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Preface

From Wikipedia, the free encyclopedia, transgression may be:

� A legal transgression, a crime.

� A social transgression, violating a norm.

� Transgression (LDS theology), a violation of religious law without the perpe-
trator’s understanding.

� Transgression (geology), an event during which sea level rises relative to the
land, resulting in coastal 
ooding.

� Transgression (album), a 2005 album by the Los Angeles metal group Fear
Factory.

� Transgression (novel), a science �ction novel by Randall Ingermanson.

� Transgressive art, a type of art that goes against basic norms or mores.

� Transgressional �ction, a form of literature.

By analogy, we can deduce that Transgressive computing is a type of computing that
goes against basic norms or mores. To my knowledge (Google based), the use of
transgressive computing is almost completely new (only one other reference).

Hence this conference is surely the �rst on this topics (and certainly not the last).
Why such a title for a conference in honor of professor Jean Della Dora? What are
these basic norms that are being transgressed? What kinds of trangressions? Is Jean
Della Dora really a transgressive scientist: a type of scientist who goes against basic
norms or mores?

Once again, from Wikipedia, the free encyclopedia, the term mores as used in so-
ciology is a plural noun. The Latin singular, which is not used in English, is mos.
The English word morality comes from the same root, as does the noun moral, which
can mean the ’core meaning of a story’. Mores are strongly held norms or customs.
These derive from the established practices of a society rather than its written laws.
Taboos form the subset of mores that forbid a society’s most outrageous behaviours,
such as incest and murder in many societies. Usually these are formalized in some
kind of moral code, e.g. commandments. Most sociologists reject the thesis that the
formalization matters as much as the informal social response of disgust and isolation
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of o�enders. An example of a more might be someone picking their nose; which,
although harmless, is widely considered as disgusting to the general populace and
goes against the normal. However, constant exposure to social mores is thought by
some to lead to development of an individual moral core, which is pre-rational and
consists of a set of inhibitions that cannot be easily characterized except as potential
inhibitions against taking opportunities that the family or society does not consider
desirable. These in turn cannot be easily separated from individual opinions or fears
of getting caught.

Looking for established practices, taboos or commandments in science, even in com-
puting science is more that can be done in this short text. However, by just asking
the question, we admit that such behaviours may exist in our �eld. Let me take
as example the absolute necessity of a mathematical model. We, as computing sci-
entists, do believe that we understand a natural phenomenon once we have a set
of equations that "represents" it. And generally we are no longer interested in the
natural phenomenon: we just work with the equations. They ARE the object under
study. This is more than an established practice, more than a commandments, indeed
we cannot leave without a mathematical model. Could we imagine a world without
mathematical models. Are there other ways of modeling than with mathematics.

Moreover do we have �nished our work as soon as the equations have been found.
During long time, studying numerically the equations and discussing the quality of
the results and the adequation with the natural phenomenon was like picking his nose
in public for mathematicians.

For long our models have exclusively been built with partial di�erential equations.
Discrete mathematics were so simple that established mathematicians did not con-
sider them as real science: discrete mathematics based models would not be smart
enough to model complicated phenomena. Working directly with discrete models
rather than with continuous models was such a strong taboo that, in this new cen-
tury, they are still considered as second class citizens.

Jean Della Dora is that kind of scientists who do not hesitate to pick their nose if
they believe that science will progress from this. From that perspective, he certainly
deserves such a conference.

But Jean Della Dora is not only a transgressive scientist, he has been also a transversal
mathematician: numerical analysis (computing eigenvalues, Pad�e-Hermite approxi-
mation, numerical integration of ordinary di�erential equations), computer algebra
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(di�erential equations, di�erence equations, algebraic equations and control), parallel
algorithms and more recently hybrid systems with application in molecular biology
and genetic networks.

In all these various domains, his unquenchable curiosity and original glance produced
new trends of research: a border has been transgressed and the road was free. For
years his colleagues and doctoral students were illuminated by this unique desire to
understand better and more, to go further, to traverse new regions and transgress
intellectual borders.

Such a behaviour has also in
uenced deeply his teaching and administrative activi-
ties. Jean Della Dora was the founder of many new courses and research teams. He
has always been involved in the development of the Grenoble community in scienti�c
computing, proceeding the path of his master Professor No�el Gastinel.

In the following texts, almost all the domains in which Jean Della Dora has been
active are addressed. Even if he is no longer working in the �eld, his ideas are still
valid and alive. Such a book will be useful as a reference for the included original
contributions but also as a landmark by the diversity of the themes together with a
unique way of approaching research.

Professor Jean Della Dora deserves more than that. He deserves our gratitude and
recognition.

Sophia Antipolis, March 25, 2006.
Michel Cosnard.

Professor at �Ecole Polytechnique de l’Universit�e de Nice - Sophia Antipolis.
Head of Sophia Antipolis INRIA Resarch Unit.
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Dynamical systems

An algorithmic point of view

Jean Della Dora Aude Maignan Laurent Tournier

Abstract

The motivation to study dynamical systems is of course to get the more information we
can about their phase portraits. To face this general problem, an interesting way seems
promising, what we call here the concept of algorithmic system theory. At the basis
of this concept is the analysis of several classes of systems, coming from di�erent area
(notably biology), which could be considered as elementary units of a bigger theory.
What we present in this extended abstract is a couple of re
exions inspired by the work
of our team over the past years.

1 Introduction

From an applied point of view, dynamical system theory presently oscillates between a deep
theory with a sound mathematical foundation, but restricted to low dimensional systems,
and a growing bulk of knowledge associated to higher dimensional systems using a numerical
point of view, based on simulation and model reduction. In any case the algorithmic point
of view is poorly taken into acount.

For several years we have tried to understand what could be such a point of view, and
what computer algebra can bring to the subject. The result of our investigation is described
into four thesis [1, 2, 3, 4] and several papers. In this paper we try to synthetise what we
have learned and what could be an Algorithmic System Theory (AST).
Let’s consider a dynamical system de�ned by a system of autonomous ODE:

X 0 = F (X)

where X 2 
, 
 � Rn. What is important is the knowledge of the phase portrait. In
a certain sense it’s the description of the behaviour of all the solutions of the dynamical
system. This is a clear distinction with numerical integration of ODE whose primary goal is
the construction of a particular solution of an initial value problem (IVP). Using simulation
to build a phase portrait is so equivalent to the integration of a great number of IVP over
a long period of time. But in any case, and this is a key point: simulation is not dedicated
to prove something about an ODE.

On the other side, it’s clear that the mathematical results that have been accumulated
on low dimensional systems are di�cult to apply on higher dimensional ones. The problem
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is that huge dimensional dynamical systems are numerous in applied mathematics. Let’s
give an example :

Example 1.1. The numerical integration of partial di�erential equations (PDE) is a central
subject of numerical analysis. In particular, the numerical integration of evolution equations
is tremendously important. But behind the construction of a PDE, there exists a hypothesis
named the continuity hypothesis. In an elementary volume, some equations for a bilan are
established. Then it is argued that if the volumes decrease to zero, some limit exists and
the PDE is established. This is very clear from a mathematical point of view but this is a
perfect example of questionable physical point of view.
What is also very strange is that for numerical integration it’s absolutly necessary to \come
back" to a localized point of view and put the problem into an ODE framework : : :
To be more precise let’s take the example of the one-dimensional di�usion of heat:

(
@u

@t
� a�u = f

u(0; x) = u0(x)
; x 2 [0; 1]

with Dirichlet boundary conditions: u(t; 0) = �0(t) and u(t; 1) = �1(t).
a is a positive real, f , �0, �1 and u0 are given functions and u = u(x; t) is the possible
solution of the PDE problem.
In order to study this problem we will use a discretization of the PDE. Let �x be a positive
real constant such that 1

�x is an integer noted N . For i 2 f0; : : : ; Ng, we consider xi = i�x.
The xi are a subdivision of the segment [0; 1]. Then we pose the functions:

8
<
:

u0(t) = u(x0; t) = u(0; t) = �0(t)
ui(t) = u(xi; t) ; for i 2 f1; : : : ; N � 1g
uN (t) = u(xN ; t) = u(1; t) = �1(t)

Then we discretize the laplacian term using a centered diagram:

8 1 � i � N � 1 ;
@2u

@x2
(xi; t) ’

u(xi�1; t)� 2u(xi; t) + u(xi+1; t)

�x2

We obtain the ordinary di�erential equations:

8 1 � i � N � 1 ;
dui
dt

=
a

�x2
(ui�1(t)� 2ui(t) + ui+1(t)) + f(xi; t)

Let U(t) be the vector (u1(t); : : : ; uN�1(t)), we obtain the linear ODE system:

_U(t) = AU(t) + b(t)

where A is the tridiagonal matrix and b(t) is the vector:

A =
a

�x2

0
BBBBB@

�2 1
1

. . .

1
1 �2

1
CCCCCA

b(t) =

0
BBBBB@

�0(t) + f(x1; t)
f(x2; t)

...
f(xN�2; t)

�1(t) + f(xN�1; t)

1
CCCCCA
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Of couse as long as we want to use a �ne discretization (small �x) we are turned to the
integration of high dimensional systems. And that is exactly the key point! This method
is known as the line method or the semi-discretization method. We will describe such a
theory in another paper.

The previous example is very important : the philosophy behind this is that numerical
integration of PDE could be brought back to the integration of systems of ODE (in general
huge systems of nonlinear ODE). Then, in general, numerical analysis tries to solve this
system by a time discretization of the ODE.

The basic idea is the same for integration of di�erential equations : can we identify
classes of dynamical systems that could be completely studied from an algorithmic point
of view, that-is-to-say where we can give a complete algorithmic description of the phase
portrait. Of course we know the linear systems X 0 = AX and this is a very important class
of examples. We also know the linear DEA AX 0 = BX + u and it’s also fundamental.

From several places (computer science, mechanics, biology) appear other classes of pow-
erful systems very useful for the modelling process. These systems are called cellular net-
works, self-reproducing automata, hybrid systems, timed automata, iterated functions sys-
tems, : : : In the second part of this paper we try to give a kind of classi�cation (at least
the state of our knowledge on this large subject : : : ) and we identify some very deep key
points. We called this part the static part because the overall structure is �xed (in a very
precise sense).

Now we have to explain our second key point.
All these systems are useful in two ways:

� The �rst point is that these systems are useful as modelling tools. The example of the
Glass systems is striking. The boolean networks are also very important objects of
study. It’s important for the future to have a complete knowledge of such systems in
the same manner as we want to study the elementary functions. The phase portraits
of such systems are the equivalent of the table of special functions.

� The second point is that the phase portraits of such systems could be used as pieces

of piecewise systems (subset of the class of hybrid systems) like pieces of polynomials
could be seen as pieces of spline functions.

A huge amount of work has to be done for a clear understanding of the theory! But we
explore in the third part another point of view.

The third key point is that the dynamical systems are, in a certain sense, static. The
evolution is described in a �xed phase space. But a lot of examples (see part three) show
that this phase space could also be subject to evolution. We introduce the concept of dy-
namical automata in order to explain our point of view.
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2 Dynamical and hybrid systems

2.1 Networks of automata over a graph

The �rst class of dynamical systems we propose is the class of networks of automata over a
graph, or automata graphs.
Let G = (V;E) be an oriented graph. We note, for each vertex v 2 V , d�(v) the inner
degree of v, i.e.:

d�(v) = # fu 2 V ; (u; v) 2 Eg
If V is in�nite, we say that G has a bounded indegree if for all v 2 V , d�(v) is �nite. Here
is a common de�nition of automata graphs:

De�nition 2.1. An automata graph is a quartet G = (G;S;N ; �) where:

� G is an oriented graph with K-bounded indegree. G = (V;E). The elements of V are
called processors, automata, : : :

� S = fSv ; v 2 V g is a collection of �nite sets. The set Sv is called state set of
automaton v.

� N : V ! (f1; : : : ;Kg ! V ) determines the neighborhood of each automaton.
N (v) (f1; : : : ; d�(v)g) is in fact the ordered set of the predecessors of automaton v.

� � is the local transition function of the network: � = f�v ; v 2 V g with

�v :

0
@
d�(v)Y

i=1

SN (v)(i)

1
A! Sv

The set Q =
Y

v2V
Sv is called the con�guration space of G.

A con�guration of G is a function c : V ! Q.

This de�nition is general enough to include di�erent formalisms such as Hop�eld neural
networks or cellular automata. Actually it includes every discrete dynamical system that
can be brought back to iterations of a map over a countable set (see [4]). To associate to an
automata graph a dynamical system, we need to de�ne an operating mode, that-is-to-say a
strategy that determines, at each discrete time n 2 N the subset 	(n) of V that contains
the automata that computes, thanks to the activation function �, their next state from the
states of their neighbors.

More precisely, if the system is in a con�guration cn at time n, then the next con�gu-
ration cn+1 is given by:

�
cn+1(v) = cn(v) if v =2 	(n)
cn+1(v) = �v (cn(N (v)(1)); : : : ; cn(N (v)(d�(v)))) if v 2 	(n)
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The trajectories of such systems (i.e. the sequences of con�gurations) are the solutions of
iterations of a map over the con�guration space Q:

�
c0 2 Q
cn+1 = Fn(cn)

where Fn : Q ! Q. If V is �nite, then Q is �nite and the phase portrait of the system can
be represented by a �nite graph GT which vertices are the elements of Q. This graph is
called transition graph of the system.

The analysis of such graphs is very hard in the general case. First, the cardinality of
the phase space Q is exponential with respect to the number of automata. An exhaustive
description of GT for high dimensional systems is therefore impossible.

A second di�culty of these systems lies in the choice of operating mode 	. If no speci�c
assumption is made, a con�guration c 2 Qmay have di�erent successors at di�erent instants
(that is why the mapping Fn depends of the time variable n in the previous expression).
This implies that the transition graph is nondeterministic, which make its analysis harder.
In most of the cases, some assumptions are made on 	 to ensure that the mapping Fn
is independent of n (we then note it by F ), i.e. that GT is deterministic. Among these
assumptions, the most frequent is to consider a synchronous operating mode, in which every
automata evolve at each n (see [4] for other examples).

An interesting instance of these system is the case of boolean networks. In this case,
we assume that V is �nite (V = f1; : : : ; Ng) and that the state sets of each atomaton is
the �eld with two elements F2 = f0; 1g. In that case any boolean function F can be seen
as a multi-valuate polynomial over FN2 . Boolean networks have been extensively studied
as they provide models of biological regulation networks. Some interesting analysis of the
phase portraits of these systems have been done. We will cite among other examples the
study of the links between topology and dynamics of the networks [6] and the issue of the
identi�cation of networks [4].

2.2 Glass systems

The second class of systems we propose also comes from biology. In the Glass model (see [3]),
we consider the evolution of a continuous variable X = (x1; : : : ; xN ) lying in a rectangular
domain of RN :

D =

NY

i=1

[0;Mi]

whereMi are positive constants. We suppose that this domain is subdivided into rectangular
boxes thanks to the existence of di�erent thresholds in each directions:

81 � i � N ; 0 = �i;0 < �i;1 < � � � < �i;qi = Mi
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To each a = (a1; : : : ; aN ) 2QN
i=1f1; : : : ; qig we associate a box Ba:

Ba =

NY

i=1

[�i;ai�1; �i;ai ]

The de�nition of a Glass system is given by the ODE system:

_X = �(X)� �X (1)

where � is a diagonal matrix (decay rates) and � is a function D ! RN
+ (production rates)

that is constant on every boxes Ba of D. So this system is piecewise linear on D. Actually,
on every box, the system is a very simple diagonal linear system whose resolution can be
made explicitely.

Given N integers q1; : : : ; qN , let us note Nqi the set f0; 1; : : : ; qig and D =
QN
i=1 Nqi .

Then there exists a bijection between D and the set of rectangular boxes of D. Given a
trajectory x(t) 2 DR in the phase portrait of the system, we can consider the discrete
sequence of boxes of this trajectory that consists in a trajectory of a discrete dynamical
system over D. We fall then in the previous case with an asynchronous operating mode,
which makes the analysis quite hard (nondeterministic transition graph).

In order to do this analysis, an idea is to consider a partitionning of the boxes into
di�erent pieces, each piece having a unique successor. In [3], �rst steps in that direction are
made, using tools of symbolic dynamic theory.

Remark 2.2. In order to mention this, we used the notion of trajectories of system (1) over
D. Let us note that the notion of solution of system (1) is not simple! Actually, the system
is well de�ned on opens �Ba, however to consider properly solutions over the whole domain
we have to use the notion of solution in the sense of Filippov [7]. We won’t go further here
in that direction.

2.3 Hybrid systems

The last class of systems we would like to evoke is the class of hybrid systems. This is a
very wide class of systems that embed automata graphs and Glass systems. For a complete
de�nition of a hybrid system see [1, 2, 5]. As an analysis of this de�nition is too long to be
written in this paper, we will refer to these thesis for more details.

