Buchberger's Algorithm

Input: F'= (fp’fs)
Output: a Groebner basis G = ( gpoeees gt) for, with F C G

G=F
REPEAT
G=G
FOR each pair {p, ¢}, p # q in G' DO
_____ G"
S= S(p,q)
IF S # 0 THEN G = GU {S}
UNTIL G=G'
with(Groebner) :

Al :=2-x2+x-y+x—l—2-y2+3-y—l—3;
A2 :=x2+x-y+3-x— y2—2-y+5;
Basis([Al, A2], plex(x,y)) ;
2x2+xy+x+2y2+3y+3
x2+xy+3x—y2—2y+5
[69 —49 y+62174+83)° +19)",95 — 110y — 127 +191° + 58 x|

Choose a pair {41, A2}.
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—xy—5x+4y2+7y—7
#SAIA2=0-A140-A24+(-xy—5x+4* +7y—17)
#.'.A3::—xy—5x—l-4y2+7y—7

A3 ==—x-y—5-x+4-y2+7-y—7;
—xy—5x+4y2+7y—7
Choose a pair {41, A3 }.

2-x2-y 2-x2-y

; (A4l —
2-x Xy

SAI1A3 := expand

(43) |;

9xy +15xy+2)° +317 +3y—10x" — 14x
SAIA3 :=-10 X +9xy* +15xy—14x+2° +397 +3-p:

#SAIA3=—5-A140-A2+(-9y +25)-43+2-(58-x +19-3° — 12,7 — 110y +95)

#..A4:=58 x+19-y° —12)* — 110 y + 95
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A4 =58-x+19-y° —12)* — 110y + 95

95 —110y — 1237 +19)° + 58 x 5)
Choose a pair {42, A3 }.
2 2
Xy Xy
SA2A3 == expand > -(42) — -(A43) |;
X Xy
5xy2+10xy—y3—2y2+5y—5x2—7x (6)

SA243 ==-5-x +5x1  +10-xy—7 x—1 —2  +5-y:

#'.'SA2A3=—% AL +0-42 + (—Sy + 275)-/13 4144

Choose a pair {41, A4}.

2 2

X X
SA1A44 = expand[ 5 (Al) — - (A4) ];

2.x 58-x

139 33 2,3 3,6 2 19 3
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58'00;

139xy — 66 x + 581> +87y +87 + 12 x> — 19 x)° 8)

19 3, 6 >, 139 33 >, 3 3

A]A4 = - —— - x- L. 227,22 2. A
S. 58xy+29xy+58 Xy 29x+y+2y+2
#-SA144=0-A1 —I-O-AZ—I-(%-)/Z— SR )-A3+33-A4+ (-54—8)-(19-y4+83-y3+62

3 —49-y +69)
#. A5 =19-y" +83-)° +62-)* —49-y + 69



Hence G= (A1, A2, A3, A4, A5} is Groebner basis.
Note that G= {44, A5} is the "minimal" Groebner basis.



