ ∂̃i, ∂̃j ] =
∑

k

γk
ij ∂̃k , 1 ≤ i ≤ j ≤ m, 1 ≤ k ≤ m, (4.1.2)

where the γk
ij are so-called structure functions of x, u and first order derivatives of u.

Thus the ∂̃i are generally non-commutative in comparison to the usual commuting

partial derivatives ∂
∂xj

(which will be abbreviated as ∂xj
or ∂j).

By inversion of the relation (4.1.1) to solve for the ∂
∂xj

any analytic PDE system

written in terms x, u and ∂i can be written in terms of x, u and ∂̃i.

It is not immediately clear why one would want to give up commutativity to

express PDE in terms of non-commuting operators. The motivation is that such a non-

commuting set may enjoy properties not shared by the standard commuting frame.

For example such properties might be geometrical properties such as invariance under

a certain Lie group G. A special case is that of using polar coordinates for cylindrically

invariant problems (where the operators are ∂
∂θ

and ∂
∂r

and in fact commute).

This process of choosing appropriate coordinates to avoid unnecessarily compli-

cated expressions, has a long history. Given a G-invariant problem, however, it is

not possible to always choose G-invariant coordinates. A classic example of a set of

invariant PDO which does not yield a global coordinate system is the existence of
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such a set of PDO on the Torus. Cartan, with his method of moving frames, found a

significant and far-reaching generalization of such ideas (see [1, Chapt 5] for historical

remarks and also the foundational work of Tresse [34]). More recent works include

those of Griffiths [11], and a new more general constructive approach was given to

Moving Frame Theory by Fels and Olver [7, 8]. Given an arbitrary Lie group G the

power of the general method of moving frames is that under fairly weak conditions,

on some sufficiently prolonged space, a G-invariant frame exists. Invariant sets of

PDO are just one aspect of this theory.

A major motivation for our work was provided by the work of Lisle [17] (also

see [18]). That work concerned the computation and exploitation of Lie symmetries

of classes of differential equations. For example, in modelling diffusion, one may be

interested in classes of nonlinear diffusion equations of the form

ut =
(
K(u)ux

)
x

, (4.1.3)

where the diffusion is assumed to be nonlinear (Ku(u) = K̇(u) 6= 0). A common

objective is to determine functional forms of the diffusion coefficient K(u), capable of

modelling physically important diffusion processes, for which exact solutions of the

diffusion PDE can be found. Lie group classification methods can in theory determine

the K(u) for which such nonlinear diffusion PDE have large symmetry groups, and

give procedures for identifying corresponding classes of exact solutions.

Algorithms [27, 28] based on commuting partial derivatives, exist for identifying

the size and structure of the symmetry groups of classes of PDE such as (4.1.3). Com-

puter implementations of the above algorithms using commuting partial derivatives

rely on differential elimination packages such as the RifSimp, Diffalg and Diffgrob
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packages in Maple. These packages manipulate the defining equations for infinites-

imal Lie symmetries of the physical PDE of interest. These defining equations are

overdetermined linear homogeneous PDE with coefficients depending on the so-called

classification functions (e.g. the K(u) in the PDE above). We direct the reader to the

review article of Hereman on symbolic packages for differential equations [13]. These

differential generalizations of Gröbner Bases [3], when applied to such systems, typi-

cally build up coefficients involving derivatives of the classification functions. These

coefficients can become so large and complicated [17], that they can fail to terminate

in the available time and memory. This problem persists today, despite considerable

progress in both computer speed/memory and improvements in differential elimina-

tion algorithms based on commuting PDO.

The idea of Lisle’s method [17, 18] to address the expression explosion often en-

countered in such classification problems, was to exploit easily determined transfor-

mations that mapped one member of such a class to another member. Such transfor-

mations form what is called an equivalence group. For example it is easily seen that

the class of transformations:

x = βx′, t = t′, u = γu′ + α, β, γ 6= 0 (4.1.4)

map the diffusion equation to γu′t′ = γβ−2
(
K(γu′ + α)u′x′

)
x′ . Hence the coefficient

K(u) is mapped to a new coefficient, given by K ′(u) = β−2K(γu′ + α). Symmetries

are self-equivalences, which map a given member (e.g. here a nonlinear diffusion

equation) to itself.

Lisle [17, 18] gives a method to easily determine a subclass of equivalence trans-

formations (e.g. such as those above). His method then exploits the equivalence

transformations to ease the more difficult problem of finding the full symmetry group
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for each member of the class. This is done by recasting the equations for symmetries

in a form which is invariant under the equivalence group. He was able to complete

group classification problems, which could not be done by computer algebra methods

based on commuting derivations. For these and other non-trivial examples, the reader

is directed to [17, 18].

Another motivation for our work, is the revitalized interest in Cartan’s method

of moving frames, its applications and generalizations (see [22] and the review paper

[24]). Applications include: various forms of equivalence problem such as deciding

when two objects are equivalent [4] under the projective group (a fundamental prob-

lem in computer vision), and deciding when two differential equations are equivalent

by a change of variables. The design of group invariant numerical methods is also an

important application which falls under the new area of geometric integration [12].

In his review Olver [24, page 2-3] states that “... any serious application ... will

rely on computer algebra”, and further that “large scale applications ... will require

the development of a suitable noncommutative Gröbner basis theory for such algebras,

complicated by the non-commutativity of the invariant differential operators ...”.

In this paper we give existence and uniqueness theorems for systems of ana-

lytic PDE in a certain form with respect to moving frames of differential operators.

This analytic non-commutative Gröbner-style theory is a partial answer to Olver’s

open problem stated above. It allows nonlinearity which is not present in the linear

differential-algebraic theory we presented in [9]. That linear theory did however al-

low the coefficient rings to be noncommutative which is relevant in non-commutative

physical field theories having for example, non-commutative matrix coefficients.

We briefly discuss the dichotomy between such analytic and differential algebraic
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approaches. Rust [31, 32] has given a Gröbner style development of Riquier The-

ory and generalized this to the nonlinear case. This work has helped bring analytic

differential elimination methods (in the spirit of Riquier) and differential-algebraic

approaches (as initiated by Ritt and Kolchin) closer together. Still, neither theory

strictly contains the other. Specializing analytic functions to polynomials, does not

yield all the results in differential algebra. Conversely the setting of Differential Alge-

bra at this time, is too narrow to yield the full generality of the analytic approaches.

Joint work with Hubert is ongoing to try to bring both approaches into a common

theoretical setting. For the moment parallel developments seem necessary.

The main idea of our theory is to use the commutation relations to put the oper-

ators in a normal order modulo lower order terms. Then a non-commutative theory

is built by mimicking the commutative theory across leading order derivatives (the

commutative theory of Rust [32]). In particular we exploit a bijection between the

commuting partial derivatives and the non-commutative differential operators ∂̃i (see

Lisle and Reid (2000) [18, Appendix A] in which the treatment detailed in the current

article is first sketched). We give a rigorous foundation and justification for the group

classification-equivalence method of Lisle [17, 18]. Our results are not quite as general

as those that would be required for a complete treatment of Olver’s open problem,

but are at the same time applicable to frames of operators enjoying geometric fea-

tures other than G-invariance. In particular a moving frame in Olver’s approach is

a G-invariant map from a manifold to a group. The difficulty of establishing a rig-

orous noncommutative Gröbner basis theory for the moving frames case has become

apparent since the seminal work of Mansfield [19], which produces interesting results,

but similarly to the less ambitious work of Lisle, lacks an existence and uniqueness
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theorem.

4.2 An Example - the Nonlinear Diffusion Equa-

tion

As a running example we treat the group classification problem for the nonlinear

diffusion equation (4.1.3). That problem is to identify for all possible functional

forms of the diffusion coefficient and the corresponding Lie symmetry algebras of

vector fields, X = ξ(x, t, u)∂x + τ(x, t, u)∂t + η(x, t, u)∂u leaving invariant (4.1.3).

The components ξ, τ , η of the symmetry vector field obey defining equations which

can be automatically produced by many computer algebra packages

τx = τu = ξu = ηuu = 0 (4.2.1a)

K(2ξx − τt)− K̇η = 0 (4.2.1b)

K(2ηxu − ξxx) + 2K̇ηx + ξt = 0 (4.2.1c)

Kηxx − ηt = 0. (4.2.1d)

For a given K(u), this is an overdetermined linear homogeneous system. This system

is simple enough to have all of its cases analyzed using differential elimination packages

based on commuting PDO and is used for purposes of illustration (see [25] for the

first time that this PDE was group classified).

We seek to write the defining equations (4.2.1) for its symmetries in a form in-

variant under the action of the equivalence group (4.1.4).

Following the method of Lisle [17] leads to the following frame:

∂̃1 := K1/2∂x , ∂̃2 := ∂t , ∂̃3 := K/K̇ ∂u . (4.2.2)
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The reader can verify that this frame of PDO is invariant under the equivalence group.