What we want to focus on here is the already mentionned notion of hybrid computation.
Consider a nonlinear autonomous dynamical system given by the system of ODE:

_X = f(X(t)) (2)

on an open 
 of Rn. The direct analysis of its phase portrait is strongly dependent on the
shape of the vector �eld f . In order to have an algorithmic way to tackle this problem,
we consider a partition of 
 such that on each element of this partition we can replace the
system of ODE by a more simple one, i.e. a system for which the analysis of the phase
portrait can be done easily.
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For instance, an important class of systems that are well known are linear systems. A
�rst step is therefore to linearize system (2). This gives good results but only locally on
several points of the phase space. In order to have a global approach, a second idea is to
consider a simplicial partitionning of 
: (Di)1�i�p. On each simplex Di, we make a linear
approximation of f (for instance using interpolation at the vertices of Di). Then we have
to deal with a collection of linear systems:

_Xi = AiXi(t) + bi ; Xi(t) 2 Di

where Ai is a n � n matrix and bi a n dimensional vector (see [2] for the details of the
construction of these systems). Therefore we obtain a hybrid system with p discrete states
and p linear dynamical systems. We have then some convergence results [2] that allow us
to link the trajectories of this hybrid system to the initial one.

This technique has been applied on several examples [1, 2, 5], including examples coming
from the modelling of biological systems [4]

Remark 2.3. We presented a speci�c subclass of hybrid systems which is the class of piece-
wise linear dynamical systems. Linear di�erential equation are used because of their sim-
plicity and the knowledge we have on them. However, another class of di�erential equations
have come to our attention, it is a set of equations based on power-laws known as S-systems
[4]. These equations, often used in biological applications seem to have some interesting
properties. An attempt to consider piecewise S-systems is currently in progress.

Remark 2.4. Again, we used in this part the notion of solution of hybrid systems which is
a quite complex notion. We refer to [1] for some re
exions about hybrid solutions.

3 Generalized hybrid systems

Dynamical graphs [8] are very useful to model communication networks [9], embedded
systems or biological behaviors. For instance, collaboration or communication between
ants, behavor of a set of cells which share some local information. It is a really new
type of problem and very recent models have been developped [10]. The di�culty of such
structures is to deal with evolution of number of cells (or nodes), connections, states of
cells, and eventually, states of edges, at the same time.

Lindenmayer has proposed a model for linear structure [11] called the L-systems.

3.1 L-systems

The simplest example of L-systems is a context-free system which is called an OL-system.
Let de�ne an alphabet �. �� denotes a set of words over � and �+ the set of nonempty
words over �. The string OL-system is an ordered triple G = f�; w; Pg with w 2 �+ a
non empty word called the axiom and P � �+ the set of rules productions. The rules of
productions are applied simultaneously. This synchronicity is the most important di�erence
between the L-system and the classical Chomsky grammars. This mechanism is motivated
by cell divisions in multicellular but linear organisms.
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More general L-systems have been developped :

� Parametric L-systems[13]

The words on which the system operate are parametric words, they can be seen as a
�le of cells. Each cell is built thanks to

{ a letter belonging to �, and we can interpret this letter as the state of the cell.

{ several parameters that can be seen as the relevant variables for the description
of the evolution of the cell (time, concentration...) So a cell is represented by a
module of the form

q(x1; :::; xnq ) where q 2 � and fx1; :::; xnqg is a set of parameters

� dL-systems [14]

A dL-system is de�ned as a parametric system using parametrized words q(x1; :::; xnq ).
A module q(x1; :::; xnq ) is in the state q and he will stay in this state as long as the
parameters will stay inside some domain 
q � Rnq . As long as he is in 
q the module
stay in state q but his parameters evolve.

The evolution of these parameters is governed by a di�erential equation

_X = fq(X)

where X = (x1; :::; xnq ) and fq is some vector �eld on 
q.

3.2 Hybrid systems based on dynamical graphs

We propose a more general model which can be considered as a generalized hybrid system.
A dynamic graph is a graph where the number of nodes and the connections can change.
Let G = (V (G); E(G)) a graph. V (G) is the set of vertices of G and E(G) the set of

edges. The cardinal of V (G) is denoted n(G). The adjacency matrix of G is denoted CG.
CG 2Mn(G) where Mn(G) is the set of all boolean square matrix of dimension n(G).

Let us suppose that the nodes of G will have values belonging to some set E ( E could
be a �nite set, a �nite �eld, R, ...)

S(G) is the state space of the system and is equal to S(G) = En(G). A dynamic on G
will be described by a 
ow

�G : R� R� S(G)! S(G)

(t; t0;X
G(t0))! XG(t)

(Here we assume that time belongs to R. If the time belongs to Z, �G could be associated
to a transition function �G(XG(0)) = �(1; 0;XG(0)))

Now, in order to speak about generalized hybrid systems, we have to introduce some
subsets of S(G) where we can applied �G :
D(G;�G) � S(G) is the subset where �G is the legal dynamic. Of course XG(t0) has

to belong to D(G).
This part of the hybrid dynamic will be de�ned as follow :
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� While XG(t) 2 D(G;�G) apply �G

� If XG(t1) =2 D(G;�G) then apply a discrete transition.

A discrete transition arises from a set of rules. It depends on the exiting point of the
domain.

We denote F the set of 
ows and we denote P(E1) the set of parts of E1. ( E1 =
[n2NEn.)

The set of rules is de�ned by :

P :M1 � E1 �F � P(E1)!M1 � E1 �F � P(E1)

�
CG;X

G(t�);�G;D(G;�G)
�
!
�
CG0 ; Y G0

(t�);	G0 ;D(G0;	G0)
�

� If G = G0, P is a classical hybrid reset. CG = CG0 and for t > t�, Y G(t) =
	G(t; t�; Y G(t�)) is the new dynamics of the system in the domain D(G;	G).

� If G 6= G0, the transition induces a dynamic of the graph. The new graph G0 is
de�ned by its adjacency matrix CG0 . It can have a new size and connections can have
changed. A new dynamics Y G0

(t) = 	G0(t; t�; Y G0
(t�)) for all nodes is de�ned in the

domain D(G0;	G0)

This model is explained in the following �gure :

 x 

G

G0
Y G0(t) = 	G0(t; t1; Y

G0(t1))

Y G0

(t1)

XG(t) = �G(t; t0; X
G(t0))

x XG(t0)

XG(t1)

M1

3.3 Example

Let us consider a set of cells V . This set has a set of connections de�ned by E. This
structure is a graph G = (V;E). card(V ) = n. The state of a cell i is de�ned by the
parameter Xi. Xi is growing depending on time :
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Xi(t) = (�G)i = (2� �i
2

)(t� t0) +Xi(t0)

�i is the number of connections of the cell i.
We consider a constraint of reproduction : If Xi = 10 then a new cell connected to i is

added. Its index is n+ 1, Xi = 8 and Xn+1 = 2. Di(G;�(G)) =]�1; 10[.
The discret transition leads to a new graph G0. If at time t� a transition occurs thanks

to the node i, the new adjacency matrix is

CG0 =

0
BBBBBBBB@

c11::: c1i :::c1n

: : :
ci1::: cii :::cin
: : :

cn1::: cni :::cnn

0
:
1
:
0

0 ::: 1 ::: 0 0

1
CCCCCCCCA

where CG = (cij) was the previous adjacency matrix.
We easily extend this rule if more than one cell reach the boundaries of D(G;�(G)) at

the same time.
At time t = 0, we suppose there is only one cell, the state of the system is (CG;X

G
0 ;�G) =

((0); (0); (2t)). The structure of the graph is stable until t = 5 . At time t = 5 a
discret transition is perfomed : a new cell is added, the state of the system becomes

(

�
0 1
1 0

�
;

�
8
2

�
;

�
3
2t+ 1

2
3
2t� 11

2

�
).

The following �gure shows how the graph evolves and how �G evolves.
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The evolution of the system is completly asynchronous. The transition times (de�ned
by a completly deterministic process) de�ned by a sequence ftigi is a part of the description
of the 
ow. The question is how to describe properly and precisely the evolution of such
examples.

The state space of the 
ow of the system is the state 
ow of the union of all the state

ows of the existing nodes. Moreover we have to consider the discrete evolution of the graph
during time. Important information for a graph are picked up from the adjacency matrix
: the number of nodes, the maximal degree of the set of nodes, the average of the degree
of all nodes, the proportion of nodes of constant degrees, numbers and length of cycles and
clicks. and also the spectrum of the laplacian of the adjacency matrix [15].
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Does Church-Turing thesis apply outside computer science?

Eugene Asarin

Abstract

We analyze whether Church-Turing thesis can be applied to mathematical and phys-
ical systems. We �nd the factors that allow to a class of systems to reach a Turing or a
super-Turing computational power. We illustrate our general statements by some more
concrete theorems on hybrid and stochastic systems.

The future of mathematics
comes from informatics, the
future of informatics comes from
mathematics

Thoughts, Jean Della Dora

1 Introduction

The discovery in the �rst half of the XX-th century of several computational models (such as
Post and Turing machines, recursive functions, Markov’s normal algorithms etc.), all capable
to realize any imaginable algorithm, and the proof of their equivalence, can be seen as the
�rst step of the computer science. They determined the invention of computers, design of
programming languages, and the development of a new kind of mathematics that evolved
to theoretical computer science. All the above-mentioned computational models are based
on unbounded discrete-time, unbounded discrete-state memory, deterministic programs,
and no-noise no-faults execution. Such restrictions were a key to the correct (and unique)
de�nition of computability, as well as to the digital computers, based on special engineering
tricks allowing to represent discrete state, discrete time, and noise rejection in the physical
world.

According to Church-Turing thesis, any reasonable (i.e. satisfying above-mentioned re-
strictions) computational model leads to the same (or smaller) class of computable functions
as Turing machines, and hence Turing machines capture the general notion of algorithm.

However a challenging research direction consists in considering any natural class of dy-
namical systems (possibly continuous in time and/or state-space, possibly non-deterministic,
possibly noisy, possibly quantic) as a computational model, and exploring its computational
power. It could be interesting for several reasons. The most important one is to verify or
to falsify the following thesis.
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Thesis 1.1 (Extended Church-Turing). Feasible, realizable, reproducible physical com-
puting devices have the same (or smaller) computational power as Turing machines.

In other words, according to this thesis, there is no way to build a computer, based
on some new principles and capable to \compute" other functions than Turing computable
ones. As far as I know, there is no scienti�c evidence in favor of this thesis, but almost
everybody believes in it. Since it is di�cult to de�ne rigorously what a feasible physical
device is, a possible approach to this thesis could be to consider various classes of mathe-
matical models, to analyze their computational power, and whenever it exceeds the power
of Turing machines, to think about its physical feasibility.

Another scienti�c application of the computability approach to dynamical systems is to
use the computational power as a natural measure of behavioral complexity. The bigger is
the set of functions computed by a class of dynamical systems, the more complex, strange,
pathologic can be the behavior of such systems. In fact complexity hierarchies of the
theoretical computer science (similar to forgotten hierarchies of the descriptive set theory,
but easier to study) are quite rich, and can shed new light on chaos and other strange
attractors. A very high level of complexity can be interpreted as a sign of unrealizability of
the system.

Last but not least, practically speaking the computational approach to dynamical sys-
tems is a key to the decidability analysis of veri�cation problems concerning hybrid and
continuous systems.

The computability view of dynamical systems is not really new, it is related to research
on computability on reals[12], super-Turing models, hybrid systems, cellular automata and
so on.

In this talk, several concrete research works on various aspects of computability by
dynamical systems will be presented. The author was involved in these works during last
12 years, see [1]-[5].

2 Continuous systems as computational models

Most of results will be established for a class of piecewise-constant di�erential equations
(so-called PCD systems) that appears in Hybrid systems research, and its variants. Com-
putability by such devices will be de�ned, and their computational power will be explored
in following situations.

Dynamical systems weaker then TMs : Poincar�e - Bendixson’s paradise[1, 4].
It is well-known that di�erential equations on the plane have rather simple global behavior.
In the computational paradigm this leads a weak (sub-Turing) computational power of
planar systems.

Dynamical systems as strong as TMs : chaos[1]. Starting from three dimensions
dynamical systems admit chaotical behaviors. We will analyze how the chaos allows to
match the full Turing computational power (see also [10]).
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Far beyond Turing : Zeno’s horror[2, 6]. The so-called Zeno phenomenon for piece-
wise continuous (and even piecewise constant) systems consists in the simple fact that a
trajectory can have in�nitely many changes of the type of dynamics during a �nite interval
of time. Such a behavior is much more complex than the simple deterministic chaos. This
kind of extremely complex trajectories can be used to decide any arithmetic predicate in
a bounded lapse of time. Hence the computational power of Zeno dynamical systems goes
far beyond Turing machines. We will speculate about physical (non)-realizability of Zeno
computers because of their extreme sensibility to perturbations.

Small set-valued noise: upside down TMs[3]. Several researchers (in particular Hen-
zinger, Raskin [9] and Fr�anzle[7]) suggested to consider more realistic, imprecise, perturbed
dynamical systems. A folk conjecture suggests that adding a small imprecision to the dy-
namics makes the reachability problem decidable, by destroying too subtle behaviors, and
replacing them by thick \tubes" that rapidly cover parts of the state-space. However, up
to now there are no convincing decidability results in this direction.

Inspired by Puri’s work [11] we have tried another approach: replace the exact dynamics
of a system by an �-perturbed contingent one with �! 0. As the result the computational
power becomes �0

1. This means that instead of recognizing recursively enumerable sets,
\perturbed" systems recognize complements of such sets. We will explain the reason of this
inversion in computational power.

Large deviations or small stochastic noise: one step beyond Turing[5]. Another
one, maybe more realistic model takes into account a small stochastic noise, and to pass
to the limit as it is often done in the large deviations research (see [8]). A characterization
of the computational power of such perturbed systems will be presented. It turns out to
be �0

2, i.e. slightly superior to Turing machines. We will relate it with the complexity of
behaviors appearing as large deviations of deterministic dynamics.

3 Conclusions

We believe that the computability approach to dynamical systems can be a source of new
insights and new research problems. We will present some important open problems that
exist in this area.

Acknowledgments. This talk is based on joint work with: Ahmed Bouajjani, Pieter
Collins, Oded Maler, Amir Pnueli, Gerardo Schneider and Sergio Yovine and valuable dis-
cussions with Jean Della Dora, Vincent Blondel, Olivier Bournez, Martin Fr�anzle, Jean-
Fran�cois Raskin and many other colleagues.
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A Hidden Algebraic Structure in Quantum Mechanics

L�eon Brenig

Abstract

Quantum mechanics of a non-relativistic free particle implies the existence of a
second time variable associated to a non-unitary transformation group. This group is
part of a non-unitary representation of the Galilei group. The unitary and non-unitary
algebras are connected via a group of Lorentz-like transformations corresponding to
measurement accuracy transformations preserving the Heisenberg inequality. Quantum
mechanics appears in this context as a relativity theory of precision in measurements.

