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Abstract

The main result of this thesis is to give a method for approximating the Grobner basis of
an approximate polynomial system.

The Grobner basis of a polynomial system is arguably the most fundamental object of
exact computation polynomial algebra, as it answers many of the important questions of
commutative algebra, such as ideal membership and computation of the Hilbert polyno-
mial. It is traditionally computed using variants of Buchberger’s algorithm. Here, we take
a backwards approach, and show that a Grobner basis can be computed using the Hilbert
polynomial and another important basis from the jet theory of partial differential equa-
tions: an involutive basis. This direction, motivated by approximate systems, will allow us
to avoid the strict monomial orderings and ordered elimination (reduction) strategies, at
the heart of Buchberger-type methods, which are usually numerically unstable.

For the the computation of exact bases for an ideal near to the one from which we be-
gan, we make avid use of structured (numerical) linear algebra. Additionally, we introduce
approximate leading terms and an approximate reduced row echelon form. Neither of these
require Gaussian elimination, unlike the exact case.

Keywords: Approximate Coefficients, Grébner Bases, Hilbert Polynomial, Partial Dif-
ferential Equations, Involutive Systems, Nearby Systems, Numerical Linear Algebra, Poly-
nomial Algebra, Reduced Row Echelon Form, Singular Value Decomposition, Structured
Matrices.
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In 1875 Fanny Crosby, blinded as an infant by an incompetent doctor, wrote the since-cherished
phrase:

“To God be the glory, great things He hath done.”
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Chapter 1

Introduction

Approximate computational commutative algebra requires methods which are radically dif-
ferent to the traditional ones developed for exact computation. In this thesis, we avoid
ordering-dependent methods, such as Buchberger’s algorithm for Grébner bases, and Gaus-
sian elimination for reduced row echelon forms. Instead, our approach relies on the Hilbert
function, which is, by definition, an ordering-independent and linear object. As such, it
allows for stable methods from numerical linear algebra, such as the Singular Value Decom-
position, to be applied. Together, the Hilbert function and the SVD provide information
about nearby, higher-dimensional systems, lost to approximate coefficients. Known meth-
ods for determining the Hilbert function rely on Grébner bases. To avoid this, we use results
for involutive systems for partial differential equations. Unfortunately, the computation of
an involutive system, even for linear PDE with constant coefficients, requires methods not
unlike Gaussian elimination. Moreover, for the approximate case, the systems which we
face are highly structured. We propose a method for computing the RREF of a structured,
approximate system, which does not rely on Gaussian elimination. Finally, we show that
a Grobner basis may be computed as a natural extension of an involutive system, through
the Hilbert function, and as an application of our approximate RREF.

In numerical computation, it is well-known that methods which rely on strict variable
orderings can be very unstable. For example, this may force division by small leading
coefficients, in Gaussian elimination and Buchberger-type algorithms. It is better to work,
if possible, without imposing any ordering at all. Obviously, as a Grobner basis is, by
definition, ordering-dependent, then to compute one it is necessary, at some point, to choose
a variable ordering. However, other objects are ordering-independent. For example, the
dimension of a variety remains the same regardless of the representation of the polynomial
system which encodes that variety. In cases such as this, it may be best to compute such
objects via others which are also not ordering-dependent. In the approximate case, this
strategy may even be necessary.

Aside from the usual numerical difficulties, failure of methods, which succeed for exact
input, can be attributed to small, structure-altering errors in the coefficients of an approx-
imate system. Thus, a given an approximate polynomial system, viewed exactly, is likely
to be generic. In this way, fuzzy data may mask interesting and important properties.
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Furthermore, viewed approximately, a system and its solutions do not have a one to one
relationship. There may be many systems surrounding a given one which could each be
a valid candidate to represent the true system, in the absence of errors. Alternatively, a
desirable, representative, nearby system may not exist at all. A central focus of this thesis
concerns alternative methods for processing such approximate systems, rendering them in
a form which exposes the greater structure of nearby systems.
The main tool in numerical linear algebra, for gaining information about higher-dimensional

systems near to a given one is the Singular Value Decomposition. Given A € F™*" with F
is either R or C, one can compute:

A=UxV (1.0.1)

where, U € F™*™ and V € F™*" are orthogonal and, of utmost importance to us, is the
diagonal matrix ¥ € R™*"™, The number of its nonzero singular values: o1 > o9 > ... >
Op > Opt1 =,y = Omin(mn) = 0, is equal to the rank, r, of A. In the case of approximate
systems, errors in the entries of A tend to destroy relationships between them. This increase
in matrix rank is reflected in small singular values ¢, 1, ... which would otherwise be equal
to zero. The following theorem [10] is key to understanding the geometry of linear systems
and their surroundings. In particular, it actually provides a distance to nearby singular
systems, and a way to compute them.