For example ∂̃1 = K1/2∂x = β(K ′)1/2 1
β
∂x′ = (K ′)1/2∂x′ . Lisle’s method also requires

introducing new infinitesimals defined by θ1∂̃1 +θ2∂̃2 +θ3∂̃3 = ξ∂x +τ∂t +η∂u yielding

θ1 := K−1/2ξ , θ2 := τ , θ3 := K̇/K η (4.2.3)

which the reader can verify are invariant. Lisle’s method also yields the scalar equiv-

alence group invariant

J :=
KK̈

K̇2
− 1 , ∂̃1J = 0 , ∂̃2J = 0 (4.2.4)

Computation of the structure relations for the frame by making the replacements

(4.2.2) yields

[∂̃1, ∂̃3] = −1

2
∂̃1 , [∂̃1, ∂̃2] = 0 , [∂̃2, ∂̃3] = 0 . (4.2.5)

The defining system (4.2.1) becomes

∂̃3θ
1 +

1

2
θ1 = 0 ∂̃1θ

2 = 0 ∂̃1∂̃1θ
3 − ∂̃2θ

3 = 0

∂̃2θ
2 − 2∂̃1θ

1 + θ3 = 0 ∂̃1∂̃3θ
3 − 1

2
∂̃1∂̃1θ

1 − (J − 1)∂̃1θ
3 +

1

2
∂̃2θ

1 = 0

∂̃3θ
2 = 0 ∂̃3∂̃3θ

3 − J∂̃3θ
3 − ∂̃3Jθ3 = 0 (4.2.6)

For example ξu = 0 implies that
(

K̇
K

∂̃3

) (
K1/2θ1

)
= 0 and that ∂̃3θ

1 + 1
2
θ1 = 0 by

using ∂̃3K = K.

Our aim with the above system was not to give a detailed explanation of how

Lisle’s method works (which is described elsewhere [17, 18]), but instead to give the

reader some insight, on the origin of such systems written in terms of non-commuting

PDO.

The goal of the rest of the paper is to develop an existence and uniqueness theory

for analytic systems such as (4.2.6) which are expressed in terms of non-commuting

PDO.
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4.3 Derivations

Let F be a field (R or C in this paper) with characteric zero, x = (x1, · · · , xm) be the

independant variables and u = (u1, · · · , un) be the dependant variables for a system

of PDE.

In the usual commutative approaches to differential algebra and differential elim-

ination theory [31, 2], a set of indeterminates corresponding to the partial derivatives

is defined:

Ω = {vi
α | α = (α1, · · · , αm) ∈ Nm, i = 1, · · · , n} .

Each indeterminate of Ω corresponds to a partial derivative by:

vi
α ↔ (∂m)αm · · · (∂1)

α1ui(x1, · · · , xn) := ∂αui(x1, · · · , xn) .

As usual the commutative total derivative operators are then introduced to act on

members of Ω by a unit increment of the i-th index of their vector subscript:

Div
k
α := vk

β .

where β = (α1, ..., αi +1, ..., αm). The usual (commutative) total derivative Dxi
≡ Di

action on functions of {x} ∪ Ω is then given by:

Di = ∂i +
∑
v∈Ω

(Div)
∂

∂v
. (4.3.1)

The corresponding construction for the non-commutative case is as follows.

We suppose that there are m derivations ∂̃1, ..., ∂̃m which act on formal power

series in the xi with coefficients in F. The derivation operators do not necessarily

commute, that is, ∂̃i∂̃j 6= ∂̃j ∂̃i (e.g. see (4.2.5)).
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Theorem 4.3.1. Since the ∂̃i are derivations, they are of the form:

∂̃i =
m∑

j=1

aij∂j where aij = ∂̃i(xj). (4.3.2)

Proof. A derivation ∂̃i satisfies ∂̃i(f +g) = ∂̃i(f)+ ∂̃i(g) and ∂̃i(f g) = ∂̃i(f) g+f ∂̃i(g)

where f and g are any power series. Using those two properties, a derivation on

the formal power series is uniquely defined by its action on the variables xk. Since

∑m
j=1 aij∂j is a derivation (a linear combination of derivations is a derivation) and

satifies
∑m

j=1 aij∂j(xk) = aik = ∂̃i(xk), equation (4.3.2) follows.

Consider the set of indeterminates

Ω̃ = {ṽi
α | α = (α1, · · · , αm) ∈ Nm, i = 1, · · · , n} .

Each indeterminate of this set corresponds to a derivation by:

ṽi
α ↔ (∂̃m)αm · · · (∂̃1)

α1ui(x1, · · · , xn) := ∂̃αui(x1, · · · , xn) .

In contrast to the commutative case this correspondence only gives a subset of the

set of all derivations. However the commutation relations will enable us to extend

this correspondence to the whole set.

Note that the full set of derivations of dependant variables of order r contains nmr

members which is far greater than the corresponding number of r-order derivations

of the form above (which is n
(

r + m− 1

r

)
).

To be able to apply a reduction process (described in section 4.5), and prove

uniqueness and existence in Theorem 4.7.2, we impose:
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Blanket Hypothesis 4.3.2 (Analyticity-Invertibility Assumption). Through-

out this paper we assume that the aij(x, u) in (4.3.2) (also see (4.1.1)) are F-analytic

functions and the matrix aij(x, u) is invertible (i.e. det(aij(x, u))m×m 6= 0) for (x, u)

in some connected open subset V of Fm × Fn.

Proposition 4.3.3. With Hypothesis 4.3.2, we have the following commutation rules:

∂̃i∂̃j − ∂̃j ∂̃i =
m∑

k=1

bk
ij ∂̃k (4.3.3)

where the bk
ij are analytic functions of x, u and first derivatives of u with values in F.

Proof. By replacing in ∂̃i∂̃j − ∂̃j ∂̃i the expressions ∂̃i and ∂̃j given by (4.3.2), we get

a linear combination of the ∂i (order 2 derivations are cancelled). By inverting the

matrix (aij(x, u)), each ∂k is itself a linear combination of the ∂̃k’s. Thus ∂̃i∂̃j − ∂̃j ∂̃i

is a linear combination of ∂̃k’s.

Nontrivial examples of moving frames of PDO can be found in Lisle and Reid [18],

Mansfield [19] and Spivak [33].

From (4.3.2) it is natural to define the (non-commuting) formal total derivation

by:

D̃i =
m∑

j=1

aij(x, u)Dj (4.3.4)

By the commutation rule (4.3.3), any D̃j ṽ can be rewritten (normalized) as a function

of {x} ∪ Ω̃. Assuming this normalization gives as a consequence of (4.3.1),(4.3.4)

D̃i = ∂̃i +
∑

ṽ∈eΩ(D̃iṽ)
∂

∂ṽ
(4.3.5)

on functions of {x} ∪ Ω̃. As a consequence we can now extend our normalization

process to functions of {x} ∪ Ω̃.



85

Blanket Hypothesis 4.3.4 (Normalization Assumption for Derivations). In

this article, each time a derivation is applied to a function of {x}∪ Ω̃ we assume that

the commutation rules are applied to get an expression only involving elements of Ω̃.

For example, in system (4.2.6) all of the derivations are in Ω̃ except for ∂̃1∂̃3θ
3.

So using the commutation relation [∂̃1, ∂̃3] = −1
2
∂̃1 in (4.2.5) we can replace ∂̃1∂̃3θ

3 in

(4.2.6) by ∂̃3∂̃1θ
3 − 1

2
∂̃1θ

3 so that the fifth equation of (4.2.6) is replaced with

∂̃3∂̃1θ
3 − 1

2
∂̃1∂̃1θ

1 − (J − 1

2
)∂̃1θ

3 +
1

2
∂̃2θ

1 = 0 . (4.3.6)

Denoting ∂̃α = ∂̃αm
m · · · ∂̃α1

1 and ∂α = ∂αm
m · · · ∂α1

1 where α = (α1, . . . , αm) ∈ Nm,

we have the following property:

Theorem 4.3.5 (Bijection between derivations and partial derivatives).

Each order q derivation operator (resp. partial differential operator) can be expressed

as an (x, u)-linear-combination of partial differential operators (resp. derivation op-

erators) of order q or less.

Proof. Using relation (4.3.2), any derivation monomial ∂̃α can be rewritten as an

(x, u)-linear combination of ∂α. Conversely, any derivation monomial ∂α can be

rewritten as an (x, u)-linear combination of ∂̃α’s using Hypotheses 4.3.2 and 4.3.4.

4.4 Rankings

As with any Gröbner style theory, rankings play a fundamental role.

Suppose ≺ is a total order on the set of (normalized) derivations Ω̃. For an analytic

function f of {x} ∪ Ω̃ = {x1, . . . , xm}∪ Ω̃ let hdf denote the greatest derivation with

respect the occurring in f . For α = (α1, · · · , αm) ∈ Nm, let |α| = α1 + · · ·+ αm.
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Definition 4.4.1. A positive ranking ≺ of Ω̃ is a total ordering on Ω̃ which is com-

patible with differentiation and well-ordering:

ṽi
α ≺ ṽj

β ⇒ hdD̃γ ṽi
α ≺ hdD̃γ ṽj

β (4.4.1)

ṽi
α ≺ hdD̃γ ṽi

α for |γ| 6= 0. (4.4.2)

Throughout this paper a positive ranking ≺ is fixed. Moreover, we suppose that

≺ is compatible with the total degree ordering that is:

|α| < |β| =⇒ ṽi
α ≺ ṽj

β for any 1 ≤ i, j ≤ n (4.4.3)

Thanks to conditions (4.4.3) and (4.3.3), we have the following property:

If ṽi
α is the highest derivative of f, then hd(D̃βf) = ṽi

α+β (4.4.4)

There obviously exist positive rankings satisfying (4.4.3) such as:

ṽi
α ≺ ṽj

β ⇐⇒ |α| < |β|, or

|α| = |β|, and i < j, or

|α| = |β|, i = j and α1 < β1, or

|α| = |β|, i = j, α1 = β1, · · · , αk−1 = βk−1,

and αk < βk for some 2 ≤ k ≤ m− 1.