1 Introduction

The relation between quantum and classical mechanics is a fundamental question that
aroused many interesting works. From Weyl geometry [1] [2] to fractal space-time or scale-
relativity [3] and from the Bohm interpretation [4] to the stochastic approach [5] [6],
important results in theoretical and mathematical physics have been achieved. An excellent
review of these progresses along with an exhaustive bibliography on the subject can be found
in [7] [8]. However, important conceptual di�culties still remain concerning the transition
between classical and quantum mechanics. The latter, in contrast with classical mechanics,
does not appear as a closed theory. It needs classical mechanics through the correspondance
principle in order to construct the hermitian operators that represent the observable physical
quantities. Furthermore, quantum mechanics involves two types of processes as emphasized
by R.Penrose [9], the unitary evolution of the system’s state vector and the reduction or
collapse of the latter. The former corresponds to the evolution of the system in absence of
any measurement made by an observer. The second represents the process that occurs when
an external measurement instrument is applied to the system. The measurement process
produces a sudden interruption of the unitary evolution of the state vector. The latter
is instantaneously projected on an eigenvector of the observable that is measured. Up to
now, quantum mechanics has no explanation for this category of processes. More generally,
there exist in quantum mechanics two other types of processes having in common with the
measurement process the strange property to be instantaneous. These are the transitions
between quantum energy levels in atoms and the instantaneous transfer of information
related to experiments handling with non-locality. Quantum mechanics does not solve the
physical paradox of these in�nitely rapid transformations, though, one can show that they
do not violate the relativity principle.
We show in this work that the \un�nished" aspect of todays quantum mechanics is related
to the existence of a hidden algebraic structure that associates to the known unitary group
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generated by the hermitian observables a non-unitary group of transformations that was
hidden up to now. This structure implies the existence of a second time dimension. Fur-
thermore, a continuous group of transformations acting on the precision of the measurement
is involved in this algebraic structure. With this result, quantum mechanics appears as a
relativity of precision theory. This new perspective is a step toward a deeper reconciliation
between quantum mechanics and special relativity. The latter emphasizes the role of the
observer and relies on the invariance of the laws of physics for the class of inertial observers.
In this class, the observers are characterized by their relative velocity. In contrast, quan-
tum mechanics in its current state does not attribute a speci�c role to the observer. This
concept is evacuated in quantum physics. The group of precision transformations we have
found in the present work acts on a new characteristics of the observer, the precision of its
instruments. We show that quantum mechanics corresponds to a postulate of invariance of
physical laws under these precision transformations between observers.
To unveil this algebraic structure we shall not work in the usual algebraic framework of
quantum mechanics, that is, the group of unitary transformations generated by the alge-
bra of hermitian operators on the Hilbert space. We use, instead, a functional canonical
representation of this algebra, as we show in the next chapter.
To give a foretaste of this representation, let me give a representative example of a member
of that functional canonical algebra. This is the Hamiltonian functional, i.e. the quantum
average of the energy for a non-relativistic free particle, expressed in terms of the probability
density, �(x), and the action, s(x) by:

H =

Z
d3 x [

�(x)
��rs(x)j2
2m

+
~2

2m

���r�(x)1=2
���
2
#

(1)

where the integral is over R3, r is the tridimensional gradient, ~2 is the Planck constant
divided by 2� and m is the mass of the particle. The density, �(x), denotes the probability
density of �nding the particle at the space point x. H is a functional of �(x) and s(x).
In the expression (1) the second term in the integrand corresponds after some simple cal-

culation to the contribution of the so-called quantum potential [4], - ~2

2m
r2�1=2

�1=2 ;while the

�rst term represents the kinetic energy density in classical mechanics. This second term
represents the basic di�erence between quantum and classical mechanics.
The hamiltonian functionalH (1) can also be considered as a functional of the wave function
by noting that

H =

Z
d3x  �h with h = � ~2

2m
r2 and  = �1=2eis=~: (2)

From (2), H is obviously the quantum average of the hamiltonian hermitian operator, h.

In the classical limit where ~2

2m tends to zero, the hamiltonian functional, H, generates the
classical evolution of a point particle of mass m with a random initial position characterized
by the probability density �.
This article shows that the apparition of the quantum potential in equation (1) is intrin-
sically related to the existence of a second time variable as said above. The evolution of
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the wave function in this new time variable is not unitary. The corresponding non-unitary
time evolution generator together with the generators of translations, rotation and Galilean
velocity changes constitutes a non-unitary representation of the Galilei algebra. There are,
thus, two \mirror" Galilei algebras: The unitary one associated to the Hamiltonian (1) and
the non-unitary one. Both are related by a one-parameter continuous group of transfor-
mations that, remarkably, is isomorphic to the two-dimensional Lorentz group. However,
their meaning is deeply di�erent. We show, indeed, that these transformations correspond
to changes in the accuracy of physical measurements and preserve the Heisenberg inequal-
ity. In short, the picture of quantum mechanics that emerges from this twin, unitary and
non-unitary, algebraic structure is that of a relativity in the precision of measurements
performed by the observers.

2 The functional representation of quantum mechanics

Let me �rst introduce the generalized canonical formalism used in this work. It has been
�rst described in the work of F.Guerra [6], in a context, though, very di�erent from the
problems studied here.
The functionals A =

R
d3x F(x, �, r�, rr%, ..., s, rs, rrs, ...) of �(x) and s(x) that are

functionally di�erentiable with respect to the functions �(x) and s(x) constitute an in�nite
Lie algebra G under the functional Poisson bracket:

fA;Bg =

Z
d3 x [

�A
��(x)

�B
�s(x)

� �B
��(x)

�A
�s(x)

�
(3)

where �/��(x) and �/�s(x) represent the functional derivative with respect to the functions
�(x) and s(x).
All the volume integrals appearing in this article are de�ned over the whole space R3;
In this framework, the transformation from � and s to the wave function  and its complex
conjugate
 *, with  = �1=2eis=~;can be shown to be a canonical transformation. In other words, the
Poisson bracket structure (3) is transferred from the �, s variables to the  ,  *variables.
It has been shown by F.Guerra and R.Marra that the G algebra contains a sub-algebra Q

that is isomorphic to the algebra of the quantum observable operators [6]. The elements of
Q are functionals that are quadratic in  ,  * in the form A =

R
d3x  �A where A is a

Hermitian operator. Using bracket de�nition (3) expressed in terms of the variables  ,  �

one easily gets:

fA;Bg =

Z
d3x  �[A;B] (4)

where [A;B] is the commutator of A and B.
There is another sub-algebra, P, in G that is isomorphic to the classical mechanical Poisson
algebra. Its elements are of the form A =

R
d3x �(x)a(x, rs) where a(x, p) is any function

analytic in p and where x and p are conjugate variables for the usual, non-functional,
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Poisson bracket of classical mechanics. Indeed as shown in a forthcoming article [10] one
has:

fA;Bg =

Z
d3x �(x)fa; bgcl (5)

where A and B are both arbitrary members of the sub-algebra P and fa; bgcl is the usual
classical Poisson bracket in the result of which p must be replaced by rs.
The time evolution of any functional A belonging to the algebra G is given by:

@tA = fA;Hg (6)

where H is the Hamiltonian functional (1). The functions �(x) and s(x), themselves, are
elements of G. As such, their evolution equations are obtained by applying (6) and the
rules of functional derivation:

@t� = �r:
�
�
rs
m

�
(7)

@ts = �jrsj
2

2m
+

~2

2m

r2�1=2

�1=2
(8)

Equation (7) is the probability conservation equation and equation (8) is a Hamilton-Jacobi
equation involving the quantum potential. It is well known that the same system (7,8) is
also obtained when splitting the Schr�odinger equation into real and imaginary components.
This re
ects the equivalence between the generalized canonical time transformations gen-
erated by H and the quantum unitary time transformations generated by the hermitian
operator H: Equation (6) applied to  yields the Schr�odinger equation.
Let me now show, in analogy with a theory developped for non-quantum systems by
E.C.G.Sudarshan [11], that a canonical functional representation of the Galilei algebra
exists and is as a sub-algebra of G. In this representation, the following functionals

P =

Z
d3x �(x)rs(x) (9)

L =

Z
d3x �(x)x ^rs(x) (10)

G = m

Z
d3x �(x)x (11)

respectively represent the generators of translation, rotation and observer velocity change.
Together with the hamiltonian functional H given by (1), they form a functional canonical
representation of the Galilei algebra. This is shown by calculating the functional Poisson
brackets (3) between those four quantities and obtaining the well-known Galilei algebra Lie
bracket relations. There is a short-cut to these calculations if one remarks that these four
quantities belong to the sub-algebra Q. Hence, their brackets are in one-to-one correspon-
dance with the commutators of the corresponding hermitian operators (see equation (4)).
The latter form a unitary representation of the Galilei algebra and the proposition is, thus,
proved. This representation generates a canonical representation of the Galilei group that
is isomorphic to the usual unitary group of quantum mechanics.
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3 The non-unitary side of quantum mechanics

We are now ready to start the proof of the main result of this article, in short: Quantum
mechanics when represented in the large G canonical algebra appears to possess a twin group
of non-unitary transformations associated to the above discussed unitary group. Both are
related via a group of special transformations, isomorphic to the Lorentz transformations
in 1+1 dimensions. However, in contrast with special relativity, these transformations do
not relate observers with di�erent constant velocities. In our work, these transformations
appear to correspond to changes of the precision with which the observers perform their
measures on the physical world.
Consider the following functional belonging to G

S =

Z
d3x �(x)s(x) (12)

It represents the average action or, up to a factor ~, the average phase of the particle.
The average is taken on the � probability density. Note that this functional belongs to the
algebra G but not to the quantum sub-algebra Q. Indeed, in terms of  and  

S =
~

2i

Z
d3x  � ln(

 

 � ) (13)

which is not a quadratic form in  ,  �.
The functional Poisson bracket of S with H, denoted by K, is easily calculated yielding:

K � fS;Hg =

Z
d3 x [

�
��rsj2
2m

� ~2

2m

���r�1=2
���
2
#

(14)

K di�ers from H only by the sign of the second term in the right hand side. Its physical
dimension is, thus, that of an energy. As any other element of the algebra G, it generates a
one-parameter continuous group. Since K is an \energy", the associated group parameter,
� , has the physical dimension of a time. Remark that K, though belonging to G, does belong
neither to the Q sub-algebra nor to the P sub-algebra. In fact, it generates a non-unitary
one parameter group.
A simple calculation brings also:

fS;Kg =

Z
d3 x [

�
��rsj2
2m

+
~2

2m

���r�1=2
���
2
#

= H (15)

Any functional A belonging to G can be viewed as a function of both times t and � , and
its � -derivative is given by:

@�A = fA;Kg (16)

Consider, then, the complex energy functional H+iK as a function of the variables t and � .
The partial t- and � - derivatives of the real and complex parts are:

@tH = fH;Hg = 0 and @�K = fK;Kg = 0 (17)

@�H = fH;Kg and @tK = fK;Hg = �fH;Kg (18)
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We, thus, obtain:
@tH = @�K along with @�H = �@tK (19)

Equations (19) are the Cauchy-Riemann conditions corresponding to the complex analyt-
icity of the function H + iK in the complex variable t+i� .
Let us now focus on the functional brackets of K with P, L and G. Simple calculations
show that they satisfy the Galilei algebra Lie brackets. As K does not belong to Q, the
reasoning here cannot take the same short-cut via the Q algebra as in the proof that H, P,
L, G form a Galilei algebra: One must explicitely compute the functional Poisson brackets
to check that they, indeed, correspond to a representation of the Galilei algebra [10]. The
exponentiation of the algebra generated by K, P, L and G yields a representation of the
Galilei group that is not unitary. This is clear from the fact that K does not belong to the
sub-algebra Q.
At this level of our presentation, the status of the new quantities, S, K and � must be
questioned. Are these quantities physical? At �rst sight, they could be thought of as
arbitrary mathematical objects without any link with the physical world.
A �rst element in favor of the relevance of these objects to physics is obtained by considering
the analytic extension of the classical hamiltonian functional for a free particle

Hcl =

Z
d3x

�
��rsj2
2m

(20)

into a complex function, H +iK, holomorphic in the complex plane of t+i� . The require-
ments of the Galilean invariance of this analytic continuation leads to the necessity of adding
a second term to Hcl wich, precisely, is the quantum potential up to the value of a constant
factor. The proof is rather lengthy and will be presented in [10]. However, from this result
one can infer that the existence of a second time dimension is a necessary and su�cient con-
dition for the emergence of the quantum contribution to the Hamiltonian functional. As the
latter, along with the whole theoretical apparatus of quantum mechanics, leads to a wealth
of experimentally veri�ed predictions, the physical status of this second time dimension is
reinforced.
However, the most decisive argument in favor of the physicality of the second time variable
is related to the measurement process in quantum physics as shown in the next chapter

4 A relativity of measurement precision.

As any element of G, the functional S de�ned in (12) generates a continuous one-parameter
group of transformation. Let us call � the parameter of that group. Physically this param-
eter is dimensionless since S has the dimension of an action. Any functional A of G may
be considered as a function of that parameter and obeys

@

@�
A(�) = fA(�);S(�)g (21)

where A(�) denotes A(�; s;�):
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The Lie algebra structure of G ensures that the Lie brackets relation are preserved under
the transformations generated by S. Moreover, S is of course an invariant under these
transformations.
Let me �rst consider the particular case of the classical Hamiltonian functional Hcl as
de�ned in (20). One has:

@

@�
Hcl(�) = fHcl(�);S(�)g = �Hcl(�) (22)

whose solution is:
Hcl(�) = e��Hcl(0) (23)

where Hcl(0)�Hcl

This transformation of the hamiltonian functional can be interpreted as a dilatation of time:

t(�) = e�t (24)

since the parameter t is associated to the group generated by Hcl:
Let us, now, see how the quantum time evolution generators H and K transform under the
group generated by S. We must solve the system of equations

@

@�
H(�) = fH(�);S(�)g = �K(�) (25)

@

@�
K(�) = fK(�);S(�)g = �H(�) (26)

whose solution is

H(�) = cosh�H(0)� sinh�K(0) (27)

K(�) = �sinh�H(0) + cosh�K(0) (28)

where H(0)�H and K(0)�K.
These transformations may also be transferred on the time coordinates as follows

t(�) = cosh� t+ sinh�� (29)

�(�) = sinh� t+ cosh�� (30)

These are Lorentz-like transformations in the (t,�) plane. Of course, the context in which
they appear here is completely foreign to special relativity since we are considering a non-
relativistic free particle as our system.
These transformations mix both types of time coordinates while keeping covariant the time
evolution equations for any functional A of G

@tA = fA;Hg (31)

@�A = fA;Kg (32)
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Incidentally, under the group generated by S, the state variables � and s transform as

�(�) = e�� (33)

s(�) = e��s (34)

We now shift from the consideration of the quantities H and K to that of the statistical
quantities characterizing the precision of measurements. We have in mind the quadratic
deviations of the momentum and of the position of the particle. These quantities are
functionals of the wave function and, as such, belong also to the algebra Q. As is well
known, these two quantities are constrained by the Heisenberg inequality. In the sequel, I
show that the transformations (27) and (28) can be recasted into transformations of these
deviations, and that these transformations saturate at the lower bound of the Heisenberg
inequalities.
In order to prove this proposition, let me �rst de�ne the above statistical quantities. The
quantum average of an observable quantity represented by the associated hermitian operator
A is given by:

hAi =

Z
d3x  �A  (35)

It is readily seen that the average momentum hpi, for which the associated hermitian oper-
ator is p = -i~r, reduces to

hpi =

Z
d3x �(x)rs(x) (36)

or, in other terms, hpi = P.
The quantum quadratic deviation of p is given by

D
jp� Pj2

E
=


p2
�
� P2 (37)

This quantity can be reduced to hp2i by using a frame of reference traveling at the average
speed of the particle, P

m . This simpli�cation represents by no means a loss of generality of
the subsequent results. Indeed, a change to any other frame of reference can be performed
later.
The parameter hp2i represents the quantum average of p2, i.e.



p2
�
�
Z
d3x  �p2 (38)

where
p2 � �~2r2 (39)

The above equations compared to equations (2) lead to

H =



p2
�

2m
(40)
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The second statistical quantity that should be introduced now is the quadratic deviation of
the position. It is given by D

jx� hxij2
E

=


x2
�
� hxi2 (41)

where the quantum average (31) reduces to

hxi =

Z
d3x �(x)x (42)

which is proportional to G as given by equation (9), and to



x2
�
�
Z
d3x �(x)x2 (43)

The above reductions, obviously, come from the fact that  �x = �(x)x and  �x2 =
�(x)x2:

The parameter hjx� hxij2i1=2
represents the dispersion of the distribution �(x), i.e. the

width of that function.
Here, however, I shall depart from the usual approach and consider another statistical
parameter which also measures the width of the distribution � (x). This is the Fisher
length [12] associated to the Fisher information associated to � (x) . The later is given by

F �
Z
d3x �(x)jr ln �(x)j2 (44)

A simple calculation leads to

F = 4

Z
d3x

���r�(x)1=2
���
2

(45)

The Fisher length, �x, is de�ned by

�x � 1

F 1=2
(46)

It is not a true quantum average as de�ned in equation (35). However, this length denotes
the distance on which the distribution �(x) has a signi�cant variation and, as such, describes
also the incertitude on the localization of the particle. Actually, as we now show, this
quantity is more natural for characterizing the precision of position measurement than
hjx� hxij2i. This is due to the property that K can be expressed in terms of hp2iand �x,
whereas K is not expressible in term of hjx� hxij2i . Indeed, K can obviously be written as

K =



p2
�

2m
� ~2

m

Z
d3x

���r�(x)1=2
���
2

or K =



p2
�

2m
� ~2

4m�x2 (47)

Both relations (40) and (47) provide hp2i and �x2 in terms ofH and K. With these relations
at hand, we easily derive that the transformations (27) and (28) induce changes in hp2iand
�x2. They represent modi�cations of the observer’s precision:

�x2(�) = �x2[
1� tanh�

1 + tanh�
]
1=2

(48)
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p2
�

(�) =
(1� tanh�)



p2
�

+ ~2

2 tanh� 1
�x2

�
1� tanh2�

�1=2
(49)

The above transformation relates the precision of an observer with � equal to zero to the

precision of an observer with � di�erent from zero. The transformations of �x and of hp2i1=2

mix both quantities. In the classical limit where ~ tends to zero, the transformations (48),

(49) become simple dilatations a�ecting separatly �x and hp2i1=2
. Hence, in this limit

there is no constraint in reducing the precision of position and momentum measurement.
In the quantum case, that is when ~ is di�erent from zero, this is no longer possible: The
Heisenberg principle introduces an obstruction to this reduction. This fact is enlighten by
calculating the product of the two quadratic deviations, �x2hp2i. One is led to the following
revealing law of transformations:

�x2(�)


p2
�

(�) =
(1� tanh�) �x2



p2
�

+ tanh�~2

2

1 + tanh�
(50)

The quantity �x2


p2
�

is similar to the velocity in the Lorentz transformations. The lowest

value attained by this quantity is ~2

4 , when tanh� = 1. One recognizes, here, the Heisenberg

inequality: �xhp2i1=2
> ~

2 . Furthermore, for any value of �, �x2(�)hp2i(�) is equal to ~2

4

if �x2hp2i is already equal to ~2

4 . Hence, the transformation saturates at the lower limit of
the Heisenberg inequality.
We, thus, have unveiled a structure in quantum mechanics that re
ects a relativity of
precision. Observers appear as endowed of a characteristic that is the product precision,
�x2hp2i;whose minimum value is bounded and the same for all the observers, ~2

4 :It clearly
appears from (48), (49) and (50) that in quantum mechanics the constant ~

2 plays a role
similar to that of the velocity of light in special relativity. The relativity of precision so
discovered has some analogy with the scale relativity appearing in the work of L.Nottale
[3] which is a consequence of the basic postulate made by this author about the fractality
of space-time. In our approach, however, this relativity structure is not postulated. It
is intrinsically related to the algebraic structure corresponding to the twin unitary and
non-unitary groups that has been put in light in this work. Some physical 
esh is given
to the time variable � by this structure. Indeed, the existence of the above precision
transformations and, consequently, the universality of the Heisenberg inequalities for all the
observers, relies on the existence of this new time variable.