Theorem 1. Let A=UXV! ¢ FL”X" have rank r. é closest matriz to A, with rank q <,
can be constructed by forming: A = QZVt, where 3 is equal to X with o;, ¢+ 1 <1 < r,
replaced by zero. Furthermore, [|[A — All2 = 0441.

A technique which is used frequently throughout this thesis is to consider polynomial
equations as linear functions of their monomials. Hence, we arrive at a matrix problem to
which the methods of numerical linear algebra, such as the Singular Value Decomposition,
can be applied. As a simple example, consider the system P(«) =0,

1 = oty tasy’ o tasytag = 0,

1.0.2
py = arz? + agry + ozgy2 + ajpr + any + o = 0, ( )

which may also be realized as the matrix system M (a)X = 0:

$2

Y

vl
"l =
y
1

In applications, the a’s are likely to be some approximate real or complex numbers. Further,
note that completion methods, such as Grébner bases, rely on multiplying polynomials by
monomials. For example, the extended system: {zp; = 0,yps = 0,p1 = 0,p2 = 0} would

5 > . (1.0.3)

a1 Q2 Qs Qg as Qe
a7 g Q9 Q1o Q11 (12
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be equivalent to:

T
x2y
x>
ar as a3 0 ws  as 0 g 0 0 y3 0
0 a7y ags a9 0 @0 o11 0 12 0 z? _ 0 (1.0.4)
0 0 0 0 a1 a2 s oy as o) Ty 0
0 0 0 0 ar as ay ap o1 v’ 0
T
Yy
1

All such extended systems define structured classes. Each structured matrix M (a)) embeds
an extension of the polynomial system P(«), for some particular values of the parameters:
Q.

The Singular Value Decomposition may be applied to M (&) to detect nearby matrices
with higher-dimensional solution spaces. The worry here, is that these nearby matrices will
not lie in necessary structured class. This problem introduces the necessity for convergence
methods, with which one can iterate to such nearby systems which do lie on a given struc-
tured class. This is a familiar problem to the signal processing community, with works
dating back to Cadzow [4], and more recently [25, 20]. However, applications to the areas
of approximate commutative algebra [2, 18, 29], and even the geometry of PDE [1], are less
widely known.

Exact methods for the completion of PDE system to involutive form [5, 19, 34], also rely
on extending that system, as described above. In the PDE case, however, multiplication
by monomials is replaced with differentiation with respect to independent variables. Also
of interest is the application of such methods to approximate polynomials, through the
well-known bijection [13, 30, 31]:

¢ T (1.0.5)

8332- ’
which induces a ring isomorphism between polynomials and linear PDESs, preserving the
ideals in both cases. For example, the System (1.0.6) would map to R(«) = 0:

L= QQUgg + Q2Ugpy + Q3Uyy + 0gly + sy +oagu = 0

1.0.6
Ty = QrUgg + Q8Ugy + Qolyy + Q1oUy + 11Uy + 2u = 0. ( )

Through the jet theory of PDE, derivatives are considered as independent variables. Thus,
the differential system, above, and the system {8%7“1 =0, 8%7“2 =0, = 0,79 = 0} would
have the defining structured matrices in Equations (1.0.3) and (1.0.4), respectively.
Additionally, these methods for PDE also require Grobner type elimination methods,
akin to Gaussian elimination for linear systems. Thus, in most cases, knowledge of certain
leaders (quantities to be solved for), is required, and thus also a possibly unstable application
of Gaussian elimination to compute an RREF. In this thesis, we propose a method to
detect leaders without computing an RREF. We go further to construct an approximate
RREF, which we compute with no direct appeal to Gaussian elimination. This method,
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unlike Gaussian elimination for approximate systems, is also applicable to structured linear
systems and, again, requires convergence to a nearby such system, satisfying certain specific
dimension criteria.

It is well worth noting that, aside from the bijection ¢, and jet theory, the Hilbert Func-
tion [17] also provides a natural way to view a polynomial ideal from a linear perspective,
by breaking up the ideal into vector spaces, and considering their dimensions. Furthermore,
as it is linear, its relationship to involutive systems [35] is not surprising. Thus, computing
the Hilbert function, without relying on Grébner bases is as easy as it is to compute an
approximate involutive system, given a starting system P(&). Recent [1] and ongoing work
is to make completion methods for PDE applicable to approximate linear, homogeneous,
PDE systems. Our approximate RREF has also proved to be useful here.