As a consequence on our example this ranking implies:

θ1 ≺θ2 ≺ θ3 ≺ ∂̃1θ
1 ≺ ∂̃2θ

1 ≺ ∂̃3θ
1 ≺ ∂̃1θ

2 ≺ ∂̃2θ
2 ≺ ∂̃3θ

2 ≺ ∂̃1θ
3 ≺ ∂̃2θ

3 ≺ ∂̃3θ
3

≺ ∂̃1∂̃1θ
1 ≺ ∂̃2∂̃1θ

1 ≺ ∂̃2∂̃2θ
1 ≺ ...

According to this ranking, the highest derivation in each equation of (4.2.6) with its

5-th equation replaced with (4.3.6) can be determined. Solving each equation for its
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highest derivative with respect to the above ranking yields the system:

∂̃3θ
1 = −1

2
θ1 ∂̃1θ

2 = 0 ∂̃1∂̃1θ
3 = ∂̃2θ

3

∂̃2θ
2 = 2∂̃1θ

1 − θ3 ∂̃3∂̃1θ
3 =

1

2
∂̃1∂̃1θ

1 + (J − 1

2
)∂̃1θ

3 − 1

2
∂̃2θ

1

∂̃3θ
2 = 0 ∂̃3∂̃3θ

3 = J∂̃3θ
3 + (∂̃3J)θ3 (4.4.5)

To check the conditions for our existence and uniqueness theorem for such systems in

solved form, we need to determine if certain integrability conditions are satisfied, or

reduced to zero modulo the system. Hence in the next section we define and study a

suitable reduction process.

4.5 Reduction

Let f be an analytic function of {x} ∪ Ω̃. We say that f is ≺-monic if f has the form

f = hdf + g, with hdg ≺ hdf . For example the system (4.4.5) above is ≺-monic.

In the remainder of the paper, let a finite set M of ≺-monic analytic functions of

{x} ∪ Ω̃ be fixed. (Other restrictions will be made on M in section 4.6).

For g, h two analytic functions of {x} ∪ Ω̃, we say that h is a one step reduction

of g if there exist f ∈ M and α ∈ Nm such that, with ṽ∗ := hdD̃αf, h can be given

by substituting ṽ∗ − D̃αf for ṽ∗ in g:

h = g(x, (ṽ)ṽ 6=ṽ∗ , (ṽ
∗ − D̃αf)ṽ=ṽ∗).

This is denoted g 7→(α,f) h, or simply g 7→ h.

We say that g reduces to h if h can be obtained from g by a finite chain of one step

reductions. That is, g reduces to h if there exists a positive integer k and k functions
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h1, · · · , hk of {x} ∪ Ω̃ such that

g = h1 7→ h2 7→ · · · 7→ hk = h.

We write g 7→µ h or g 7→ h, where µ is of the form

µ = ((α1, f1), · · · , (αk−1, fk−1))

with hi 7→(αi,fi) hi+1. We also write h = red(g, µ).

We say that g completely reduces to h if g reduces to h and h reduces to h′ implies

that h = h′.

Remark 4.5.1. The complete reduction may not be unique since may exist two differ-

ent functions h and h such that g completely reduces to both h and h.

Example 4.5.1. As a consequence of the system (4.4.5) the following integrability

condition is satisfied D̃2(∂̃3θ
2) − D̃3(∂̃2θ

2) = D̃2(0) − D̃3(2∂̃1θ
1 − θ3). Normaliza-

tion of this equation using commutation relations implies that −D̃3(2∂̃1θ
1 − θ3) = 0.

Reduction of this last equation with respect to ∂̃3θ
1 = −1

2
θ1 and use of the normal-

ization yields ∂̃3θ
3 = 0. Using this relation to reduce ∂̃3∂̃3θ

3 = J∂̃3θ
3 + (∂̃3J)θ3 yields

(∂̃3J)θ3 = 0 and in summary we have obtained the equations

∂̃3θ
3 = 0 , (∂̃3J)θ3 = 0 . (4.5.1)

The ad hoc simplification achieved here is only given as an illustration of how reduc-

tion can be used to uncover hidden relations from a system. Determination of all the

hidden relations, awaits the full development of the theory in the next few sections.
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4.6 Parametric Derivations, Principal Derivations

and Non-commutative Riquier Bases

Recall that M is a finite set of ≺-monic analytic functions of {x} ∪ Ω̃. As usual all

derivations are assumed to be normalized.

The principal derivations of M are defined as

PrinM := {ṽ ∈ Ω̃| there exist f ∈M and α ∈ Nm with ṽ = hdD̃αf}

The parametric derivations of M, which we denote ParM, are those derivations

that are not principal.

All leading derivations of elements in M are in PrinM, and using Normalization

Hypothesis 4.3.4 it is easily shown that PrinM are elements of Ω̃ which contain some

highest derivation as a factor. Therefore a reduction h of g is a complete reduction if

and only if h depends on {x} ∪ ParM only.

In this paper, fix a non-empty open subset U of F{x}∪eΩ. Moreover, we now assume

that M is a set of ≺-monic analytic functions which are polynomials in PrinM.

Lemma 4.6.1. Let f, f ′ ∈M and g be an analytic function on U that is a polynomial

in PrinM. If there exist non-empty one step reductions: h = red(g, (α, f)), k =

red(g, (β, f ′)), then:

(1) if hdD̃αf ≺ hdD̃βf ′ then red(h, ((β, f ′), (α, f))) = red(k, (α, f)).

(2) if D̃αf − D̃βf ′ →µ 0 and hdD̃αf = hdD̃βf ′, then red(h, µ) = red(k, µ)

In both cases, there exists an analytic function l such that h → l and k → l.
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Proof. Let ṽ∗ = hdD̃αf and ṽ∗∗ = hdD̃βf ′. If ṽ∗ ≺ ṽ∗∗, we have

red(k, (α, f)) = g(x, (ṽ)ṽ 6=ṽ∗,ṽ∗∗ , (ṽ
∗ − D̃αf)ṽ=ṽ∗ , (ṽ

∗∗ − D̃βf ′(x, (ṽ)ṽ 6=ṽ∗ ,

(ṽ∗ − D̃αf)ṽ=ṽ∗)ṽ=ṽ∗∗)

= red(h, ((β, f ′), (α, f)))

If ṽ∗ = ṽ∗∗, then

red(h, µ) = g(x, (red(ṽ, µ))ṽ 6=ṽ∗ , (red(ṽ − D̃αf, µ))ṽ=ṽ∗)

= g(x, (red(ṽ, µ))ṽ 6=ṽ∗ , (red(ṽ, µ)− red(D̃αf, µ))ṽ=ṽ∗)

= g(x, (red(ṽ, µ))ṽ 6=ṽ∗ , (red(ṽ, µ)− red(D̃βf ′, µ))ṽ=ṽ∗)

= red(k, µ).

Lemma 4.6.2 (Diamond Lemma). Fix ṽ ∈ Ω̃. Suppose that for all α, α′ ∈ Nm

and f, f ′ ∈ M with hdD̃αf = hdD̃α′f ′ ≤ ṽ, we have D̃αf − D̃α′f ′ → 0. Let g

be an analytic function on U that is polynomial in PrinM with hdg ≤ ṽ, and two

non-empty reductions g → h, g → k. Then there exists l with h → l and k → l. In

particular, g has an unique complete reduction.

Proof. The proof is very similar to the proof of the uniqueness of the normal form of

a polynomial modulo a Gröbner basis (for example, see [3]) by using Lemma 4.6.2.

Also see [31, page 67] where it is given in the commutative case. The full proof for

the more general case can be found in Lemma 4.9.2.

The use of the bound ṽ on the highest derivative is needed later in the proofs of

Lemma 4.8.1 and Theorem 4.8.4.



91

Definition 4.6.1. M is called a non-commutative Riquier Basis if for all α, α′ ∈ Nm

and f, f ′ ∈M with hdD̃αf = hdD̃α′f ′, the integrability condition D̃αf−D̃α′f ′ → 0.

Theorem 4.6.3. Suppose that M is a non-commutative Riquier Basis and g is an

analytic function on U that is polynomial in PrinM. Then g has an unique complete

reduction.

Proof. It follows directly from the definition of Riquier basis, Lemmas 4.6.1 and

4.6.2.

We denote the complete reduction of g by red(g,M).

4.7 The Formal Non-commutative Riquier Exis-

tence Theorem

Let f be an F-analytic function of {x} ∪ Ω̃, α = (α1, · · · , αm) ∈ Nm, and x0 be a

point in Fm and let u(x) = (u1(x), · · · , un(x)) be a vector of formal power series in

F[[x− x0]]n.