5 Conclusion

Quantum mechanics appears through our results to possess a structure of relativity theory
based on the precision of measurements of the observers. This corresponds to an algebraic
structure involving two twin algebras, one generating the usual unitary group, while the
other generates a non-unitary group. Geometrically, the consequence of this double algebra
is the existence of a second time dimension. The physical nature of this second temporal
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dimension is con�rmed by its link with the precision transformations that are induced by
Lorentz-like transformations in both time dimensions. Evolution in this time variable is
non-unitary.
More precisely, we will show in a subsequent article [10] that the evolution equation for the
wave function in time � is a nonlinear Schr�odinger equation generated by the functional K.
This aspect is not discussed in the present article for the sake of conciseness and is still under
study. However, recent calculations indicate that the solutions of this nonlinear Schr�odinger
equation exhibit a collapse of the wave function in many situations. For example, the width
of an arbitrary Gaussian packet at time �=0 always decreases in time � .
Such time evolution presents some similarity with the measurement process which is instan-
taneous in time t and does not correspond to a unitary process. I suggest the hypothesis
that the collapse is not instantaneous in time � , while it is in time t. If this is the case, the
collapse would be a non-unitary process governed by the above refered nonlinear Schr�odinger
equation. The non-unitary aspect of the wave function collapse is also underlined by Pen-
rose [9] who advocates that some nonlinear evolution equation should describe this process.
The di�erence, however, between his approach and the present one is double. First, in his
approach the nonlinear equation describes an evolution in time t. Second, the nonlinearity
is related to the gravitational interaction in the Penrose theory, while our results concern a
non-relativistic free particle without any external �eld.
The existence of a second time dimension and the status of quantum mechanics as a rela-
tivity of precision is not without consequence with respect to the uni�cation of gravity with
quantum mechanics. Indeed, these new aspects of the quantum physics are shrinking the
gap between both theories. Both rely on the notion of observer and on the transformations
that connect them while keeping invariant the laws of physics. Moreover, both theories are
geometrically based on the physical space-time even though, as we have shown, quantum
mechanics implies a supplementary time dimension.
We are currently studying the relativistic generalisation of the above results. Preliminary
work seem to indicate that the Klein-Gordon and Dirac theories do present the same al-
gebraic duality between a unitary and a non-unitary group of transformations. They both
appear to involve a structure of precision relativity as in the non-relativistic case. However,
more work must be carried out in order to determine the complete algebraic structure that
encompasses and generalizes both relativity groups, the special relativistic and the quantum
ones.
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Andr�e-Louis Cholesky: his life and works

Claude Brezinski

Introduction

Let A be a symmetric positive de�nite matrix. It can be decomposed as A = LLT where L is
a lower triangular matrix with positive diagonal elements. Then, the system Ax = b writes
LLTx = b. Setting y = LTx, we have Ly = b. Solving this lower triangular system gives
the vector y. Then x is obtained as the solution of the upper triangular system LTx = y.
This is Cholesky’s method.

Cholesky died in 1918. His famous method for systems of linear equations was only
known from a paper published in 1924 by one of his fellow o�cer, the Commandant Benô�t.

In 1995, the archives of the army were opened to the public, and I wrote his �rst complete
biography [2].

Last year, I was contacted by Cholesky’s grand-son who gave all papers he had to �Ecole
Polytechnique were his grand-father studied, and he asked me to help him to classi�ed
them. Then, we found the original manuscript where Cholesky described his method.

1 Andr�e-Louis Cholesky

Andr�e Louis Cholesky was born on October 15, 1875 in Montguyon, around 35km nord-east
of Bordeaux. He was the son of Andr�e Cholesky, head waiter, and of Marie Garnier. He went
to the high school in Saint-Jean-D’Ang�ely. He obtained his \baccalaur�eat" in Bordeaux in
1893.

In October 1895, he entered as a student at �Ecole Polytechnique for 2 years. His
professors were Camille Jordan and Georges Humbert for analysis, �Emile Haag for geometry,
Octave Callandreau for astronomy and geodesy, and Henri Becquerel for physics. In October
1897, after �nishing �Ecole Polytechnique, he became Sous-Lieutenant, and studied at the
�Ecole d’Application de l’Artillerie et du G�enie in Fontainebleau. Among others, he had
lectures on ballistic and topography. He ended 5th over 86.

On October 1st, 1899, he became Lieutenant in the 22th R�egiment d’Artillerie. From
January 17 to June 27, 1902 he was sent to Tunisia and again from November 21, 1902 to
May 1st, 1903. From December 1903 to June 1906, he was in Algeria. On June 24, 1905, he
was appointed to the Geographical Service of the Headquarters of the Army. He was in the
section having to mesure the length of the meridian of Lyon. On May 10, 1907 he married
his �rst cousin Anne Henriette Brunet, born June 27, 1882. They will have 4 children.
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Cholesky went to Crete, then occupied by the international troops, from November 7,
1907 to June 25, 1908. He had to cartography the British and French parts of the island.
On March 25, 1909, he was promoted to Captain. On August 28, 1909, he had to serve as
the head of a battery for two years. It is during this period that he found his method for
the solution of systems of linear equations. In October 1911, he was again appointed to the
Geographical Service of the army as head of surveying in Tunisia and Algeria. He stayed
in these countries until August 2, 1914, the day of the mobilization. He was head of the
Topographical Service in Tunis.

After 3 months as the head of a battery, he was appointed at the Geographical Service
and worked on canvas for shooting. From September 1916 to February 1918, he was sent to
Romania and became head of the Geographical Service that he completely reorganized. On
July 7, 1917 he was promoted Commandant. In June 1918, he was appointed at the 202th
Regiment of Artillerie of the Army of General Mangin. This army was �ghting in Picardie
between the river Aisne and Saint-Gobain.

On August 31, 1918 Cholesky was killed north of Bagneux, a small village around 10km
north of Soissons. He was �rst buried in the cemetery Chevillecourt near Autr�eches, 15km
east of Soissons. On October 24, 1921 his grave was transferred to the cemetery of Cuts,
10km south-east of Noyon.

2 Works

Cholesky was a topograph in the Geographic Service of the Army. His work mainly consisted
in drawing maps of various scales. From December 1909 and, at least, until January 1914 he
was also a Professor at the �Ecole Sp�eciale des Travaux Publics, du Bâtiment et de l’Industrie
founded in 1891 by L�eon Eyrolles. The studies were only by correspondence and Cholesky
had to write lecture notes for the students.

In the archives, we found many manuscripts which, in fact, were incorporated into a
book he published around these years [5]. It contains 442 pages, 100 �gures and 18 photos
of instruments. This book was quite successful since it had, at least, 7 editions and was
still in the catalogue of the publisher 30 years after Cholesky’s death.

The archives also contain another book with the title Cours de Calcul Graphique, several
manuscripts describing the use of instruments for topography, and many military document
on the organization of the work of a geographical o�cer, on shooting, etc.

3 The manuscript

Let us describe the contents of the manuscript of Cholesky entitled Sur la r�esolution
num�erique des syst�emes d’�equations lin�eaires, and dated December 2, 1910.

Starting from a system of linear equations, Cholesky began to multiply by the transpose
of the matrix in order to obtain a system with a symmetric matrix (the matrix is also positive
de�nite, a property which Cholesky does not mention). Then, he introduces intermediate
unknowns satisfying a system with a lower triangular matrix. Then, these unknowns are
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used as the right hand side of another system with a upper triangular matrix, which is
the transpose of the lower triangular matrix, and whose solution is the one we are looking
for. Then, by multiplying these two triangular matrices together, and identifying with the
corresponding elements of the original matrix, he obtained the expressions of their elements
exactly as we all taught them to our students.

Then, Cholesky discusses the implementation of his method on the mechanical machine
Dactyle, in use at that time. He said that the full capabilities of the machine have to be
used, and that sign errors could easily be recognized.

After that, he claims that, in his method, the two triangular matrices are not necessarily
transpose, but he proves that this choice limits the propagation of rounding errors. Then,
he gave a method for computing square roots, which is, in fact, the method of Hero of
Alexandria, and he proved its quadratic convergence. A method for checking the solution
of the system is then given. Finally, he reports numerical examples: 4 or 5 hours were
necessary for solving a system of dimension 10 with 5 exact decimal digits. He said that
his method was also used for a system of 56 equations coming out from the triangulation
of Algeria.

4 Historical context

The least squares method was �rst published by Adrien Marie Legendre (Paris, 1752 - Paris,
1833) in 1805. Its justi�cation as a statistican procedure is due to Carl Friedrich Gauss
(Braunschweig, 1777 - G�ottingen, 1855) en 1809. According to him, the method lead to the
best possible combination of observations regardless of the probability law of errors. It was
immediately recognized as a major contribution. Gauss maintained that he already used it
in 1795. It is sure that he used it in 1801 to determine the orbit of the comet C�er�es.

The American mathematician of Irish origin Robert Adrain (Carrickfergus, Ireland, 1775
- New Brunswick, USA, 1843) exposed the least squares method in a paper on topography
dated 1808. This work seemed to have attracted no attention in Europ. In 1818, Adrain
again used this method to determine the shape of the Earth from the measurements of the
meridian and obtained estimated values for the axes of the terrestrial ellipse.

A system of linear equations has in�nitely many solutions when the number of unknowns
is greater than the number of equations. Among all possible solutions, one look for the
solution minimizing the sum of the squares of the unknowns. This is the case in the
compensation of the triangles in topography in which Cholesky was interested.

Methods for the solution of systems of linear equations were rediscovered many times
by di�erent people. They are, in fact, variations on the way to present the computation.
Gaussian elimination corresponds to a decomposition of the matrix A of the system into
a product A = LU where L is a lower triangular matrix with a unit diagonal, and U an
upper triangular matrix. The system Ax = b then writes LUx = b, that is Ly = b if we set
y = Ux. Solving Ly = b gives the vector y which is then used as the right hand side of the
system Ux = y, and the solution x is obtained.

On November 9, 1878, Myrick H. Doolittle (Addison, USA, 1830 - 1913), a mathemati-
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cian in the Computing Division of the U.S. Coast and Geodetic Survey in Washington, gave
a method for the solution of systems of equations coming out from a triangulation problem.
Its method consisted to cancel out, one by one, the elements of the matrix to transform it
into an upper triangular one. His method is equivalent to the decomposition of A into a
product A = LU by a sequence of intermediate steps. He obtained these matrices under
the form L = L1 + � � � + Ln and U = U1 + � � � + Un. L is lower triangular and U is upper
triangular, but, contrarily to Gauss method, with a unit diagonal. Doolittle had no machine
at his disposal, and he simply used multiplication tables. He said to have solved a system
of 41 equations in 5 and a half days, corresponding to 36 hours of computation. His method
had the favor of geodesists for many years.

When the matrix A is symmetric, Gauss method makes no use of this property, and
requires too many arithmetical operations. In 1907, Otto Toeplitz (Breslau, Allemagne,
1881 - Jerusalem, 1940) showed that an Hermitian matrix can be factorized into a product
LL� with L lower triangular, but he gave no algorithm for obtaining the matrix L. This
is what Cholesky did in 1910. Cholesky method remained unknown outside the circle of
French military topographers.

Other scientists continued to propose variants of the methods of Gauss and Doolittle in
order to make the computation easier for people without a mathematical culture. In 1938,
the Polish astronomer Tadeusz Banachiewicz (Varsaw, 1882 - 1954) proposed a square root
method very similar to Cholesky’s. He used cracovians, objects he had invented and are
similar to matrices but with a di�erent product rule. Banachiewicz was the �rst to stress
that elimination methods for the solution of systems of linear equations were equivalent to
the factorization of the matrix A into a product of two matrices. But, as we saw, he had
been preceded by Cholesky.

In 1941, Paul Summer Dwyer (born in 1901) gave an abbreviate version of Doolittle
method and related it to other solution methods. In 1944, he gave the matrix interpretation
of Doolittle method. He also showed that L = DUT where D is a diagonal matrix and
noticed that it will be more interesting if L and UT were the same, in order to reduce the
number of arithmetical operations. For that, one can take the square roots of the diagonal
elements, that is the elements of D, and he noticed that this procedure was quite similar
to Banachiewicz’s.

Cholesky method was presented for the �rst time in 1924 in a note by Commandant
Benô�t, a French geodesist.

Cholesky method was rebirth by John Todd who taught it in his numerical analysis
course at King’s College in London in 1946 and thus made it known.

He tells [6]

In 1946 one of us (J.T.) o�ered a course at Kings’ College, London (KCL) on
Numerical Mathematics. While we had some wartime experience in numerical
mathematics, including characteristic values of matrices, we had had little to do
with the solution of systems of linear equations. In order to see how this topic
should be presented, we made a survey of Math. Rev. (at that time easy!) and
found a review (MR7 (1944), 488), of a paper by Henry Jensen, written by E.
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Bodewig. Jensen stated \Cholesky’s method seems to possess all advantages."
So, it was decided to follow Cholesky and, since the method was clearly explained,
we did not try to �nd the original paper.

Leslie Fox (1918{1992), then in the newly formed Mathematics Division of the
(British) National Physical Laboratory (NPL), audited the course and apparently
found the Cholesky Method attractive, for he took it back to NPL, where he and
his colleagues studied it deeply. From these papers, the Cholesky (or sometimes
Choleski) Method made its way into the tool boxes of numerical linear algebraists
via the textbooks of the 1950’s.

His colleagues were James H. Wilkinson and Alan M. Turing.

For more details on the life and works of Cholesky and his full manuscript, see [3, 4].
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From genomic signatures to genomic functional cores

Alessandra Carbone

Abstract

The project of synthesizing a bacterial genome which can survive in the laboratory

and can realize desired metabolic cycles, has been announced three years ago by Venter,

Smith and Hutchison. It asks for clearing out certain basic biological mechanisms of liv-

ing cells. The problem demands to search for the minimal set of genes that are essential

to the life of a microbial organism. Laboratory experiments realized on speci�c bacteria

allowed to propose some minimal gene set. Independently, comparative genomics also

proposed some minimal set of genes. But both these "solutions" present some intrinsic

problem.

We shall present some simple mathematical ideas based on Gibbs sampling, that al-

low to detect genomic signatures for sets of genes and sets of organisms, and to predict

genomic functional cores which are speci�c to di�erent microbes. Within these sets,

one �nds many of the genes characterized with experiments and genome comparison,

but also genes which might be non-orthologous or whose function might not be charac-

terized yet. More generally, our computational approach leads to characterize essential

metabolic pathways through a purely statistical analysis of complete genomes which is

independent from biological assumptions.
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Formal and numerical computation of invariants: from

di�erential equations to q-di�erence equations

Jean-Pierre Ramis

Abstract

We will review invariant theory for linear di�erential equations (algebraic and analyt-
ical invariants, local and global invariants) and compare with the recent improvements
for the parallel case of linear q-di�erence equations.

In the di�erential case there exists a lot of e�ective computations (formal and numer-
ical) initiated in an old collaboration with Jean Della Dora and his students (DESIR...).
In the q-di�erence case there are some similar algorithms (in ORE style) but also a lot
of open problems.
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Algebraic Machines

Tom�as Recio Mu~niz

Abstract

This talk deals with the prehistory (from the point of view of the speaker) of Com-
puter Algebra. It will provide some evidences (already pointed out by di�erent authors,
such as P.J. Larcombe, \On Lovelace, Babbage and the origins of computer algebra",
in Computer Algebra Systems, A practical guide. Edited by Michael Wester, J. Wiley.
1999. pp. 323-331) on the connection between Computer Algebra and the well known
work of Babbage.