The linear algebraic approach which we take allows for the use of the the SVD to gain
information about neighboring, higher-dimensional linear systems. A collection of such
systems provides a set of fingerprints of an approximate polynomial system as, together,
they may identify a higher-degree Hilbert function. In turn, it gives us a evidence that there
may be nearby systems with higher-dimensional solution sets, as the degree of the Hilbert
function of an ideal and the dimension of that ideal’s variety are equivalent. Overall, we
have a clearer picture of the surrounding systems, from the point of view of structure and
dimension.

Lastly, we exploit the relationship between Grobner bases and the Hilbert function [8].
Essentially, this is due to Macaulay’s observation that the Hilbert functions of an ideal, I,
and the ideal generated by its leading terms, (LT(I)), are identical [21]. Furthermore, it is
interesting to note that Mansfield [22] was able to prove that a (differential) Grobner basis
can be easily extended to an involutive system. Here, we will show that a Grobner basis may
be extended from an involutive system, using the Hilbert function as a guide, and making
an application of the approximate RREF. This is opposite to traditional approaches, which
compute the Hilbert function from a Grobner basis, and facilitates approximate computa-
tion.

Our backwards approach begins in Chapter 2, with preliminary information on ideals, an
explanation of how they can be realized as vector spaces, and an introduction to the Hilbert
function. In that same chapter, emphasis is placed upon those properties of the Hilbert
polynomial which lay the foundation for most of our further development. In particular,
the relationship between the Hilbert polynomial of an ideal and that of the ideal generated
by its leading terms is described. In Chapter 3, we focus on a connection between the Hilbert
polynomial and the dimension of a variety. This will be useful, later, in the detection of a
nearby system whose Hilbert polynomial uncovers a higher level of structure in its solutions.
Chapter 4 provides a small introduction to Grébner bases. However, as our approach differs
radically from Buchberger’s algorithm, we do not present much of the material which would
usually appear in a chapter titled “Grobner bases.” Our concern is mainly to introduce
Groébner bases, by definition, remark about their relation to the Hilbert polynomial, and
illustrate our need for an alternative method of computation, in the approximate case.
In Chapter 5, we introduce an approximate RREF, which is based on the singular value
decomposition, and applicable to structured systems. It makes a second appearance in
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Chapter 6, to address certain issues surrounding approximately involutive systems. Also
in that chapter, the connection between involutive systems and the Hilbert polynomial
is described. Further, the Hilbert polynomial is the link between involutive systems and
Grobner bases. This is the topic of Chapter 7, where, in contrast to other methods, we try
to use only one single application of the approximate RREF to compute an approximate
Grobner basis. The current status of the entire approach is described in examples and
comments within each chapter. Where we can, we outline the flaws of this method, and
make final comments and suggestions about future directions, to conclude with Chapter 8.



Chapter 2

The Hilbert Function

The ideal generated by a system of polynomials pq,ps,...,pn from a ring is the set of
all combinations (p1,pe,...,pm) = {h1p1 + hape + -+ + hmpm}, where hq, ha, ..., hy,, are
arbitrary polynomials in the same ring. This ideal is an important object to study if one is
interested in solving the system. Informally, the Hilbert polynomial measures the degree of
freedom in the ideal, and is related to the dimension of the solution set of the polynomial
system. In this chapter, we introduce monomials, polynomials, and ideals, and give a
precise definition of the Hilbert function. Much emphasis is placed upon ideals generated by
monomials as, computationally, they are more easily treated than are arbitrary polynomial
ideals. Furthermore, these results can be applied to the general case. This will also be
discussed.

2.1 Monomials, Polynomials, and Ideals

In order to understand the Hilbert Function, it is important to have, at least, a basic un-
derstanding of polynomial ideals. So, we will provide a brief description of them and their
components: polynomials. Furthermore, as a special case of polynomial ideals, monomial
ideals are also fundamental to our development. The natural objects to first introduce, then,
are the basic common building blocks of both polynomials and monomial ideals: monomials.

Definition 2.1.1. [Monomials, coordinate vectors, and total degree]
A monomial is simply a product of n variables, each raised to the power of a non-negative
integer. It can be written concisely as

x® =t ah? - xpn, (2.1.1)
where the coordinate vector a = (a1, g, ..., qp) € 2% contains the exponents of the vari-
ables x1,x2,...,xy. In this way, a monomial is completely specified by its exponent vector.

The total degree (tdeg) of a monomial, || =Y ;" | oy, is the sum of its exponent vector’s
coordinates.