If f is defined at the point (x0, (D̃αui(x0))ṽi
α∈eΩ), let f [u](x) denote the formal

power series at x0 given by

f [u](x) := f(x, ((D̃αui(x))ṽi
α∈eΩ).

where the subscript “ṽi
α ∈ Ω̃” indicates that D̃αui(x) is to be substituted in the

argument of f corresponding to ṽi
α for each ṽi

α ∈ Ω̃.

We illustrate these concepts with a simple example.
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Example 4.7.1. Let m = n = 1 and x0 = 1. Here u1, x1, ∂̃1 and ∂1 are simply

denoted u, x, ∂̃ and ∂. The relation (4.3.2) is simply denoted ∂̃ = a(x, u)∂.

Let u(x) be the formal power series

u(x) = 1 + (x− 1) + 2!(x− 1)2 + · · · =
∞∑

k=0

k!(x− 1)k

and let f = ln(ṽ1
(1)) (recall that ṽ1

(1)[u](x) = ∂̃u(x)).

For k ≥ 1, we have ∂̃((x − 1)k) = a(x)k(x − 1)k−1. Differentiating u(x) term by

term (which is the definition of the derivative of a formal power series) we obtain

ṽ1
(1)[u](x) = ∂̃(u(x)) = a(x)

∞∑

k=0

(k + 1) (k + 1)! (x− 1)k

Note that the ln(y) function is analytic at the constant term of the series u(x), i.e.

at the point y = 1. Thus, the series f [u](x) is well defined and equals:

f [u](x) = ln(ṽ1
(1)[u](x))

= −∑∞
j=1

(−1)j

j
(ṽ1

(1)[u](x)− 1)j

= −a(x)
∑∞

j=1
(−1)j

j

(∑∞
k=1(k + 1)(k + 1)!(x− 1)k

)j

Definition 4.7.1. We say that u(x) ∈ F[[x − x0]]n (for some x0 ∈ Fm) is a for-

mal power series solution to a system of analytic PDE if f [u](x) is well-defined and

f [u](x) = 0 for all f in the system.

Suppose that u(x) ∈ F[[x− x0]]n is a formal power series solution to M. Clearly,

D̃αf [u](x) = 0 for all α ∈ Nm and f ∈ M. Therefore for g, h analytic, if h is a one

step reduction of g then h[u](x) is well-defined if and only if g[u](x) is well-defined

and in this case g[u](x) = h[u](x). Furthermore, u is a formal power series solution

to M∪ {g} iff u is a formal power series solution to M∪ {h}.
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Definition 4.7.2. A specification of initial data for M is a map

φ : {x} ∪ Par M→ F

For x0 ∈ Fm, we say that φ is a specification at x0 if

φ(x) := (φ(x1), φ(x2), · · · , φ(xm)) = x0.

For g a function of {x} ∪ Ω̃, let φ(g) be the function of the principal derivations

obtained from g by evaluating x and the parametric derivations using φ:

φ(g) := g(φ(x), (φ(ṽ))ṽ∈ParM).

For an illustration see Example 4.10.1.

Lemma 4.7.1 (Uniform Reduction). let G := {g1, g2, · · · , gk} be a finite set of

functions of {x} ∪ Ω̃. Then there exists µ such that red(g, µ) is a complete reduction

of g for all g ∈ G. Moreover, if M is a non-commutative Riquier Basis, then there

exists µ such that red(g, µ) = red(g,M) for all g ∈ G.

Proof. By Dickson’s lemma complete reductions always exist and we can choose

µ1 such that red(g1, µ1) is a complete reduction of g1. Recursively we could con-

struct red(gj, (µ1, µ2, · · · , µj)) which for j = 2, · · · , k, is a complete reduction of

red(gj, (µ1, · · · , µj−1)) and hence a complete reduction of gj. Set µ = (µ1, · · · , µk).

Thus for j ∈ {1, · · · , k} we have

red(gj, µ) = red(red(gj, (µ1, · · · , µj)), (µj+1, · · · , µk)) = red(gj, (µ1, · · · , µj)),

which is a complete reduction of gj by construction.
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Theorem 4.7.2 (Formal Non-commutative Riquier Existence Theorem).

Let M be a non-commutative Riquier Basis such that each f ∈ M is polynomial

in the principal derivations (e.g. M is a reduced non-commutative Riquier basis).

For x0 ∈ Fm, let φ be a specification of initial data for M at x0 such that φ(f) is

well-defined for all f ∈ M. Then there is an unique formal power series solution

u(x) ∈ F[[x − x0]]n to M at x0 such that D̃αui(x0) = φ(ṽi
α) for all ṽi

α ∈ ParM.

Furthermore, every formal power series solution to M at x0 may be obtained in this

way for some φ.

Proof. By the bijective correspondence of Theorem 4.3.5, there exists a n-tuple formal

power series u(x) ∈ F[[x− x0]]n satisfying

D̃αui(x0) := φ(red(ṽi
α,M)) (4.7.1)

for i ∈ {1, · · · , n}.
Since u(x) must satisfy equation (4.7.1) for all i ∈ {1, · · · , n} and α ∈ Nm and

since by Theorem 4.3.5 we have a bijection between derivations and partial derivatives

the formal power series solution (if it exists) is unique.

We now prove that u(x) is a formal power series solution of the system, which will

prove the existence part of the theorem.

(1) We have first to check that φ(red(ṽi
α,M)) is well-defined.

Note that φ(red(ṽi
α,M)) depends only on the parametric derivations and so it is

an element of F, so long as it is well-defined.

(2) Then we have to verify that u(x) is a formal power series solution to M.

Clearly, u(x) satisfies D̃αui(x0) = φ(ṽi
α) for all ṽi

α ∈ ParM. Now it suffices to

verify that D̃βf [u](x0) = 0 for all f ∈ M and β ∈ Nm. Hypothesis 4.3.2 will imply
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Dβf [u](x0) = 0 for all f ∈ M and β ∈ Nm and consequently that f [u] is the zero

formal power series.

Fix f, β. We have

D̃βf [u](x0) = (D̃βf)(x0, (D̃βui(x0)))

= (D̃βf)(φ(x0), (φ(red(ṽi
α,M))))

= φ(D̃βf(x, (red(ṽi
α,M))))

Let Ω̃′ be the finite subset of Ω̃ on which D̃βf depends. By Lemma 4.7.1 there exists

µ such that for all ṽ ∈ Ω̃′

red(ṽi
α,M) = red(ṽi

α, µ).

Therefore

D̃βf [u](x0) = φ(D̃βf(x, (red(ṽi
α, µ))))

= φ(red(D̃βf(x, ṽi
α), µ)).

Note that red(D̃βf(x, ṽi
α), µ) depends only on the parametric derivations and x.

Hence it is a complete reduction of D̃βf(x, ṽi
α) and we have

red(D̃βf(x, ṽi
α), µ) = red(D̃βf(x, ṽi

α),M))

= red(D̃βf(x, ṽi
α), (β, f))

= 0

Thus (D̃βf [u])(x0) = 0 as required.

This completes the proof of existence part of the theorem.
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4.8 Sufficient Finite Sets of Integrability Condi-

tions

Note that the Formal Non-commutative Riquier Existence Theorem 4.7.2 requires the

checking of infinitely many integrability conditions. In this section we show that only

finitely many integrability conditions need to be checked.

Lemma 4.8.1 (Reduction of a sum). Suppose h, k are polynomials in PrinM.

Suppose h →µ 0 and k →ν 0. Suppose further that for all α, α′ ∈ Nm and f, f ′ ∈ M
with hdD̃αf = hdD̃α′f ′ ≤ hdk, we have D̃αf−D̃α′f ′ → 0. Then we have h+k → 0.

Proof. There are two cases:

(1) If red(k, µ) is an empty reduction, then

red(h + k, (µ, ν)) = red(h, (µ, ν)) + red(k, (µ, ν))

= red(0, ν) + red(k, ν)

= 0 + 0

= 0

(2) If red(k, µ) is a non-empty reduction, say l = red(k, µ), then by Lemma 4.6.2

there exist j, l with 0 → j and l → j. Since 0 → j, we have j = 0 and hence l → 0,

say 0 = red(l, ρ). Then we have:

red(h + k, (µ, ρ) = red(h, (µ, ρ)) + red(k, (µ, ρ))

= red(0, ρ) + red(l, ρ)

= 0.

Therefore, h + k → 0, as required.
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Lemma 4.8.2 (Reduction of a Derivation). Take α ∈ Nm, f ∈M, i ∈ {1, · · · , n}
and g an analytic function on U that is polynomial in PrinM. Let ṽ∗∗ = hdD̃αf

and let ṽ∗ be given by ṽ∗∗ = hdD̃iṽ
∗, if this is well-defined.

Then

red(D̃ig, (α, f)) = D̃i red(g, (α, f)) + red( ∂g
∂ṽ∗∗ , (α, f))D̃iD̃

αf

− red( ∂g
∂ṽ∗ , (α, f))D̃αf.

If ṽ∗ is not well-defined, then the last term is omitted in the above formula.