But it will also refer to the less known contribution of a spanish scientist, in the
last years of the XIX-th century, who published some of his results at the CR Acad.
Sc. Paris (perhaps the �rst spanish accepted submission to this journal), refereed by
Poincar�e himself... In the talk we will brie
y mention some aspects of his life and
activities (some of them probably well known by many americans living near Niagara
Falls, but yet ignorant of their connection to Computer Algebra).

One of his most cherished goals (one that he also shares with Babbage) connects
the origins of Computer Algebra with the early days of industrial revolution (back in
the XVIII-th century). We will present some historical digressions around this topic
(mentioning, among other issues, the British Parliament and a bitter Russian-French
military dispute on the authoring of one of the main results) and we will display some
interactive examples, by visiting some interesting internet sites.

Finally we will pay attention to the traces, in today’s mathematics and computing,
of all this history, referring to a universality theorem attributed to Thurston (but proved
by someone else). Algebraic machines are indeed universal!

Tom�as Recio Mu~niz.
Departamento de Matem�aticas, Estad��stica y Computaci�on.

Facultad de Ciencias, Universidad de Cantabria.
Avenida de los Castros, s/n 39071 Santander, Espa~na.
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Making Computer Algebra More Symbolic

Stephen M. Watt

Abstract

This paper is a step to bring closer together two views of computing with mathemat-
ical objects: the view of \symbolic computation" and the view of \computer algebra."
Symbolic computation may be seen as working with expression trees representing math-
ematical formulae and applying various rules to transform them. Computer algebra may
be seen as developing constructive algorithms to compute algebraic quantities in various
arithmetic domains, possibly involving indeterminates. Symbolic computation allows a
wider range of expression, while computer algebra admits greater algorithmic precision.
We examine the problem of providing polynomials symbolic exponents. We present a
natural algebraic structure in which such polynomials may be de�ned and a notion of
factorization under which these polynomials form a UFD.

1 Introduction

For the purposes of this paper, it is useful to make a distinction between \symbolic compu-
tation" and \computer algebra."

By \symbolic computation," we mean computation with expression trees, or \terms,"
representing mathematical objects. In these trees may appear symbols denoting operations,
such as \+," \�" or \sin", numbers and variables. Computation consists of combining or
transforming these trees to, for example, expand multiplications or multiple angle formu-
lae. There are problems related to expression equivalence, simpli�cation and computing
canonical forms. A given expression might represent values belonging to various mathe-
matical domains, depending on the interpretation. For example, is \I" an identity matrix,
an indexed Bessel function, an imaginary unit, etc. Algebraic algorithms are typically well-
de�ned on subclasses of the space of all expressions. Working with new classes of objects
requires de�ning new operators and transformations on expressions containing them.

By \computer algebra," we mean computations using the arithmetic from particular
algebraic constructions. The values used are elements of mathematically de�ned sets, such
as polynomial rings, algebraic extensions, quotients and so on. The elements might be
represented in any one of a number of ways. Certain algebraic domains, such as polynomials,
may include indeterminates. Algorithms are de�ned over particular algebraic input domains
and yield well-de�ned results. Working with new classes of objects requires de�ning new
algebraic domains and determining their properties.
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A useful problem solving environment should provide some way to do both symbolic
computation and computer algebra, and there are di�erent ways to do this. We may view,
for example, Maple as being a symbolic computation system with computer algebra built
as a layer on top. On the other hand, we may view Axiom as a computer algebra system,
with symbolic computation provided as a top layer. In both cases we su�er because there
is a gap between the symbolic and the algebraic semantics.

This gap is particularly evidenced when we work problems by hand. We do not hesitate
to work with vectors of dimension n, or write polynomials of degree d with coe�cients from
some ring k of characteristic p. We then take facts about d, n, k or p into account when
we do calculations. As important as it is, there is relatively weak support for this sort of
computation in our symbolic mathematical software.

We are motivated to explore how to bring the symbolic and algebraic views closer
together, providing a more robust conceptual framework and providing tools to address an
important family of practical problems. We may view this as de�ning algebraic domains
for wider classes of symbolic expressions. That is, we wish to work in algebraic domains
that lie beyond the well-studied algebraic constructions of classical algebra. As a start, we
examine the problem of working with polynomials with symbolic exponents.

2 Symbolic Polynomials

We wish to work with polynomials where the exponents are not known in advance, such
as x2n � 1. There are various operations we will want to be able to do, such as squaring
the value to get x4n � 2x2n + 1, or di�erentiating it to get 2nx2n�1. This is far from a
purely academic problem. Expressions of this sort arise frequently in practice, for example
in the analysis of algorithms, and it is very di�cult to work with them e�ectively in current
computer algebra systems.

We may think of these values as sets of polynomials, one for each value of n, or we
may think of them as single values belonging to some new ring. We wish to perform as
many of the usual polynomial operations on these objects as possible. Many computer
algebra systems will allow one to work with polynomials with symbolic exponents. They
do this, however, either by falling back on some form of general expression manipulation
or by treating all symbolic powers as algebraically independent. They thus miss many of
the important properties we wish to re
ect. The relationship between exponents may be
non-trivial. We would like, for example, to compute factorizations such as

xn
4�6n3+11n2�6(n+2m�3) � 1000000m

= x�12m �
�
xp1 + 10mxp2+2m + 102mx4m

�
�
�
xp2 + 10mx2m

�

�
�
xp1 � 10mxp2+2m + 102mx4m

�
�
�
xp2 � 10mx2m

�

p1 = x1=3n4�2n3+11=3n2�2n+6

p2 = x1=6n4�n3+11=6n2�n+3
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and perhaps operations on symbolic integers

16n � 81m = (2n � 3m)(2n + 3m)(22n + 32m):

We can imagine a number of models for symbolic polynomials that have these properties.
Most generally, we could say that any set S, which under an evaluation map � gives a
polynomial ring R[x1; :::; xv ], represents symbolic polynomials. This would allow such forms
as

gcd(xn � 1; xm � 1)� xlcm(n;m) + 1

or

(x� 1)
nX

i=0

xi:

Having a more obvious ring structure will be useful to us, so we begin by generalizing to
symbolic exponents only. First we recall the concept of a \group ring." A monoid ring is
a ring formed from a ring R and monoid M with elements being the �nite formal sums

X

i

rimi; ri 2 R;mi 2M:

A monoid ring has a natural module structure, with basis M , and addition de�ned in
terms of coe�cient addition in R. Multiplication is de�ned to satisfy distributivity, with
r1m1�r2m2 = (r1r2)(m1m2). When the monoid M is a group, then the algebraic structure
is called a group ring. For example, the Laurent polynomials with complex coe�cients may
be constructed as the group ring C[Z], viewing Z as an additive group.

We now de�ne a useful class of symbolic polynomials.

De�nition 2.1. The ring of symbolic polynomials in x1; :::; xv with exponents in n1; :::; np
over the coe�cient ring R is the ring consisting of �nite sums of the form

X

i

cix
ei1
1 xei2

2 � � � xein
n

where ci 2 R and eij 2 Int(Z)[n1; n2; :::; np]. Multiplication is de�ned by

c1x
e11
1 � � � xe1n

n � c2x
e21
1 � � � xe2n

n = c1c2x
e11+e21
1 � � � xe1n+e2n

n

We denote this ring R[n1; :::; np;x1; :::; xv ].

We make use of the notion of \integer-valued polynomials," Int(D)[n1; :::np]. For an integral
domain D with quotient �eld K, univariate integer-valued polynomials may be de�ned as

Int(D)[X] = ff(X) j f(X) 2 K[X] and f(a) 2 D; for all a 2 Dg

For example 1
2n

2 � 1
2n 2 Int(Z)[n]. Integer-valued polynomials have been studied by Os-

trowski [2] and P�olya [3], and we take the obvious multivariate generalization.
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Our de�nition of symbolic polynomials is isomorphic to the group ring R[Z[n1; :::; np]
v]:

We view Z[n1; :::np] as an abelian group under addition and use the identi�cation

X1
e1X2

e2 � � �Xv
ev �= (e1; : : : ; ev) 2 Z[n1; : : : ; nw]v

We note that R[;x1; :::; xv ] �= R[x1; :::; xv ]. Under any evaluation � : fn1; :::; npg ! Z, we
have

� : R[n1; :::; np;x1; :::; xv ]! R[x1; :::; xv ; x
�1
1 ; :::; x�1

v ]:

That is, � evaluates symbolic polynomials to Laurent polynomials. It would be possible to
construct a model for symbolic polynomials that, under evaluation had no negative variable
exponents, but this would require keeping track of cumbersome domain restrictions on the
exponent variables.

By de�nition, these symbolic polynomials have a ring structure. What is more inter-
esting is that they also have a useful unique factorization structure that can be computed
e�ectively.

3 Factorization

We now show the multiplicative structure of our symbolic polynomials, and describe two
algorithms for factorization. For simplicity we �rst show the case whenR = Z and exponents
are in Z[n1; :::; np].

Proposition 3.1. Q[n1; :::; np;x1; :::; xv ] is a UFD, with monomials being units.

We sketch the proof: The fact that x; xn; xn
2
; ::: are algebraically independent can be used

to remove exponent variables inductively. We observe that

xeik
k = x

P
j hijn

j
1

k =
Y

j

�
xn1

j

k

�hij

=
Y

j

xkj
hij ; hij 2 Z[n2; :::; np]:

This gives the isomorphism

Z[n1; n2; :::; np;x1; :::xv ] �= Z[n2; :::; np;x10; x11; x12; :::x1d1 ; :::xv0; xv1; xv2; :::xvd1 ]

where d1 is the maximum degree of n1 in any exponent polynomial and xij corresponds to

xn1
j

i . Once all the exponent variables have been removed, we factor in Z[x10:::0; :::; xvd1 :::d1],
then reform the exponent polynomials of x1; :::; xv .

When the exponents come from the integer-valued polynomials Int(Z)[n1; :::; np], as
opposed to Z[n1; :::np], care must be taken to �nd the �xed divisors of the exponent poly-
nomials. For example, the fact that n(n� 1) is always even implies the factorization

x2 � yn2�n = (x� yn(n�1)=2)(x+ yn(n�1)=2)
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Fixed divisors are given by the content when polynomials are written in a factorial basis.

That is, for each exponent variable ni, using the polynomial basis 1; ni; n
2
i ; :::; n

j

i ; :::, where

nj =
n(n� 1) � � � (n� j + 1)

j!
:

Combining these two ideas, we make the change of variables to x
nj

k

i , to obtain factorization
in Q[n1; :::np;x1; :::; xv ]. The same strategy may, of course, be used to compute greatest
common divisors, square-free factorizations and similar quantities.

We have described this transformation as though the exponent polynomials were dense.
In this worst case, the number of new variables will be Dp, where D is the degree bound
on the ni. In practice, the number of variables occurring in exponents will be small and
the exponent polynomials will be of low degree so the introduction of new variables may
be acceptable. In many cases, most of the new variables will occur only trivially. Blindly
changing to a factorial basis to make �xed divisors manifest may not, however, be the best
strategy. This destroys any sparseness in the input polynomials. A better strategy would
be to convert only when necessary.

If the number of exponent variables is large, then another method may be used to
manage the complexity of many variables. We may use projections to map the exponents
to integers at several points, and combine them via interpolation. Naively, an exponential
number of factorizations in Q[x1; :::; xv ] will be needed, but this not always necessary. If
there are may small factors, then there is a combinatoric problem of factor identi�cation.
If the coe�cient �eld is large enough, and the polynomials are not special, then coe�cient
values may be used to greatly limit the search. We have experimental implementations of
both the \change of variables" method and the \projection" method, but it is too early to
say which method will be most useful in practice.

4 Generalizations

As mentioned earlier, we may contemplate other algebraic structures to encompass a wider
class of expressions. Without going to the most general model of polynomial-valued integer
functions, we may consider
�Allowing exponent variables to also appear as regular variables. To do this we can work

in R[n1; :::; np;n1; :::; np; x1; :::; xv ]. This is useful if we require formal derivatives.

� Symbolic exponents on coe�cients. We discuss this case more below.

� Symbolic polynomials as exponents, or richer structures.

�Other polynomial forms, such as exponential polynomials, e.g. [1] [4].

�Other problems, e.g. Gr�obner bases of symbolic polynomials [5].
Let us examine more closely the question of symbolic exponents on coe�cients. Suppose

we wish to factor a polynomial of the form x4m�24n. Assuming m and n may take on only
integer values, the factorization over Q is (x2m + 22n)(xm + 2n)(xm � 2n). This, however
is equivalent to x4m � 16n, which is not manifestly the di�erence of fourth powers. So how
can we approach symbolic integer coe�cients?
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If the coe�cient ring is a principal ideal domain, then we may extend our de�nition to
allow symbolic exponents on prime coe�cient factors:

De�nition 4.1. The ring of symbolic polynomials with exponents in n1; n2; :::; np over the

coe�cient ring R, a PID with quotient �eld K, is the ring consisting of �nite sums of the

form X

i

ki �
Y

j

c
dij

j � xei1
1 xei2

2 � � � xein
n

where each product has a �nite number of nonzero dij , ki 2 K, cj are primes 2 R, dij 2
Int(Z)[n1; n2; :::; np]nZ and eij 2 Int(Z)[n1; n2; :::; np]. Multiplication is de�ned by

k1c
d11
1 � � � cd1m

m xe111 � � � xe1n
n � k2c

d21
1 � � � cd2m

m xe211 � � � xe2n
n =

k1k2c
d11+d21
1 � � � cd1m+d2m

m xe11+e21
1 � � � xe1n+e2n

n

Let us consider the case of integer coe�cients. We note that, for any base, any set of
logarithms of distinct primes is linearly independent over Q. This is easily seen, for the
equation

P
i ni log(pi) = 0; holds with pi distinct primes and ni 2 Z, only if

Q
i p
ni
i = 1;

which requires ni = 0. This implies that

X

i

�i log pi 6= 0

for any non-zero algebraic numbers �i. We can write any product of integers to symbolic
powers as an exponential of a linear combination of logarithms of primes, e.g.

6m � 7n
2+1 = exp(m log 2 +m log 3 + (n2 + 1) log 7)

where exp and log use the same base. We can therefore treat 2n, 2n
2
, ... as new variables

for factoring, etc.
As stated, this approach would require factoring each integer that appears with a sym-

bolic exponent. In practice we do not want to factor the constant coe�cients. Instead, we
can form, for any particular problem, an easier to compute basis, e.g. from f70n; 105ng the
set f2n; 3n; 35ng which does not require factoring of 35. This can be done using only integer
gcd’s and extracting integer roots.

5 Conclusions

We see a mathematically rich and practically important middle ground between the usual
approaches of \symbolic computation" and \computer algebra." Rather than working with
loosely de�ned expressions, or strictly with classical polynomial and matrix algebras, there
is room to work in other well-de�ned algebraic contexts. These can provide the structure
to make operations well-de�ned, while at the same time allowing more symbolic treatment
in mathematical computations. In this light, we have explored how to usefully work with
symbolic polynomials | polynomial-like objects where the exponents can themselves be
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polynomials. These are able to represent the kinds of symbolic polynomials we have seen
in practice. The algebraic structure allows us to perform arithmetic on these objects, to
simplify and transform them. We �nd, moreover, a UFD structure that admits algorithms
for factorization, gcd, etc. This encourages us to look at more algebraic treatment of other
symbolic structures, such as matrices of unspeci�ed size.
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A computational method to obtain the law of the nilpotent lie

algebras gn

Juan Carlos Benjumea Juan N�u~nez �Angel F. Tenorio

Abstract

In this paper we study the law of the Lie algebras gn associated with a particular
type of Lie groups: the Lie groups Gn formed by all the n�n upper-triangular matrices
with ones in the main diagonal. The Lie algebras gn are formed by all the n�n upper-
triangular matrices with zeros in the main diagonal. We compute their laws by using a
computational algorithm, which we have constructed and particularly implemented in
MAPLE V c
.
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Key words and phrases: nilpotent Lie algebra, law of Lie algebra, algorithmic procedure, algebraic

programming, computer algebra.

Introduction

At present, a very studied topic in Mathematics is the relation existing between Lie groups
and Lie algebras. It is well-known that there is a unique Lie algebra associated with every
Lie group given. The construction of this Lie algebra can be made by using the left-invariant
di�erentiable vector �elds (see [9], for example). On the other hand it is possible to obtain a
Lie group associated with a given �nite-dimensional Lie algebra (see Theorem 3.17.8 in [9]).
Note, however, that it does not occur in in�nite dimension, where there exist Lie algebras
which are not associated with Lie groups (see [10]).