Proof. By the definition of reduction we have:

red(g, (α, f)) = g(x, (ṽ)ṽ 6=ṽ∗∗ , (ṽ
∗∗ − D̃αf)ṽ=ṽ∗∗). (4.8.1)

Therefore, using equation (4.3.5) and using the property that the operations red

commute with any ∂i or ∂
∂ṽ

yields

D̃i red(g, (α, f)) = red(∂̃ig, (α, f)) +
∑

ṽ 6=ṽ∗∗ red(∂g
∂ṽ

, (α, f))D̃iṽ

+ red( ∂g
∂ṽ∗∗ , (α, f))D̃i(ṽ

∗∗ − D̃αf).

(4.8.2)

Also by the definition of total derivation we have

D̃ig = ∂̃ig +
∑

ṽ∈eΩ
∂g

∂ṽ
D̃iṽ.

Thus

red(D̃ig, (α, f)) = red(∂̃ig, (α, f)) +
∑

ṽ 6=ṽ∗ red(∂g
∂ṽ

, (α, f))D̃iṽ

+ red( ∂g
∂ṽ∗ , (α, f)) red(D̃iṽ

∗, (α, f))

(4.8.3)
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Solving (4.8.2) for red(∂̃ig, (α, f)), and then eliminating this from (4.8.3) yields

red(D̃ig, (α, f)) = D̃i red(g, (α, f))− red( ∂g
∂ṽ∗∗ , (α, f))D̃i(ṽ

∗∗ − D̃αf)

−∑
ṽ 6=ṽ∗∗ red(∂g

∂ṽ
, (α, f))D̃iṽ

+
∑

ṽ 6=ṽ∗ red(∂g
∂ṽ

, (α, f))D̃iṽ + red( ∂g
∂ṽ∗ , (α, f)) red(D̃iṽ

∗, (α, f))

= D̃i red(g, (α, f))− red( ∂g
∂ṽ∗∗ , (α, f))D̃i(ṽ

∗∗ − D̃αf)

−∑
ṽ 6=ṽ∗∗,ṽ∗ red(∂g

∂ṽ
, (α, f))D̃iṽ − red( ∂g

∂ṽ∗ , (α, f))D̃iṽ
∗

+
∑

ṽ 6=ṽ∗,ṽ∗∗ red(∂g
∂ṽ

, (α, f))D̃iṽ + red( ∂g
∂ṽ∗∗ , (α, f))D̃iṽ

∗∗

+ red( ∂g
∂ṽ∗ , (α, f)) red(D̃iṽ

∗, (α, f))

= D̃i red(g, (α, f)) + red( ∂g
∂ṽ∗∗ , (α, f))D̃iD̃

αf+

red( ∂g
∂ṽ∗ , (α, f))[red(D̃iṽ

∗, (α, f))− D̃iṽ
∗]

(4.8.4)

Since the term D̃iṽ
∗ is not normalized, we have to be careful before applying the

red operation. We can write D̃iṽ
∗ = ṽ∗∗ +

∑
ν aν ṽν where the sum is finite, the aν ’s

analytic functions and the ṽν belong to Ω̃ and are different from ṽ∗∗. Thus we have

red(D̃iṽ
∗, (α, f))− D̃iṽ

∗ = red(ṽ∗∗ +
∑

ν aν ṽν , (α, f))− (ṽ∗∗ +
∑

ν aν ṽν)

= red(ṽ∗∗, (α, f))− ṽ∗∗

= (ṽ∗∗ − D̃αf)− ṽ∗∗

= −D̃αf

Inserting this expression into (4.8.4) ends the proof of the lemma.

Lemma 4.8.3. Let g be an analytic function on U such that g → 0 with respect
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to M. Fix i ∈ {1, · · · ,m}. Suppose that for all α, α′ ∈ Nm and f, f ′ ∈ M with

hdD̃αf = hdD̃α′f ′ ≺ hdD̃ig, D̃αf − D̃α′f ′ → 0. Then D̃ig → 0.

Proof. By the induction on the length of the minimal chain required to reduce g

to 0, we may assume that there exists an analytic function h 6= g of {x} ∪ Ω̃ with

g → h → 0 and D̃ih → 0, say h = red(g, (αh, fα)). By Lemma 4.8.2, we have an

expression of the form

red(D̃ig, (αh, fh)) = D̃ih + kD̃iD̃
αhfh + lD̃αkfh. (4.8.5)

with k and l analytic functions of {x} ∪ Ω̃ satisfying hdk ≺ hdg and hdl ≺ hdg.

Furthermore, either hdD̃ih ≺ hdD̃ig or hdD̃iD̃
αf ≺ hdD̃ig. In any case, at least two

of three summands in above equation have highest derivative strictly less than hdD̃ig.

Therefore by two applications of Lemma 4.8.1, we have red(D̃ig, (αh, fh)) → 0 and

so D̃ig → 0.

The least common multiple of α = (α1, . . . , αm) and α′ = (α′1, . . . , α
′
m) is defined

by (max(α1, α
′
1), . . . , max(αm, α′m)).

Definition 4.8.1. Let f, f ′ ∈M with hdf = D̃αui and hdf ′ = D̃α′ui′ , and β be the

least common multiple of α and α′. Then if i = i′, define the minimal integrability

condition of f and f ′ to be ic(f, f ′) = D̃β−αf − D̃β−α′f ′. If i 6= i′, then ic(f, f ′) is

said to be undefined.

Theorem 4.8.4. Suppose that for each pair f, f ′ ∈M with ic(f, f ′) well-defined we

have ic(f, f ′) → 0. Then M is a non-commutative Riquier Basis.
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Proof. Take f, f ′ ∈ M and α, α′ ∈ Nm such that hdD̃αf = hdD̃α′f ′. We have to

show that D̃αf − D̃α′f ′ → 0. We proceed by induction on the highest derivation in

D̃αf .

The basis for the induction is ensured by the assumption ic(f, f ′) → 0.

Now assume that D̃α∗f ∗ − D̃α∗∗f ∗∗ → 0 for f ∗, f ∗∗ ∈ M and α∗, α∗∗ ∈ Nm with

hdD̃α∗f ∗ = hdD̃α∗∗f ∗∗ ≺ hdD̃αf .

Suppose that D̃αf − D̃α′f ′ is not equal to ic(f, f ′). Thus there exist γ, β and β′

in Nn such that γ 6= (0, . . . , 0), α = γ + β, α′ = γ + β′ and D̃βf − D̃β′f ′ = ic(f, f ′).

In contrast to the commutative case, we do not have D̃αf − D̃α′f ′ = D̃γ(ic(f, f ′))

for some γ. However, using the commutation rules, we have the following relation:

D̃αf − D̃α′f ′ = D̃γ(ic(f, f ′)) +
∑

ν

aνD̃
νf +

∑

ν′
aν′D̃

ν′f ′

where the two sums are finite, aν and aν′ are analytic functions and hdD̃νf ≺ hdD̃αf

and hdD̃ν′f ′ ≺ hdD̃αf .

Using the induction hypothesis and by (repeated) applications of Lemma 4.8.1,

we have D̃αf − D̃α′f ′ → 0.

In fact, the proof of above lemma gives a more general criterion as following:

Theorem 4.8.5. Suppose that for each pair (f, f ′) ∈ M2 with ic(f, f ′) well-defined

there exists an expansion of ic(f, f ′) of the form:

D̃αf − D̃α′f ′ =
∑

(b,b′)∈Bf,f ′

D̃αf,f ′,b,b′ (ic(f, f ′)) +
∑

ν

aνD̃
νf +

∑

ν′
aν′D̃

ν′f ′
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where Bf,f ′ is a subset of M2 such that for each (b, b′) ∈ Bf,f ′, ic(b, b′) → 0 and

hd(D̃αf,f ′,b,b′lcm(hdb, hdb′)) ≺ lcm(hdf, hdf ′), hdD̃νf ≺ hdD̃αf and hdD̃ν′f ′ ≺
hdD̃αf , the two sums are finite, aν and aν′ are analytic functions. Then M is a

Riquier basis.

Similar to commutative case, the following corollary gives an efficient criterion for

constricting Riquier bases.

Corollary 4.8.6. Let B be a set of M2 such that ic(b, b′) → 0 for all (b, b′) ∈ B and

for all f, f ′ ∈M with ic(f, f ′) well-defined, there exists b ∈M such that

(1) (f, b), (b, f ′) ∈ B and

(2) hdb divides the least common multiple of hdf and hdf ′.

Then M is a Riquier basis.

Proof. From hdb divides lcm(hdf, hdf ′), we have lcm(hdf, hdb) and lcm(hdb, hdf ′).

Using the commutation rule, there exist α, β ∈ Nm such that

lcm(hdf, hdf ′) = hd(D̃αlcm(hdf, hdb)) and

lcm(hdf, hdf ′) = hd(D̃βlcm(hdb, hdf ′)).

Therefore we have the expansion

ic(f, f ′) = D̃αic(f, b) + D̃βic(b, f ′) +
∑

ν

aνD̃
νf +

∑

ν′
aν′D̃

ν′f ′,

and the desired result follows from Theorem 4.8.5.

For the constant coefficient homogeneous linear systems, the Requier basis corre-

sponds to Gröbner basis and the more general results can be found in [10].
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Example 4.8.1. We return to our running example, the frame treatment of the

defining system (4.2.1) of PDE for infinitesimal symmetries of the nonlinear Heat

equation (4.1.3). From (4.5.1) for our system (4.4.5) we have two cases.

Case 1: θ3 = 0 , ∂̃3J 6= 0; Case 2: ∂̃3J = 0.

Case 1 (θ3 = 0, ∂̃3J 6= 0). Reducing the system with respect to θ3 = 0 yields

1
2
∂̃1∂̃1θ

1− 1
2
∂̃2θ

1 = 0. Computing and reducing the integrability condition between this

equation and ∂̃3θ
1 = −1

2
θ1 gives ∂̃1∂̃1θ

1 = 0 and ∂̃2θ
1 = 0. In summary the system

for this case becomes:

∂̃1∂̃1θ
1 = 0 ∂̃1θ

2 = 0 θ3 = 0

∂̃2θ
1 = 0 ∂̃2θ

2 = 2∂̃1θ
1

∂̃3θ
1 = −1

2
θ1 ∂̃3θ

2 = 0 (4.8.6)

It can be checked that all the integrability conditions for this system are satisfied and

it satisfies all the conditions for a non-commutative Riquier Basis. There are three

parametric derivations θ1, θ2, ∂̃1θ
1. Hence by the Non-commutative Riquier Existence

and Uniqueness Theorem its symmetry algebra is of dimension three.

Case 2 (∂̃3J = 0). Further compatibility conditions and reductions yield the

condition (3 − 4J)∂̃1θ
3 = 0. Thus there are two cases: Case 2a: J 6= 3

4
, ∂̃1θ

3 = 0

and Case 2b: J = 3
4
.

Case 2a: (J 6= 3
4
, ∂̃1θ

3 = 0). We obtain:

∂̃1∂̃1θ
1 = 2(1− J)∂̃1θ

3 ∂̃1θ
2 = 0 ∂̃1∂̃1θ

3 = 0

∂̃2θ
1 = 0 ∂̃2θ

2 = 2∂̃1θ
1 − θ3 ∂̃2θ

3 = 0

∂̃3θ
1 = −1

2
θ1 ∂̃3θ

2 = 0 ∂̃3θ
3 = 0 (4.8.7)



103

It can be checked that all the conditions for a non-commutative Riquier Basis are

satisfied. There are four parametric derivations θ1, θ2, ∂̃1θ
1, θ3. Hence its symmetry

algebra is of dimension four.

Case 2b: J = 3
4
. The system becomes the non-commutative Riquier Basis:

∂̃1∂̃1θ
1 = 0 ∂̃1θ

2 = 0 ∂̃1θ
3 = 0

∂̃2θ
1 = 0 ∂̃2θ

2 = 2∂̃1θ
1 − θ3 ∂̃2θ

3 = 0

∂̃3θ
1 = −1

2
θ1 ∂̃3θ

2 = 0 ∂̃3θ
3 = 0.

There are five parametric derivations θ1, θ2, θ3, ∂̃1θ
1, ∂̃1θ

3, yielding a five-dimensional

symmetry algebra.

4.9 Relative Riquier Bases

For this section, let M be a finite set of ≺-monic analytic functions of Ω̃ that are

polynomially nonlinear in PrinM and let N be a finite set of analytic functions of

{x} ∪ ParM.

Definition 4.9.1. Let U be a non-empty open subset of FeΩ on which M ∪ N is

analytic. For η an analytic function of FeΩ, we say that η is a special consequence of

N if η admits an expansion of the form

η =
k∑

i=1

higi (4.9.1)

with g1, . . . , gk ∈ N and h1, . . . , hk analytic functions on U that depend on {x}∪ParM
only.

We say that M is a Riquier basis relative to N on U if for all α, α′ ∈ Nm and
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f, f ′ ∈ M with hdD̃αf = hdD̃α′f
′, the integrability condition D̃αf − D̃α′f

′ can be

reduced to a special consequence of N on U .

Lemma 4.9.1. Let f, f ′, g be functions of Ω̃ with f, f ′ ∈ M, let α, β be elements

of Nm. Let h and k denote the one step reductions: h = red(g, (α, f)) and k =

red(g, (β, f ′)). Then:

(1) If hdD̃αf ≺ hdD̃βf ′ then red(h, ((β, f ′), (α, f))) = red(k, (α, f)).

(2) Suppose that hdD̃αf = hdD̃βf ′ and g is analytic and polynomial in hdD̃αf .

Suppose further that D̃αf − D̃βf ′ →µ η for some special consequence η of N .

Then

red(h, µ)− red(k, µ) = h′η

for some analytic function h′ defined on U with hdh′ ≺ hdg.

Proof. Let ṽ∗ = hdD̃αf and ṽ∗∗ = hdD̃βf ′. If ṽ∗ ≺ ṽ∗∗. The proof of (1) is similar

to lemma 6.1(1). Next we give the proof of (2).

Let ṽ∗ = ṽ∗∗ and p be the degree of g in ṽ∗, then

red(h, µ) = g(x, (red(ṽ, µ))ṽ 6=ṽ∗ , (red(ṽ − D̃αf, µ))ṽ=ṽ∗)

= g(x, (red(ṽ, µ))ṽ 6=ṽ∗ , (red(ṽ, µ)− red(D̃αf, µ))ṽ=ṽ∗)

= g(x, (red(ṽ, µ))ṽ 6=ṽ∗ , (red(ṽ, µ)− red(D̃βf ′, µ)− η)ṽ=ṽ∗)

= g(x, (red(ṽ, µ))ṽ 6=ṽ∗ , (red(ṽ, µ)− red(D̃βf ′, µ))ṽ=ṽ∗) + h′η

= red(k, µ) + h′η.

where h′ is obtained by expending g in term of η and using the finite degree of ṽ∗.
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Lemma 4.9.2 (Diamond Lemma for relative reduction). Fix ṽ ∈ Ω̃. Suppose

that for all α, α′ ∈ Nm and f, f ′ ∈ M with hdD̃αf = hdD̃α′f ′ ≤ ṽ, we have D̃αf −
D̃α′f ′ reduces to a special consequence of N . Let g be an analytic function on U that

is polynomial in PrinM with hdg ≤ ṽ, and two non-empty reductions g → h, g → k.

Then there exists l, l′ with h → l and k → l′ such that l − l′ is a special consequence

of N .

Proof. The proof is repeated from the proof of Theorem 6.3.2 in Rust’s thesis.

Suppose that g, h, k satisfy the hypotheses of the lemma and that there so not

exist l, η with h → l and k → l + η, such that η is a special consequence of N .

Without loss of generality, we may assume that g is minimal in the sense that for g′

with g → g′ and g′ 6= g, for any h′, k′ with g′ → h′ and g′ → k′, there do exist l′, η′

with h′ → l′ and k′ → l′ + η′, such that η′ is a special consequence of N . We may

assume that h 6= g and k 6= g. Take h1, k1 with h + 1 6= g and k1 6= g such that

g → h1 → h and g → k1 → k. By the previous lemma, there exist l1, η1 with h1 → l1

and k1 → l1 + η1 such that η1 is a special consequence of N . By the minimality

assumption, since h1 is a proper reduction of g, there exist l′, η′ such that h → l′ and

l1 → l′ + η′ with η′ a special consequence of N . Note that k1 → k1 → l′ + η′ + η1

and k1 → k. Therefore, again by the minimality assumption, there exist l′′, η′′ such

that l′ + η′ + η1 → l′′ and k → l′′ + η′′ with η′′ a special consequence of N . Thus

there exists µ such that red(l′ + η′ + η1, µ) = l′′, so red(l′, µ) + η′ + η1 = l′′ and

red(l′, µ) = l′′ − η′ − η1. Thus h → l′′ − η′ − η1 and k → l′′ + η′′, a contradiction with

l = l′′ − η′ − η1 and η = η′′ + η′ + η1.

From above lemmas, it is easy to see that:
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Theorem 4.9.3. Suppose that M is a non-commutative Riquier Basis relative to N
and g is an analytic function on U that is polynomial in PrinM. Then the difference

of any two complete reductions of g is a special consequence of N .

For g an analytic function on U polynomial in PrinM, let redmod(g,M) denote

a particular choice of complete reduction of g with respect to M. Let φ be a spec-

ification of initial data for M that satisfies φ(η) = 0 for all η ∈ N . Theorem 4.9.3

implies that redmod(g,M) is uniquely defined up to a special consequence of N . In

particular, φ(redmod(g,M)) is independent of the choice of complete reduction.

Theorem 4.9.4 (Formal Non-commutative relative Riquier Existence

Theorem). Let M be a non-commutative relative Riquier Basis relative to N such

that each f ∈ M is polynomial in PrinM. For x0 ∈ Fm, let φ be a specification of

initial data for M at x0 such that φ(f) is well-defined for all f ∈ M. Then there

is a unique formal power series solution u(x) ∈ F[[x − x0]]n to M at x0 such that

D̃αui(x0) = φ(redmod(ṽi
α,M)) for all ṽi

α ∈ ParM. Furthermore, every formal power

series solution to M at x0 may be obtained in this way for some φ.

Proof. The proof is same as the proof of Theorem 4.7.2. We only need to use

redmod(ṽi
α,M)) instead of red(ṽi

α,M)) in some places and use above lemmas.