Besides, the existence of a Lie group associated with a given Lie algebra does not imply
the uniqueness of such a Lie group. Indeed, such a Lie group is not unique. In page 42 of
[7] it is proved that the Lie algebra associated with a given Lie group and its connected
component of the identity are isomorphic each other. A more restrictive condition over the
Lie group has to be imposed to assert the uniqueness of the Lie group associated with the
given Lie algebra.

In this way, Lie’s Third Theorem (and its converse) states that there exists a unique,
up to isomorphism, simply connected Lie group associated with a given Lie algebra (see
Theorem 2.8.2 in [9]). As a consequence, Lie’s Third Theorem and its converse set a uniquely
correspondence between simply connected Lie groups and Lie algebras. A direct proof of
this result, which is known as Cartan’s Theorem, uses a geometrical construction based on
Maurer-Cartan constants and on the group of automorphisms. However, the accustomed
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proof in the literature is based on Ado’s Theorem (see [5]), which sets that given a Lie
algebra g, there exists a linear algebra isomorphic to it.

In this paper we study the law of the Lie algebras associated with some particular Lie
groups: the Lie groups Gn formed by all the n � n upper-triangular matrices with ones
in the main diagonal. These Lie algebras, denoted by gn, are formed by all the n � n
upper-triangular matrices with zeros in the main diagonal.

The importance of the Lie algebras gn and the Lie groups Gn lies in the following fact:
every nilpotent Lie algebra is isomorphic to a Lie subalgebra of some Lie algebra gn (see
[4]) and, analogously, every simply connected nilpotent Lie group is isomorphic to a Lie
subgroup of some Lie group Gn (see Theorem 3.6.3 in [9]).

To compute these laws, we have constructed a computational algorithm which can be
implemented in any symbolic computation package, although we have particularly used
MAPLE V c
 to do it. It constitutes the main aim of this paper. Observe that the order n
of the matrices in gn is going to be the unique input data needed to obtain the law of gn.

Note that the computational study of Lie algebras has been developed throughout these
last four decades. Since the seventies of the 20th century, several authors have used algo-
rithms to study the structure of Lie algebras (see [1], for instance). Moreover, in recent
papers on this subject authors have even turned to specialized computational packages, like
MAGMA (see [3]) or GAP (see [2]) for instance. It constitutes our motivation.

The structure of this paper is the following: the �rst section sums up the concepts and
results used to develop and justify that algorithm, which is completely detailed in the second
section. In the next section we explain all the clusters in the programming to implement
the algorithm. Finally, some conclusions obtained from this implementation, like the time
that it takes according to di�erent dimensions, for instance, are shown.

1 Theoretical groundwork

We recall in this section the preliminary concepts and results on Lie algebras that will be
used in the paper. For a general overview on Lie groups and Lie algebras, the reader can
consult [9]. General information about commands and programming of MAPLE V c
 can
be consulted in [6] for instance.

As the Lie algebras gn will be constructed starting from their associated Lie groups Gn,
we also remind the construction of the Lie algebra associated with a given Lie group G.

The m-dimensional Lie algebra g associated with a given m-dimensional Lie group is the
vector space �(G) formed by all the left-invariant vector �elds endowed with the Lie-Poisson
bracket de�ned by:

[X;Y ] = X � Y � Y �X; 8X;Y 2 �(G):

Each 1-dimensional vector space of left-invariant vector �elds is associated with a one-
parameter subgroup of G. Indeed, by using the one-parameter subgroups, a basis of the
Lie algebra g can be obtained. Recall that a one-parameter subgroup of G is a group
homomorphism ’ : C ! G de�ned between the additive group C of the complex numbers
and the Lie group G.
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To obtain the left-invariant vector �eld associated with a one-parameter subgroup ’, it
is necessary to �nd all the orbits for such �elds. These orbits are exactly the curves g �’(t),
for all g 2 G. The m coordinates of these orbits are functions of the parameter t. These
coordinates can be expressed by xi(t), for i = 1; : : : ;m. The coordinates of the left-invariant
vector �eld associated with ’ are obtained as the derivatives dxi

dt jt=0 , for all i = 1; : : : ;m,

and are expressed with respect to the basis of vector �elds
n
@xi
@t

om
i=1

.

In this paper, we consider a particular subfamily of Lie algebras of the linear algebras.
A linear (or matrix) algebra L is that whose vectors are matrices and the Lie bracket is
de�ned by the commutator [a; b] = a � b� b � a, for all a; b 2 L. So, every linear Lie algebra
is a Lie subalgebra of some general linear algebra gl(C; n), formed by all the n � n square
matrices.

We consider the Lie algebras gn (with n 2 N n f1g) associated with the Lie group Gn
formed by n� n upper-triangular matrices with the following structure:

gn(xi;j) =

0
BBBBBBB@

1 x1;2 x1;3 � � � x1;n�1 x1;n

0 1 x2;3 � � � x2;n�1 x2;n

0 0 1 � � � x3;n�1 x3;n
...

...
...

. . .
...

...
0 0 0 � � � 1 xn�1;n

0 0 0 � � � 0 1

1
CCCCCCCA

: (1)

Then, the Lie algebra gn is a Lie subalgebra of gl(C; n). It was proved in [8] that there
exists a basis B = fei;j j 1 � i � n � 1 ^ i + 1 � j � ng in gn. Each vector �eld ei;j can

be expressed with respect to the generator system
n

@
@xi;j

j 1 � i � n� 1 ^ i+ 1 � j � n
o

of the C1(Gn)-module �(Gn) in the following way:

ek;j =
@

@xk;j
+
k�1X

h=1

xh;k
@

@xh;j
: (2)

The law of the Lie algebra gn with respect to this basis is the following:

[ei;h; eh;k] = ei;k;

8
<
:

i = 1; : : : ; n� 1;
h = i+ 1; : : : ; n� 1;
k = h+ 1; : : : ; n:

As many the vectors of the previous basis B as the law of the Lie algebra gn with respect
to B will be computed in the algorithm which we show in the next section.

2 The algorithm to compute the law of gn

We devote this section to construct and to implement with MAPLE V c
 the algorithm
which allows to compute the law of the Lie algebra gn, with n 2 N n f1g. The only input
data needed will be the order n of the matrices of the Lie algebra gn.
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Step 1. Firstly, it is necessary to determine the dimension of gn, which will be used in
next steps. This dimension is dn =

�n
2

�
.

Step 2. The basis B of the Lie algebra gn is constructed according to the procedure given
in the previous section. So, we choose dn one-parameter subgroups of the Lie group Gn
such that their associated vector �elds are linearly independent.

Step 3. According to (1), the dn one-parameter subgroups needed to obtain a basis of the
Lie algebra gn are de�ned as ’i;j(t) = gn(xr;s(t)), where:

xr;s =

�
0; if (r; s) 6= (i; j);
t; if (r; s) = (i; j):

Step 4. Once the one-parameter subgroups are chosen, the products gn(xr;s) � ’i;j(t) are
computed, for every pair (i; j) where i; j 2 f1; 2; : : : ; ng and i < j. For each pair (i; j), the
vector �eld associated with ’i;j is obtained by deriving the resulting coordinates in these
products with respect to the parameter t in t = 0.

Step 5. Finally, all the brackets products are computed starting from the previously
obtained basis. In this way, the �nal output data of the algorithm are the nonzero Lie
brackets in the law of gn, with respect to the basis calculated before. Note that this basis
is an intermediate output in the algorithm.

3 Implementing the algorithm with MAPLE V c


To make easier the implementation of the algorithm with MAPLE V c
, we are going to
consider it divided into several steps.

Firstly, we start loading the package linalg to active the commands related to Linear
Algebra. Remind that Lie algebras are vector spaces with a second structure: the Lie-
Poisson bracket.
> restart:with(linalg):

To start running the algorithm, we need to input the order n of the matrices in gn.
Starting from this data, it is very easy to compute the dimension of gn, which is the output
denoted by r. In this way, Step 1 of the algorithm is �nished.
> n:=8:

> r:=n*(n-1)/2;

In Step 2, we will construct the r one-parameter subgroups of Gn. To do it, we de�ne a
r-dimensional vector A. The coordinates of A are the complex coordinates in a global chart
of the Lie group Gn. The output r is used to construct the vector A.
> A:=matrix(1,r):

for i from 1 to r do

A[1,i]:=a.i:

od:
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The following cluster constructs the previously mentioned global chart of Gn. So the
matrices of Gn are de�ned starting from the coordinates of A, row by row. To do it, we
consider a loop which allows us to de�ne each row in the matrix. Inside this loop we program
other two loops to de�ne each row in the matrix. The �rst one de�nes the elements in the
row before the main diagonal and the second one, the elements after the main diagonal. The
main diagonal is de�ned in the sentence F[j,j]:=1 inside of the main loop of the cluster.
> F:=matrix(n,n):

> for j from 1 to n do

for k from 1 to j-1 do

F[j,k]:=0:

od:

F[j,j]:=1:

for k from 1 to n-j do

F[j,j+k]:=A[1,k+sum(n-s,s=1..j-1)]:

od:

od:

At this point we start to program Step 3. We construct the r one-parameter subgroups
which will determine later the r linearly independent left-invariant vector �elds in gn. In
this way, we de�ne these one-parameter subgroups by means of two nested loops. They
will allow us to de�ne the one-parameter subgroups by indicating the row and the column
in which the parameter is. In this way, the one-parameter subgroups can be de�ned and
determined. However, other two nested loops are needed inside of the previous two nested
loops. These two new loops serve to de�ne all the terms in the n � n matrix of the one-
parameter subgroup. To determine its elements, all of them will be de�ned as zero, except
the located in the main diagonal, which will be de�ned as ones. Once all the elements in
the matrix are de�ned, we rede�ne the term determined by the pair (h,i) as the parameter
t.
> for h from 1 to n-1 do

for i from h+1 to n do

Phi.h.i:=matrix(n,n):

for j from 1 to n do

for k from 1 to n do

Phi.h.i[j,k]:=0:

od:

Phi.h.i[j,j]:=1:

od:

Phi.h.i[h,i]:=t:

od:

od:

In Step 4, we program a cluster which computes the left-invariant vector �eld associated
with each one-parameter subgroup de�ned in the previous step. To do it, we compute the
orbits gn(xr;s) � ’i;j(t) for each one-parameter subgroup ’i;j(t). These orbits are denoted
by M.h.i and the associated vector �eld Y.h.i can be obtained by deriving the terms of
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M.h.i with respect to t and by substituting t = 0.
> for h from 1 to n-1 do

for i from h+1 to n do

M.h.i:=evalm(F&*Phi.h.i):

Y.h.i:=M.h.i:

for j from 1 to n do

for k from j to n do

Y.h.i[j,k]:=unapply(diff(unapply(M.h.i[j,k],t)(t),t),t)(0):

od:

od:

od:

od:

The following cluster reorders the vector �elds obtained in the previous one. Instead of
depending on two subindices, we search that they depend on a unique subindex. This is
got with the following sentences:
> for h from 1 to n-1 do

for i from h+1 to n do

if h=1 then

X.(i-1):=Y.h.i:

else X.(i-h+sum(n-s,s=1..h-1)):=Y.h.i:

fi:

od:

od:

Although we have computed a basis of gn, these vector �elds are expressed as matrices.
However, working with the vector expression of these �elds is computationally more useful.
This is then the objective of the following cluster.

So, we program a cluster which rewrites these vector �elds. In this way, each vector
�eld goes on from a n� n matrix expression to a r-dimensional vector expression.
> for l from 1 to r do

Z.l:=matrix(1,r):

for j from 1 to n-1 do

for k from j+1 to n do

if j=1 then

Z.l[j,k-1]:=X.l[j,k]:

else Z.l[1,k-j+sum(n-s,s=1..j-1)]:=X.l[j,k]:

fi:

od:

od:

od:

The following loop returns the remaining intermediate outputs: the vector expression
of each vector �eld in the basis of gn.
> for l from 1 to r do

print(cat(‘Z‘,l,‘=‘),Z.l);
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od:

In the next cluster the Lie-Poisson bracket is de�ned. For it, we construct the command
cor, which will depend on two arguments. These arguments are the subindices of the vector
�elds multiplied in the bracket, in the the same indicated order.
> cor:= proc(i,j)

local h,producto:

producto:=array(1..r):

for h from 1 to r do

producto[h]:= sum(’Z.i[1,k]*diff(Z.j[1,h],a.k)-Z.j[1,k]

*diff(Z.i[1,h],a.k)’,’k’=1..r):

od:

producto

end:

Finally, we program a cluster which implements Step 5 in the algorithm. This last
cluster determines the nonzero brackets in the law of gn and it is based on the following
procedure:

For each bracket, the program studies if this is nonzero. To decide this, a variable m

is considered in the cluster. For each bracket, if a coordinate is nonzero, the variable m

is increased in one unit. In this way, the nonzero brackets are those which m is not equal
to zero. Besides, to decide what is the result of such a nonzero bracket, we determine the
coordinate equalled to 1 in the bracket. Remember that each vector �eld of the basis of
gn is determined by the coordinate equal 1 (see (2)). In this way, we obtain, as the �nal
outputs, the brackets such that m is nonzero; that is, the nonzero brackets in the law of gn.
> for i from 1 to r-1 do for j from i+1 to r do

m:=0:

for k from 1 to r do

if cor(i,j)[k]<>0 then m:=m+1 fi:

od:

if m<>0 then

for k from 1 to r do

if cor(i,j)[k]-1=0 then

print(cat(‘[Z‘,i,‘,Z‘,j,‘]=Z‘,k)):

fi:

od:

fi:

od:

od:

4 Some �nal conclusions

The implementation of the algorithm shown in this paper allows us to compute the law of
the Lie algebra gn starting from the order n of the matrices in gn. Indeed, we obtain all
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the nonzero brackets in the law as the �nal outputs. Besides, we obtain other intermediate
outputs: the dimension and a basis of gn.

The algorithm have been implemented with MAPLE V c
 in a computer Pentium IV 2.5
GHz and 256 MB of RAM. In the following table, we show the computational time and the
memory used to return the outputs:

Input Dimension Computational Used
(order n) of gn time memory

2 1 0 s 0 B

3 3 0 s 832 KB

4 6 0.25 s 1.31 MB

5 10 1.3 s 1.44 MB

6 15 7.8 s 1.50 MB

7 21 37.2 s 1.62 MB

8 28 144 s 1.69 MB

9 36 486.1 s 1.87 MB

10 45 1449.7 s 2.00 MB

It can be observed that we have computed the basis of gn for n up to and including 10.
Starting from n = 8, the time running the computer increases two or three times when the
order n increases one unit. So, for n = 10, the program runs 24 minutes approximately to
compute the law of g10. However, it is convenient to note that most computational time
needed to run the algorithm corresponds to decide if each bracket is nonzero in the law of
gn.

Note also that in this paper we have only considered matrices of order less than 11,
because the Lie groups gn needed to obtain minimal representations of 6-dimensional simply
connected nilpotent Lie algebras are those whose order n is less than 7. Besides, to obtain
all the conjugacy classes in the Lie groups Gn, we think convenient to translate this problem
to the associated Lie algebras. In this way, obtaining an algorithm which allows to compute
the law of the Lie algebras is a �rst step to study such conjugacy classes.
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Colored partitions and dynamical systems

Farida Benmakrouha Christiane Hespel

Abstract

We study the validation of a family (Bk) of bilinear system, global modelling of an
unknown dynamical system (�).
Two formal power series in noncommutative variables are used for describing (�) : the
generating series for the system’s behavior (G) and the Chen series for the system’s
input. The family (Bk) of bilinear systems is described by its rational generatrice series
(Gk) such that the coe�cients of (G) and (Gk) coincide up to order k.
Computing and bounding these coe�cients, we propose an estimation of the error due
to approximations by (Bk). This error computation is a sum of di�erential monomials
in the input functions and behavior system. This error computation allows one to better
measure the impact of noisy inputs on the convergence of (Bk).

Introduction

The model validation is a crucial problem in system identi�cation[2]. It measures con�dence
in the model to reproduce the behavior of a dynamic system, under some hypothesis.
In a discret-time approach, the model validation is really an invalidation since it determines
wether a discret sample input-output is inconsistent with the model[3].
In [4], the authors develop new methods for validation of continuous-time non-linear sys-
tems. They use Barrier certi�cates whose existence prove inconsistency of a model, from
experimental data.
To validate a continuous-time model of an unknown dynamic system [1], we propose an
exact symbolic computation of coe�cients of rational power series. We use a deterministic
model (versus probabilistic one) by considering that data noises are bounded.
So, the purpose of this paper is to apply combinatorial techniques for computing coe�cients
of rational formal series (Gk) in two noncommutative variables and their di�erences at order
k and k-1.
This in turn may help one to study validation of a family (Bk) of bilinear systems, described
by the series (Gk) and global modeling of an unknown dynamical system (�).
Computing and bounding these di�erences, we propose an estimation of the error due to
approximations by (Bk). This error computation is a sum of di�erential monomials in the
input functions and behavior system. We identify each di�erential monomial with its col-
ored multiplicity and analyse our computation in the light of the free di�erential calculus.
This error computation allows one to better measure the impact of noisy inputs on the
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convergence of (Bk). Indeed, one can determine the contribution of the inputs and of the
system in the error computation.

1 A local modeling of the unknown system

The problem consists in modeling an unknown dynamic system (�) for t 2 [0; T ] =S
i2I [ti; ti + d], when knowing some correlated sets of input/output.

We construct a behavioral model, based on the identi�cation of its input/output functional
(the generating series), in a neighborhood of every ti, up to a given order k [1, 6]. At once
a local modeling by a bilinear system (Bi)k around every ti is provided. Then a family
((Bi)i2I)k, global modeling of the unknown system is produced, such that the outputs of
(�) and ((Bi)i2I)k coincide up to order k.

2 The bilinear system

We consider a certain class (GP ) enclosing the electric equation

y(1)(t) = f(y(t)) + u(t) (1)

where u(t) is the input function
�, the unknown system is an a�ne system.
In this case, equation (1) can be written

(�)

�
_x = A0(x) +A1(x)u(t)

y(t) = x(t)

� u(t) is the real input

� x(t) is the current state

� A0 = a(0) d
dx where a(0) = f(x)jx(0)

� A1 = d
dx

The class (GP ) encloses the nonlinear di�erential equation relating the current excitation
i(t) and the voltage v(t) across a capacitor [11]

v(1) + k1v + k2v
2 = i(t)

Let a(i) = f (i)(x)jx(0)

We notice that the fundamental formula [11]provides the following bilinear system (Bk),
approximating at order k :

�
_xk(t) = (M0 +M1u(t))xk(t)
yk(t) = �xk(t)
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where � = (x(0) 1 0 � � � 0)

xk(0) =

0
BBB@

1
0
...
0

1
CCCA

M0 = (Cz0zk
1
) (resp M1 = (Czk+1

1
)) expressed in basis (Czk

1
) where Cw is the column of

Hankel matrix, indexed by w.

M0 =

0
BBBBBBB@

0 0 0 � � � 0

a(0) a(1) a(2) � � � a(k)

0 a(0) 2a(1) � � � 0

0 0 a(0) � � � 0
...

...
...

...
0 0 0 � � � 0

1
CCCCCCCA

M1 =

0
BBBBBBB@

0 0 0 � � � 0
1 0 0 � � � 0
0 1 0 � � � 0
0 0 1 � � � 0
...

...
...

...
0 0 0 � � � 0

1
CCCCCCCA

So, at order k, we obtain the ith derivative of the state vector x as a function of the

previous ones. Our solution consists of two steps : to compute x
(k�n+i)
(k�n)k (0) and to compute

the di�erence of the ith derivative x
(i)
2k (0)� x(i)

2(k�1)(0).

3 First step : Computation of x
(k�n+i)
(k�n)k (0)

By derivating and term’s regrouping, we can show that :

x
(k�n+i)
(k�n)k (0)

=
min(i+1;k�1)X

m=1

a(m)
k�n�1X

l=1

�
k � n � l +m� 1

m

�
(a(0) + u(0))l�1x

(k�n�l+m+i�m)
(k�n�l+m)k

(0)

+
i+1X

m=1

u(m)
k�n�2X

l=1

�
k � n � l + i

m

�
(a(0) + u(0))l�1x

(k�n�l+i�m)
(k�n�l)k (0) + �m(i+1)

(
�
n
m

�
= 0 if n < m)

We analyze now these equations in the light of the free di�erential calculus. Considering
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the derivative a(i) and u(i) specialized in time t=0 as di�erential letters, it is clear that our
computation is a sum of di�erential monomials in a and u.

3.1 Colored partitions and multiplicities

A number partition or multiplicity is a sequence � = (�1; �2; �3; � � � ) (often written as
1�12�23�3 � � � ) of nonnegative integers. On a single letter a, the di�erential monomials
become :

a� = (a(i1))e1(a(i2))e2 � � � (a(iq))eq ; 1 � i1 < i2 < : : : iq

Such a monomial is indexed by the following partition [12] :

� = (i
�i1
1 i

�i2
2 � � � i�iq

q )

Let C = fa; ug be a set of two colors. We call colored partition on C an element of the
free monoid generated by the cartesian product N � N i.e. any �nite sequence of couples
of nonnegative integers

� = ((�a1; �
u
1); (�a2; �

u
2 ); � � � )

So, a colored partition � will denote the di�erential monomial

a� = (a(i1))e1 � � � (a(ip))ep(u(j1))f1 � � � (u(jq))fq

1 � i1 < i2 < : : : ip; 1 � j1 < i2 < : : : jq

where el (resp fl) = �ail (resp �ujl
). The weight and the size of � are de�ned as follows :

wgt(�) =
X

c

X

k

k:�ck

size(�) =
X

c

X

k

�ck

The empty partition is noted �.
If L is the set of colored partitions, we de�ne a partial order � on L :

� = f(�ai ; �ui )g � � = f(�ai ; �ui )g

if
�ai � �ai and �ui � �ui 8i

L, with this partial ordering forms a Young lattice. [13]
We consider now Bi a subset of L de�ned by :

f�=wgt(�) = ig

and we note I(�max) the order ideal generated by �max, if

�max = max(�=� 2 Bi)
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3.2 Combinatorial analysis of our computation

Let us now interpret combinatorially our computation by identifying each di�erential mono-
mial with its colored multiplicity. The recursive relation is captured by the operation :

�max � c =
X

�2I(�max)

wgt(�)=j�i

c(i�j+1):�

By factorizing according to the colored partitions, we get :

x
(k�n+i)
(k�n)k =

X

c

X

�2I(�max)

wgt(�)=j�i

c(i�j+1):�:g1
(c(i�j+1)�)

where :

gl
a(m)�

= (a(0) + u(0))m+1
nl+mX

p=m

�
l
m

�
gpv

and

gl
u(m)�

= (a(0) + u(0))m�1
nlX

p=1

�
l + i+ 1

m

�
gpv

with n1 = k � n� 1, nl = l 8l > 1

g� = 1

3.3 Computation of x
(k�n+i)
(k�n)k (0)

We consider now permutations of a colored partition � on an alphabet X =
S
c2C Xc. A

permutation [13] of � is a word in which each letter belongs to X and for each xi 2 X, the
total number of appearances of xi in the word is �ci , for some c 2 C
Let us note � = �1�2 � � � �size(�) a permutation of � and �� the set of permutations of �.

Since, our alphabet Xa = fa(p)jp = 1;min(k � 1; i + 1)g,and Xu = fu(p)jp = 1; i + 1)g
�j = c(ij), for some c,ij .

x
(k�n+i)
(k�n)k is a linear combination of monomial y�1

1 � � � y�n
n (yi 2 Xa

S
Xu) and all distinct

monomials obtained from it by a permutation of variables.
We get �nally , if s = (

P
j jj �uj 6= 0) and r =size(�)

x
(k�n+i)
(k�n)k =

X

wgt(�)=i+1

�:(a(0) + u(0))k�n+i�r�s gn�

gn� =
X

�2��

A1

rY

j=2

Aj + b
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where:

Aj =

8
<
:

Pmj�1+ij
mj=ij

�
mj

ij

�
if �j = a(ij)

Pmj�1

mj=1

�
mj + i� j + 2

ij

�
if �j = u(ij)

A1 =

8
<
:

Pk�n�2+m
m1=m

�
m1

i1

�
if �1 = a(i1)

Pk�n�2
mj=1

�
m1 + i+ 1

i1

�
if �1 = u(i1)

and b = 1 if �1 = u(i+1), 0 otherwise.

Remark : x
(k�n+i)
(k�n)k is not a symmetric polynomial even if its structure is the same, be-

cause input and system contributions are di�erent.

4 Second step: Computation of x
(k+i)
2k (0)� x

(k+i)
2(k�1)(0)

The �rst derivative coincide up to order k-2, but at order k-1, we have

x
(k�1)
2k � x(k�1)

2(k�1) = 0 and x
(k�1)
jk � x(k�1)

j(k�1) 6= 0.

Let M (resp P ) the set of partitions on the single letter a (resp u)
Wi a subset of M de�ned by

f�j1 � size(�) � i+ 2g

Vi a subset of P de�ned by

f�jsize(�) = b i
2
c ; wgt(�) � i� 2 or � = u(i�2) or � = u(i�1)g

and Sl a subset of L de�ned by
f�jwgt(�) = lg

We de�ne now an operation r : M � P � L 7! L

r(�; �; �) = ((�i + �ai ; �i + �ci ))i

and a subset Pt of L 80 � t � i

Pt = f� = r(�; �; �)j � 2 St; � 2 Vi; � 2Wi; wgt(�) = k + i� 1g

We obtain, by a straightforward computation :

x
(k+i)
2k � x(k+i)

2(k�1) =
X

r(�;�;�)2Pt
0�t�i

r(�; �; �) h� :f�:g
1
�:(a

(0) + u(0))k+i�2�r1�s

where

f� =
X

�2��

size(�)Y

l=1

�
k + i� 2l

k + i� 2l � ij

�
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h� =

( P
�2�1

�

Qr�2
j=1

�
ij + ij+1 � 1

ij+1

� �
k � 2
ir

�
if size(�) 6= 1

1 if size(�) = 1

with r = size(�), r1 = r + size(�), s = (
P

j jj�uj 6= 0) � = �1�2 � � � �r, �j = c(ij), g1
� de�ned

previously.

�1
� = f� 2 �� j� 6= �1:�; size(�1) < size(�) and � 6= (a(1))r�1:�rg

Taking into account that y
(i)
k (0) = x

(i)
2k (0), we obtain a right computation of the output’s

di�erence at order k and k-1. By majorization of these output’s di�erences, and when k
tends towards in�nity, we get an overestimation of the error due to approximation by the
(Bk)

5 Conclusion

The validation which is presented in this paper is not statistical. It consists in valuing the
convergence of a bilinear models family (Bk) on the unknown system (�) by an e�ective
symbolic computation. It displays the respective contributions of the input and of the
system itself.
More than a symbolic validation, these computing tools are parameterized by the input and
the system’s behavior. They can particularly provide a valuation process for rough and
oscillating inputs as well as for smooth inputs.
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A Tikhonov-Regularization method for the reconstruction of

blurred and noisy images

Abderrahman Bouhamidi Khalid Jbilou

Abstract

In the present paper, we consider a Tikhonov regularization method for large ill-
conditioned linear systems. Such a problem arises for example in image restoration
where the computation of a stable solution with classical methods is expensive. In
some cases the matrix of the linear system may be approximated by Kronecker prod-
ucts and then Tikhonov regularization problem leads to linear matrix equations such as
generalized Sylvester equations. We use the global GMRES method which is an orthog-
onal projection method onto a matrix Krylov subspace to solve the obtained Sylvester
equation. Some numerical examples in image restoration are given to illustrate the
e�ectiveness of our approach.

1 Introduction

Consider the linear discrete ill-posed problem

min
x
kHx� gk2; (1)

where H 2 IRM�N , x 2 IRN , g 2 IRM and M � N . The matrix H is assumed to be very
large and of ill-determined rank, i.e., H has some singular values close to the origin.
The right-hand side vector g in (1) represents the output and is assumed to be contaminated
by a noise n, i.e., g = bg + n.

Such a problem arises, for example, from the discretization of ill-posed problems such as
integral equations of the �rst kind and image restoration [1, 5, 7, 8]. In image restoration,
the problem consists of the reconstruction of an original image that has been degraded by a
blur and an additive noise. The matrix H represents the blurring matrix, the vector x to be
approximated represents the original image, the vector n represents the additive noise and
the vector g represents the blurring and noisy (degraded) image. The well known Tikhonov
regularization replaces the problem (1) by the new one

min
x

(kHx� gk22 + �2kLxk22); (2)

where L is a regularization operator chosen to obtain a solution with desirable properties
such as small norm or good smoothness. The most popular techniques for determining
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the parameter � are the L-curve criterion [7]; see also [2, 3] and the Generalized Cross-
Validation (GCV) method [4, 6]. In image restoration, the problem (2) is generally too
large to solve exactly and iterative methods are needed. In Krylov methods, we project
(2) onto a Krylov subspace of small dimension and then we solve, at each iteration, this
small problem. Another alternative is to project the original problem (1) onto a Krylov
subspace and then apply a regularization method to the smaller projected problem. In the
present paper, we will consider the case where the matrices H and L are decomposed as
Kronecker products. Then the problems (1) and (2) are replaced by new ones involving
matrix equations such as the generalized Sylvester equation with small dimensions. To
solve these equations we use the global GMRES method introduced in [9].

Let us recall that a Kronecker product of a matrix A = (aij) of size n � p by a matrix
B = (bij) of size s � q is de�ned as the (ns) � (pq) matrix A 
 B = (aijB). Some
properties of the Kronecker product are given in [10]. The vec operator transforms the
matrix A to a vector a of size np� 1 by stacking the columns of A, namely, a = vec(A) :=
(a11; � � � ; a1p; a21; � � � ; a2p; � � � ; an1; � � � ; anp)T . For two matrices A and B in IRn�p, we
de�ne the following inner product hA;BiF = tr(AT B) where tr(Z) denotes the trace of the
square matrix Z. The well known Frobenius norm denoted by k : kF is k A kF =

p
hA;AiF .

A system of matrices of IRn�p is said to be F-orthogonal if it is orthogonal with respect to
the scalar product h: ; :iF .

2 Tikhonov-Sylvester regularization

The Tikhonov regularization method is one of the most popular regularization methods.
The parameter � is chosen to control the \smoothness" of the regularized solution and it
is called the regularization parameter. The matrix L de�nes a (semi)norm on the solution
[8] and it is called the regularization operator. Usually, L represents the �rst or the second
discrete derivative operator. The minimizer bx of the problem (2) is computed as the solution
of the following linear system

H�bx = HT g; where H� = (HTH + �2LTL): (3)

We assume that H = H2
H1 and L = L2
L1 where H1, L1 are matrices of size n�n
and H2, L2 are matrices of size p� p. In this case we have M = N = np. The problem (3)
can be expressed as

�
(H2 
H1)T (H2 
H1) + �2(L2 
 L1)T (L2 
 L1)

�
bx = (H2 
H1)T g:

Using some properties of the Kronecker product, we obtain

(HT
1 H1) bX(HT

2 H2) + �2(LT
1 L1) bX(LT

2 L2) = HT
1 GH2; (4)

where bX and G are the matrices of size n�p such that vec( bX) = bx and vec(G) = g. Setting
A = HT

1 H1, B = LT
2 L2, C = �LT

1 L1, D = HT
2 H2, and E = HT

1 GH2, the linear matrix
equation (4) is referred to as the generalized Sylvester matrix equation and is written in
the following form

A bXD � �2C bXB = E: (5)
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3 The global-GMRES method for generalized Sylvester ma-
trix equations

In this section, we present a numerical Krylov subspace method for solving the generalized
Sylvester matrix equation

AXD � �2CXB = E (6)

where A;C 2 IRn�n; B;D 2 IRp�p; E and X 2 IRn�p.
Let A� be the linear operator de�ned from IRn�p onto IRn�p as follows

A�(X) = AXD � �2CXB: (7)

Then the problem (6) can be written as

A�(X) = E: (8)

Let V be any n � p matrix and consider the matrix Krylov subspace associated to the
pair (A�; V ) and to an integer k de�ned by Kk(A�; V ) = spanfV;A�(V ); : : : ;Ak�1

� (V )g.
We note that Ai

�(V ) is de�ned recursively as Ai
�(V ) = A�(Ai�1

� (V )). Remark that the
matrix Krylov subspace Kk(A�; V ) is a subspace of IRn�p. The modi�ed global Arnoldi
algorithm constructs an F-orthonormal basis V1; V2; : : : ; Vk of the matrix Krylov subspace
Kk(A�; V ), i.e. hVi; VjiF = �i;j for i; j = 1; � � � ; k; where �i;j denotes the classical Kronecker
symbol. The algorithm is described as follows

ALGORITHM 1 Modi�ed Global Arnoldi algorithm

1. Set V1 = V=kV kF .
2. For j = 1; : : : ; k. do

~V = A�(Vj),
for i = 1; : : : ; j. do

hi;j = hVi; ~V iF ; ~V = ~V � hi;jVi;
endfor

hj+1;j =k ~V kF ; Vj+1 = ~V =hj+1;j :
EndFor.