Lemma 4.9.5 (Relative reduction of a sum). Suppose h and k are polynomials

in PrinM. Suppose h →µ ηh and k →ν ηk. Suppose further that for all α, α′ ∈ Nm

and f, f ′ ∈ M with hdD̃αf = hdD̃α′f ′ ≤ hdk, there exists a special consequence η

of N such that D̃αf − D̃α′f ′ → η. Then we have h+k → η′ for a special consequence

of η′ of N .



107

Proof. There are two cases:

(1) If red(k, µ) is an empty reduction, then

red(h + k, (µ, ν)) = red(h, (µ, ν)) + red(k, (µ, ν))

= red(0, ν) + red(k, ν)

= 0 + ηk

= ηk

(2) If red(k, µ) is a non-empty reduction, say l = red(k, µ), then by Lemma 4.9.2

there exist j with ηk → j and l → ηl + j for some special consequence ηl of N . Since

ηk → j, we have j = ηk and hence l → ηl + ηk, say ηl + ηk = red(l, ρ). Then we have:

red(h + k, (µ, ρ) = red(h, (µ, ρ)) + red(k, (µ, ρ))

= red(0, ρ) + red(l, ρ)

= ηh + ηl + ηk.

Therefore, η′ := ηh + ηl + ηk, as required.

Lemma 4.9.6. Let g be an analytic function on U such that g → ηg for some special

consequence of N . Fix i ∈ {1, · · · ,m}. Suppose that for all α, α′ ∈ Nm and f, f ′ ∈M
with hdD̃αf = hdD̃α′f ′ ≺ hdD̃ig, D̃αf − D̃α′f ′ reduces to a special consequence of

N for all η ∈ N . Then there exists a special consequence η′ of N such that D̃ig → η′.

Proof. There are two cases:

Case 1. g is a special consequence of N , say, g := ηg :=
∑r

j=1 gjhj.

It is easy to see that the Leibniz rule is still true for D̃i. Then D̃ig =
∑r

j=1

(D̃igj)hj +
∑r

j=1 gj(D̃ihj).

Since for j ∈ {1, · · · , r}, hd(D̃igj) ≺ D̃i(maxη∈N (hdη)), by (r−1)-applications of

lemma 4.9.5,
∑r

j=1(D̃igj)hj reduces to a special consequence of N . Observe that an
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arbitrary reduction µ of
∑r

j=1 gj(D̃ihj) by M is of the form red(
∑r

j=1 gj(D̃ihj), µ) =

∑r
j=1 gjred(D̃ihj, µ). Therefore any complete reduction of

∑r
j=1 gjD̃ihj is a special

consequence of N . By lemma 4.9.5, D̃ig can be reduced to a special consequence of

N .

Case 2. g → ηg with g 6= ηg.

By the induction on the length of the minimal chain required to reduce g to a

special consequence of N , we may assume that there exists an analytic function h 6= g

of {x} ∪ Ω̃ with g → h → ηg and D̃ih → ηh, say h = red(g, (αh, fα)). By Lemma

4.8.2, we have an expression of the form

red(D̃ig, (αh, fh)) = D̃ih + kD̃iD̃
αhfh + lD̃αkfh. (4.9.2)

with k and l analytic functions of {x} ∪ Ω̃ satisfying hdk ≺ hdg and hdl ≺ hdg.

Furthermore, either hdD̃ih ≺ hdD̃ig or hdD̃iD̃
αf ≺ hdD̃ig. In any case, at least

two of three summands in above equation have the highest derivative strictly less

than hdD̃ig. Therefore by two applications of Lemma 4.9.5, there exists a special

consequence η′ of N such that red(D̃ig, (αh, fh)) → η′ and so D̃ig → η′.

Definition 4.9.2. We say that (M,N ) is in rif ’ form on U if M is a Riquier basis

relative to N on U and for all i ∈ {1, · · · ,m} and g ∈ N , D̃ig can be reduced to a

special consequence of N on U .

Theorem 4.9.7. Suppose that for each pair f, f ′ ∈ M with ic(f, f ′) well-defined

we have ic(f, f ′) reduces to a special consequence of N and D̃iη reduces to a special

consequence of N for all η ∈ N . Then (M,N ) is in rif ’ form.
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Proof. The proof is similar to the proof of Theorem 4.8.4 by using Lemmas 4.9.5 and

4.9.6.

For S a finite set of analytic functions of Ω̃, let L := L≺S (resp. N := N≺S) denote

the the set of leading linear (resp. nonlinear) elements of S. Clearly N≺S = S \L≺S.

Next let S be a finite set of analytic functions of Ω̃ in rif’ form on an open subset

U of {x} ∪ Par(L) and φ be a specification of initial data for L with φ ∈ U . Clearly,

for φ to correspond to a formal solution u(x) of S it is necessary that φ(g) = 0 for all

g ∈ N .

Theorem 4.9.8. Let u(x) ∈ F[[x − x0]]n be the solution to L that corresponds to φ

via Theorem 4.9.4. Then u(x) is a solution to S.

Proof. By induction we first show that for all g ∈ N and α ∈ {1, · · · ,m}, there exists

an expansion of redmod(D̃αg,L) of the form

redmod(D̃αg,L) =
∑
gi∈N

higi (4.9.3)

with φ(hi) is well-defined.

For α = 0, redmod(D̃αg,L) = g since g is independent of the principal derivatives.

By induction on |α|, we may assume that D̃alphag satisfies an equation of the form

(4.9.3). For any j, we have to show that D̃jD̃αg is also satisfies an equation of this

form.

Note that

D̃αg − redmod(D̃αg,L) →L 0.
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From the commutative rule, D̃j(D̃αg − redmod(D̃αg,L)) is linear in ParL. Thus

by lemma 4.9.5,

D̃j(D̃αg − redmod(D̃αg,L)) →L η

for some η of the form η =
∑k

i=1 higi with each gi ∈ N and so

redmod(D̃jD̃αg,L)− η = redmod(D̃jredmod(D̃αg,L)− L)

= redmod(D̃j

∑k
i=1 higi,L)

=
∑k

i=1 redmod((D̃jhj)gj + hjD̃jgj,L)

=
∑

gi,g′∈N redmod(D̃jhj,L)gj + hjh(j, gi, g
′)g′.

Since hi depends only on the parametric derivatives, D̃jhi is a polynomial(in fact

linear) in the principal derivatives. Therefore, since φ(hi) is well-defined, it follows

that φ(redmod(D̃jhi,L)) is well-defined and we have the equation 4.9.3.

Now since u(x) is a solution to L, we have that D̃αg[u](x) = redmod(D̃αg,L)[u](x).

Therefore,

D̃αg[u](x0) = redmod(D̃αg,L)[u](x0)

= φ(redmod(D̃αg,L))

=
∑

gi∈N φ(hi)φ(gi)

= 0.

4.10 Analyticity Issues

Theorem 4.7.2 gives existence and uniqueness conditions for a formal power series so-

lution for an associated specification of initial data. The Riquier-Janet Existence and
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Uniqueness Theorem for the commutative case states that, under certain assumptions,

a specification of analytic initial data yields an analytic power series solution.

In this section, we investigate the generalization of this analyticity theorem to the

non-commutative case by seeking conditions on the initial data specification ensuring

that the formal power series solution is analytic.

Riquier [30] and Janet [14] consider systems of PDE with commuting deriva-

tions. They consider orthonomic and passive systems to express the analyticity the-

orem. Instead of defining the orthonomic and passive systems, we will use the non-

commutative Riquier Basis described in this paper to state the Riquier analyticity

theorem. We need the following definitions.

Definition 4.10.1. A Riquier ranking ≺ is a positive ranking satisfying ∂̃αui ≺
∂̃βui ⇐⇒ ∂̃αuj ≺ ∂̃βuj for any i and j.

Definition 4.10.2. A specification of initial data φ for a system M is analytic if

there exist two positive real numbers M and r such that |φ(∂̃αui)| ≤ Mr|α|α! for all

∂̃αui in ParM.

With the above definitions we can state the Riquier analyticity theorem in the

following alternative form.

Theorem 4.10.1. Let ≺ be a Riquier ranking compatible with the total degree order-

ing. Suppose that the ∂̃i commute. Consider a non-commutative Riquier Basis M
and analytic initial data specification φ. Then the unique formal power series solution

thus defined is also analytic.

In the Riquier-Janet Theory, specifying the initial conditions is equivalent to fixing

the values of the dependant variables and their derivatives at a point x0.
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Example 4.10.1.





uxxy = f(u)

uxyy = g(u)
� �

�

�������

� � � �

Choosing a specification of initial data around the origin x = 0, y = 0 in the

Riquier-Janet approach amounts to fixing the value of uxy at x = y = 0, and fixing

the value of u on {x = 0}∪{y = 0}. A precise contruction of the initial data based on

multiplicative variables [14] would consist in fixing the value of uxy on M0 = {(0, 0)};
fixing the value u on M1 = {(x, 0) : x ∈ R}; and fixing the value uy on M2 = {(0, y) :

y ∈ R}.

More generally, a specification of initial data can be expressed in the following ge-

ometric manner, which is more suitable for our investigation of the non-commutative

case. Choosing a specification of initial data around x0 is equivalent to assigning

functions to some parametric derivatives along specific sub-manifolds Mi. The choice

of the parametric derivatives and the Mi is described in [14]. Moreover, choosing an

analytic initial data specification is equivalent to assigning analytic functions to the

dependant variables on the sub-manifolds Mi.

Extending these results to the non-commutative case leads to the following ques-

tions:

• What is the geometric meaning of fixing an initial data specification?

• What criteria must the initial data satisfy to ensure the analyticity of the asso-

ciated formal power series solution?

We first consider the case where there are a finite number of parameters in the formal

power series solution. As is well-known the integration of such systems can be reduced
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to integration of ODE (and existence of smooth solutions established via the Frobenius

Theorem). We include the following remarks to assist in algorithmic implementations

related to this case.

Remark 4.10.1 (Analyticity in the finite parameter case). Let ≺ be a Riquier ranking

compatible with the total degree ordering. Consider a non-commutative Riquier Basis

M with a finite set of parametric derivations ParM = {w1, ..., wk}. Then the formal

power series solution about x0 with initial data w1(x0) = w1
0, ..., w

k(x0) = wk
0 is

analytic at x0.

Proof. For i = 1, ..., m any D̃iw
l ∈ PrinM can be completely reduced by M to an

analytic function f l
i of {x} ∪ ParM such that

D̃iw
l = f l

i . (4.10.1)

Now from (4.3.4) it follows that (4.10.1) is equivalent to

Diw
l =

∑
j

bij(x, u)f l
j , (4.10.2)

where b(x, u) is the inverse matrix of a(x, u).

The easily computed integrability conditions of (4.10.2) are analytic functions of

{x} ∪ ParM. If one integrability condition was not satisfied, there would a set of

initial conditions for (4.10.2) such that (4.10.2) does not admit a solution. Thus, for

the initial conditions, (4.10.1) and M would not admit a solution, which contradicts

the existence theorem of a solution for the non-commutative Riquier Basis M. Thus

the system (4.10.2) is a commutative Riquier Basis, and by the standard commutative

theory, must have a formal power series solution with the given data, which is analytic

at x0.
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Remark 4.10.2. Under the hypotheses of Remark 4.10.1, the integration of M is

equivalent to integrating a system of ODE along an analytic curve.

Proof. Consider an analytic curve x(τ) = xi(τ), with x(0) = x0. Then dwl

dτ
=

∑
i

dxi

dτ
∂wl

∂xi
which from (4.10.2) yields the system of ODE:

dwl

dτ
=

∑
i

dxi

dτ

∑
j

bij(x, u)f l
j . (4.10.3)

Traditional commutative differential elimination packages often use elimination

rankings to decouple ODE which can then be sometimes exactly integrated by ODE

solvers. Remark 4.10.2 gives an alternative method for exposing ODE systems, and

although well-known in classical differential geometry, does not appear to have been

implemented in the common computer algebra solvers for over-determined PDE sys-

tems (even in the commutative case). It is interesting to explore to what extent

geometric ODE integrators (numerical integrators invariant under the admitted Lie

group), could be fruitfully applied to such systems using Theorem 4.10.2.

with referee comments We now consider the case of a non-commutative Riquier

Basis M where ParM is infinite. In the commutative case, the geometric theory

of PDE [26], the geometric prolongation of the system to an order r is obtained by

applying Di to the equations of the system until no undifferentiated equations of order

r or less remain. Equivalently one may obtain the geometric prolongation by similarly

using D̃i. Since the system is a non-commutative Riquier Basis any prolongation of

the system is formally integrable (as defined in the geometric theory). It is also a

consequence of the geometric theory that some finite order prolongation of the system

has involutive symbol, and hence the system is also involutive. Indeed in our case the
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Mansfield Prolongation Theorem [20] can be used to determine a bound for that order.

Once the system is involutive, then an analytic existence and uniqueness theorem can

be given.

We sketch below some partial results obtained in the infinite non-commutative

case.

We can generalize the Riquier analyticity theorem to the non-commuting infinite

case by assuming that the ∂̃i are lined up with an analytical system of coordinates.

In particular we make the hypothesis (H) that there exist m analytical functions Xi

and a neighborhood N(x0) of the expansion point x0 satisfying:

• ∂̃iXj = 0 in N(x0) if i 6= j

• The Jacobian of (X1, . . . , Xm) does not vanish in N(x0)

This is less stringent than assuming that the ∂̃i are associated to a set of coordi-

nates since in that case we would have ∂̃iXj = 1, if i = j and 0 otherwise.

Theorem 4.10.2. Let ≺ be a Riquier ranking compatible with the total degree order-

ing. Suppose that the frame ∂̃i satisfies (H). Consider a non-commutative Riquier

Basis M and analytic initial data specification φ. Then the unique formal power

series solution thus defined is also analytic.

The proof consists in transforming our problem into a commuting derivative prob-

lem in the set of coordinates Xi where we can apply the Riquier theorem.

A sketch of the straightforward proof follows.

Proof. Sketch of proof

• Without loss of generality set x0 = 0.
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• Introduce new commuting derivations ∂̂i which are based on the system of co-

ordinates X.

• Prove that there exist m scalar functions Ai(x) analytic at x0 such that ∂̃i = Ai∂̂i

with Ai(0) 6= 0.

• Any derivation ∂̃α can be rewritten in terms of Aα1
1 · · ·Aαm

m ∂̂α plus a finite sum

of terms fβ∂̂β where fβ is an analytic function and β strictly “divides” α (i.e.

βk ≤ αk for 1 ≤ k ≤ m).

• Replace the ∂̃i by ∂̂i in M and obtain an orthonomic system M̂. The set of

leaders of M̂ coincide with the ones in M by replacing the ∂̃i with ∂̂i.

• The analytic initial condition specification φ of M defines an analytic initial

condition specification φ̂ of M̂.

• Since the problem has been reduced to the commutative case, φ̂ has a geomet-

rical meaning. In particular this demonstrates that the dependant variables

and some of their derivatives have been fixed to analytic functions on unions of

sub-manifolds of the form Xi = 0.

• Since the ranking is Riquier and compatible with total order, the commutative

Riquier analyticity theorem applies.

It is interesting to note that the condition (H) is always satisfied in the case m = 2

(the case m = 1 is obvious).

In general the condition (H) of the previous subsection is not satisfied as the

following example shows:
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Example 4.10.2.



∂̃1 = ∂x + ∂z

∂̃2 = ∂y + z∂z

∂̃3 = ∂z

Since ∂̃1∂̃2 − ∂̃2∂̃1 = ∂̃3, the relations ∂̃1X3 = 0 and ∂̃2X3 = 0 imply ∂̃3X3 = 0.

Thus, X3 cannot generate a system of coordinates.

Thus in the general case the above geometric interpretation is lost and it is not

straightforward to adapt the proof of the analyticity theorem ([30], [14]) to the non-

commuting case. Indeed, the use of majorizing functions to prove convergence of the

formal series rely on commuting derivatives. The analyticity results obtained from

prolonging the system to involution indicates there is a reasonable chance of proving a

suitable non-commutative Riquier analyticity theorem in the non-commutative case.
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Poincaré-Birkhoff-Witt Extensions, Proc. of the Fifth International Workshop

on Computer Algebra in Scientific Computing (CASC 2002, Yalta, Ukraine),

edited by V.G. Ganzha, E.W. Mayr & E.V. Vorozhtsov (Pub: Technical Univer-

sity of Munich) 97–106.

[10] M. Giesbrecht, G. Reid and Y. Zhang, Gröbner Bases in moddules over
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Chapter 5

Conclusion and future work

In Chapter 2 eigenring methods were used to develop algorithms to compute factor-

izations f = gh for g, h ∈ Fq(t)[D; σ, δ] and LCLM-decompositions f = lclm(g, h)

for relatively (right) prime g, h. These algorithms run in time polynomial in degD f ,

degt f and q.

There are many interesting questions left for future work. For example, how to lift

the factors from Fq(t)[D; σ, δ] to Q(t)[D; σ, δ]. As we mentioned before Q(t)[D; σ, δ]

is not a unique factorization domain. Therefore usual reconstruction methods in

commutative polynomial rings do not work for Q(t)[D; σ, δ]. Another interesting

question is how to extend our methods to the multivariate case. As an application,

in Weyl algebras, such methods for factoring elements could greatly assist in solving

the corresponding partial differential operator equations.

Noncommutative Gröbner bases in PBW extensions were defined and discussed

in Chapter 3. We give algorithms to construct such Gröbner bases. We extend the

method to systems with more than one dependent variable by using the Drach Trans-

formation, and use this extension in an application to the method of moving frames.

123



124

In the future we will consider Gröbner bases in q-PBW extensions, a generalization

which includes most quantum groups. We plan to implement these algorithms in the

symbolic language Maple.

In chapter 4 we defined non-commutative Riquier bases and extended the Riquier

existence and uniqueness theory to non-linear analytic PDE systems written in terms

of moving frames of non-commuting Partial Differential Operators. Many interesting

questions remain. Such questions include the practical and efficient implementation

of non-commutative Riquier Bases (and their non-linear generalizations) given in this

thesis. Other interesting questions include the investigation of the relations between

non-commutative Gröbner bases and non-commutative Riquier bases.
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