Hereafter, we need some notations. Let Vk denote the n�kpmatrix: Vk = [V1; V2; : : : ; Vk].
~Hk denotes the (k+ 1)� k upper Hessenberg matrix whose nonzero entries hi;j are de�ned
by Algorithm 1 and Hk is the k� k matrix obtained from ~Hk by deleting its last row. Note
that the block matrix Vk is F-orthonormal which means that the matrices V1; : : : ; Vk are
orthonormal with respect to the scalar product h :; : iF . At step k, the approximate solution
Xk produced by the global-GMRES method is such that

Xk = X0 + Zk where Zk 2 Kk(A�; R0); (9)

Rk = E �A�(Xk) ?F A�

�
Kk(A�; R0)

�
; (10)

where the notation ?F means the orthogonality with respect to the scalar product h:; :iF .
As can be seen from (9) and (10), we are dealing with an orthogonal projection method
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and then we have the minimization property

kRkkF = min
X�X02Kk(A�;R0)

kE �A�(X)kF : (11)

Therefore, using the relation (9), the approximation Xk is given by Xk = X0 + Vk(yk 
 Ip)
where yk is the solution of the following small least-squares problem

min
y 2 IRk

k k R0 kF e1 � ~Hky k2; (12)

and e1 is the �rst unit vector of IRk+1.
In the practical implementation, we used the restarted global-GMRES(m) where m is

a chosen integer parameter. The global-GMRES(m) algorithm for solving the generalized
Sylvester matrix equation (6) is summarized as follows

ALGORITHM 2. The global-GMRES(m) for the generalized Sylvester equation

1. Choose X0, a tolerance " and set k = 0.
Compute : R0 = E �A�(X0), � = jjR0jjF and V1 = R0=�.

2. Construct the F-orthonormal basis V1; V2; : : : ; Vm by applying Algorithm 1

to the pair (A�; V1).
3. Determine ym as the solution of the least squares problem:

min
y 2 Rm

k � e1 � ~Hmy k2.

Compute: Xm = X0 + Vm(ym 
 Ip) and the corresponding residual Rm.
4. If jjRmjjF < " Stop;

else X0 = Xm, R0 = Rm, � = jjR0jjF , V1 = R0=�, k = k + 1, Goto 2.

Note that when the operator A� is symmetric, the matrix Hm is symmetric and tridiag-
onal and in this case the computational cost is reduced. The optimal value of the parameter
� is determined by using the L-curve criterion or the GCV method.

4 Projection plus Tikhonv regularization

An economical approach is to project the original problem onto a Krylov subspace and
then apply Tikhonov regularization to the small projected minimization problem. Since
H = H2 
H1, the initial minimization problem (1) can be expressed as

min
X2X0+Kk(H;E)

kG�H1XH
T
2 kF (13)

where the linear operator H is de�ned by H(V ) = H1V H
T
2 and V is an n� p matrix.

To solve (13), we apply the global-GMRES method. Starting from an initial guess X0

and the corresponding residual R0, we form an F-orthonormal basis of the matrix Krylov
subspace Kk(H; R0) and get the (k + 1)� k matrix ~Hk. The projected problem we wish to
solve is

min
y
k�e1 � ~Hkyk2 (14)
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where � = kR0kF and e1 is the unit vector of IRk+1.
As the matrix ~Hk may be ill-conditioned, we apply Tikhonov regularization to the

projected problem (14). Thus, we consider

min
y

(k�e1 � ~Hkyk22 + �2
kkLkyk22); (15)

where Lk is some chosen regularizing operator. Hence, we solve (15) and we compute the
approximation Xk = X0 + Vk(yk;� 
 Ip) where yk;� solves the minimization problem (15).
At each outer iteration k, an optimal value �k;opt of the parameter � is determined by using
the GCV method. In our computations, we used the preceding algorithm in a restarted
mode. The algorithm is restarted every m iterations where m is a �xed parameter.

5 Numerical examples

In this section we give two examples illustrating our approach for computing the solution of
the linear discrete ill-posed problem (2). All computations were carried out using Matlab
6.5 on an Intel Pentium workstation with about 16 signi�cant decimal digits. We illustrate
our method in the context of image restoration. The original image is denoted by X in
each example and it consists of 256� 256 grayscale pixel values in the range [0; 255]. Let bx
be the vector whose entries are the pixel values of the original image X ordered row-wise
and let H represent the blurring matrix. Then the vector bg = Hbx represents the associated
blurred and noise-free image. We generated a blurred and noisy image g = bg+n, where n is
a noise vector with normally distributed random entries with zero mean and with variance
chosen such that jjnjj=jjgjj = 10�2. The original image and the noise are not available, but
the blurred and noisy image G = vec(g) together with the blurring matrix H are known.

5.1 Example 1

In this example, the original image is the corridor image. The blurring matrix H is given
by H = H2 
H1 2 IR2562�2562

, where H1 = H2 = [hij ] and [hij ] is the Toeplitz matrix of
dimension 256 � 256 given by hij = 1

2r�1 for ji � jj � r and hij = 0 for ji � jj > r, with
r = 10. The blurring matrix H models a uniform blur. In this example, the matrix L in
the linear discrete ill-posed problem (2) is L = L2 
 L1, where L1 = I256 and L2 is the
tridiagonal matrix of size 256 � 256 given by L2 = tridiag([1; 2; 1]). The restored image
is obtained by applying the global GMRES(20) (Algorithm 2) to the problem (5). The
optimal value �opt ’ 0:0014586 of the parameter � is computed by using the GCV method.

In this example, the relative error was jjX�X20jjF
jjXjjF ’ 8:1395�10�2. The results are shown

if Figure 1.

5.2 Example 2

In the second example, we use the method described in Section 4. The original image is the
lena. The blurring matrix H is given by H = H2
H1 2 IR2562�2562

, where H1 = I256 and
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Original Image Blurred and noisy Image Restored Image with λ
opt

=0.0014586

Figure 1: Original image (left), degraded image (center) and restored image (right).

H2 = [hij ] is the Toeplitz matrix of dimension 256 � 256 given by hij = 1
2r�1 exp(� ji�jj2

�2 )
for ji� jj � r and hij = 0 for ji� jj > r, with r = 10 and � = 7. At each outer iteration k,
k = 1; : : : ; 10, the matrices Lk is the identity matrix. At each outer iteration k, the optimal
parameter �k;opt is computed by using the GCV method. The obtained optimal values are
�1;opt = 2:0 � 10�2, �2;opt = 1:2973 � 10�2, �3;opt = 1:1892 � 10�2, �4;opt = 8:8546 � 10�3,
�5;opt = 9:6782�10�3 , �6;opt = 7:0270�10�3 , �7;opt = 8:1081�10�3 , �8;opt = 5:9202�10�3 ,
�9;opt = 7:0528 � 10�3, �10;opt = 5:2252 � 10�3.

The results of this example are given in Figure 2.

Original Image Blurred and noisy Image Restored Image

Figure 2: Original image (left), degraded image (center) and restored image (right).
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Well known theorems on triangular systems and the D5

principle

Fran�cois Boulier Fran�cois Lemaire Marc Moreno Maza

Abstract

The theorems that we present in this paper are very important to prove the correct-
ness of triangular decomposition algorithms. The most important of them are not new
but their proofs are. We illustrate how they articulate with the D5 principle.

Introduction

This paper presents the proofs of theorems which constitute the basis of the triangular
systems theory: the equidimensionality (or unmixedness) theorem for which we give two
formulations (Theorems 1.1 and 1.6) and Lazard’s lemma (Theorem 2.1). The �rst section
of this paper is devoted to the proof of the equidimensionality theorem. Our proof is original
since it covers in the same time the ideals generated by triangular systems saturated by
the set of the initials of the system (i.e. of the form (A) : I1

A ) and those saturated by
the set of the separants of the system (i.e. of the form (A) : S1

A ). The former type of
ideal naturally arises in polynomial problems while the latter one naturally arises in the
di�erential context. Our proof shows also the key role of Macaulay’s unmixedness theorem
[24, chapter VII, paragraph 8, Theorem 26]. Its importance in the context of triangular
systems was �rst demonstrated by Morrison in [14] and published in [15]. In her papers,
Morrison aimed at completing the proof of Lazard’s lemma provided in [3, Lemma 2]. Thus
Morrison only considered the case of the ideals of the form (A) : S1

A , which are the ideals
w.r.t. which Lazard’s lemma applies. The case of the ideals of the form (A) : I1

A was
addressed in [2]. The proof of [2, Theorem 5.1] involves the same gap as that given in [3,
Lemma 2]. It was �xed in [1]. The proof provided in [1] does not explicitly use Macaulay’s
theorem but relies on the properties of regular sequences in Cohen{Macaulay rings, which
are the rings in which Macaulay’s theorem applies.

What is this gap in the proofs mentioned above ? Among all the indeterminates the
elements of a triangular system A depend on, denote t1; : : : ; tm the ones which are not main
indeterminates. The proofs given in [2, Theorem 5.1] and in [3, Lemma 2] rely implicitly
on the assumption that the non zero polynomials which only depend on t1; : : : ; tm are not
zero divisors modulo the ideal de�ned by A. This assumption is indeed true but certainly
deserves a speci�c proof.

In the case of the ideals of the form (A) : I1
A , let’s mention the equidimensionality result

of [19] which is not su�cient since it does not solve the problem of the embedded associated
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prime ideals of (A):I1
A . In the case of the ideals of the form (A):S1

A , there is a simple proof
[16, 4] which unfortunately does not seem to generalize to the ideals of the form (A) : I1

A .
The second section of this paper is devoted to the proof of Lazard’s lemma. This lemma

was communicated by Lazard to the �rst author a few days before his PhD defense in
1994, with a sketch of proof. The proof given here is very close to the original one. As
stated above, Lazard’s lemma was �rst published in [3] but its �rst complete proof is due
to Morrison [14, 15]. Among the few other proofs published afterwards, let’s mention the
ones given in [18, 4, 8, 17].

In the remaining sections, we show how the equidimensionality theorem and Lazard’s
lemma apply to the so called \regular chains" [11, 9, 23, 2]. We last recall a few basic
algorithms which carry out a generalization of the \D5" principle [6] for regular chains and
which implictly rely on the equidimensionality theorem. Historically, the \D5" principle
suggests to compute modulo zero dimensional ideals presented by triangular systems as if
these ideals were prime (whenever a zero divisor is exhibited, the ideal is split). It is its
generalization to non zero dimensional ideals which requires the equidimensionality theorem.

Throughout this paper, K denotes a commutative �eld of characteristic zero.

1 The equidimensionality theorem

In the polynomial ring R = K[x1; : : : ; xn; t1; : : : ; tm], we consider a polynomial system
A = fp1; : : : ; png. We assume that deg(pi; xi) > 0 and deg(pi; xk) = 0 for all 1 � i � n
and i < k � n i.e. that A is a triangular system w.r.t. at least one ordering such that
x1 < � � � < xn and that the x indeterminates are precisely the main indeterminates of the
elements of A. The initial of a polynomial pi is the leading coe�cient of pi, viewed as a
univariate polynomial in xi. The separant of pi is the polynomial @pi=@xi.

In the following, h denotes either the product of the initials of all the elements of A or
the product of the separants of all the elements of A.

We are concerned by the properties of the ideal A = (A) : h1 which is the set of all
the polynomials f 2 R such that, for some nonnegative integer r and some �1; : : : ; �n 2 R
we have hr f = �1 p1 + � � � + �n pn. When h is the product of the initials of the elements
of A, the ideal A is often denoted (A) : I1

A in the literature. When h is the product of the
separants, the ideal A is often denoted (A) : S1

A .
In general, the ideal A may be the trivial ideal R (take A = fx1; x1 x2g). We assume

this is not the case.
Denote R0 = K(t1; : : : ; tm)[x1; : : : ; xn] the polynomial ring obtained by \moving the t

indeterminates in the base �eld" of R and A0 the ideal (A) : h1 in the ring R0. Denote M
the multiplicative family K[t1; : : : ; tm] n f0g so that R0 = M�1R. Denote M=A the image
of M by the canonical ring homomorphism R ! R=A. The elements of R0=A0, which is
isomorphic to (M=A)�1(R=A), have the form a=b where a 2 R=A and b 2 M=A. In this
section, we prove the following theorem.

Theorem 1.1. An element a 2 R=A is zero (respectively regular1) if and only if every

1regular = not a zero divisor.
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element a=b 2 R0=A0 is zero (respectively regular).

Proposition 1.2. To prove Theorem 1.1, it is su�cient to prove that every element of M=A
is regular.

Proof. This is a very classical proposition. If every element of M=A is regular then R0=A0, is
a subring of the total ring of fractions of R=A [24, chapter IV, paragraph 9]. The proposition
then follows [24, chapter I, paragraph 19, Corollary 1].

Let us recall the Lasker{Noether theorem [24, chapter IV, Theorems 4 and 6].

Theorem 1.3. (Lasker{Noether theorem)
In a noetherian ring, every ideal is a �nite intersection of primary ideals. Every repre-

sentation of an ideal A as an intersection of primary ideals can be minimized by removing on
the one hand the redundant primary ideals and by grouping on the other hand the primary
ideals whose intersection is itself primary. The so obtained minimal primary decomposition
of A is not uniquely de�ned. However, the number of its components and the radicals of its
components (the so called \associated prime ideals" of A) are uniquely de�ned.

All the rings considered in this section are noetherian.

Proposition 1.4. To prove Theorem 1.1, it is su�cient to prove that no associated prime
ideal of A meets M .

Proof. According to [24, chapter IV, paragraph 6, Corollary 3], if M does not meet any
associated prime ideal of A then every element of M=A is regular. Theorem 1.1 then follows
from Proposition 1.2.

Recall the de�nition of the dimension of an ideal.

De�nition 1.5. The dimension dim p of a prime ideal p of a polynomial ring R with
coe�cients in a �eld K is the transcendence degree of the fraction �eld of R=p over K. The
dimension dim B of an ideal B of R is the maximum of the dimensions of the associated
prime ideals of B.

The rest of this section is completely dedicated to the proof of the following theorem
which admits Theorem 1.1 as a corollary. This reformulation of Theorem 1.1 is often
convenient for writing proofs.

Theorem 1.6. The associated prime ideals of A have dimension m and do not meet M .

In order to apply Macaulay’s unmixedness theorem, one needs to get rid of the saturation
by h. For this, one may use the Rabinowitsch trick [20, section 16.5]. One introduces some
new indeterminate xn+1 and a new polynomial pn+1 = hxn+1 � 1. One denotes A0 the
triangular system of R0 = R[xn+1] obtained by adjoining pn+1 to A. One denotes A0 the
ideal (A0) of R0. Consider the two following canonical ring homomorphisms:

R
����! h�1R ’ R0=(pn+1)

� ��� R0:
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The isomorphism h�1R ’ R0=(pn+1) is classical [7, Exercise 2.2, page 79]: every element
of R corresponds to itself, xn+1 corresponds to h�1. If B is an ideal of R, one denotes h�1B

or (�B) the ideal of h�1R generated by �B. If B0 is an ideal of R0 then �B0 is an ideal of
�R0 = R0=(pn+1).

Lemma 1.7. The ideal A0 is proper. If q0
1 \ � � � \ q0

r is a minimal primary decomposition
of A0 then ��1(�q0

1) \ � � � \ ��1(�q0
r) is a minimal primary decomposition of A.

Proof. We use the notations of extensions and contractions de�ned in [24, chapter IV,
paragraph 8], w.r.t. the ring homomorphism � so that (�A) = Ae. The ideal �A0 is equal
to the ideal Ae since both ideals admit a same generating family: A. By [24, chapter IV,
Theorem 15 (a)] we have A = Aec since A = A : h1. Therefore, since A is assumed to be
proper, so are Ae and A0.

Consider now a minimal primary decomposition q0
1 \ � � � \ q0

r of A0. According to [24,
chapter IV, paragraph 5, Remark concerning passage to a residue class ring], �q0

1\� � � \�q0
r

is a minimal primary decomposition of �A0 = Ae. Since A = Aec, by [24, chapter IV,
Theorem 15 (b) and a comment just above this theorem], the associated prime ideals of A

do not meet M . By [24, chapter IV, Theorem 17] the intersection ��1(�q0
1)\ � � � \��1(�q0

r)
is a minimal primary decomposition of A.

Proposition 1.8. To prove Theorem 1.6, it is su�cient to prove that the associated prime
ideals of A0 have dimension m and do not meet M .

Proof. Let p0 be an associated prime ideal of A0 and p = ��1(�p0) the corresponding
associated prime ideal of A according to Lemma 1.7. Let a be an element of the subring R
of R0. Then a 2 p0 if and only if a=1 2 �p0 and a=1 2 �p0 if and only if a 2 p. Therefore,
if p0 does not meet M then p does not either and dim p � m. If moreover dim p0 =
m then x1; : : : ; xn must depend algebraically on t1; : : : ; tm modulo p0 hence they depend
algebraically on t1; : : : ; tm modulo p and dim p � m. Combining both inequalities, one
concludes that dim p = m.

One distinguishes two sorts of prime ideals associated to an ideal A: the isolated or
minimal ones and the embedded or imbedded ones. An embedded associated prime ideal
of A is an associated prime of A which contains another associated prime ideal of A. In
the context of polynomial rings, its algebraic variety is included (embedded) in that of
the associated prime ideal that it contains. One thus sees that, at least in the context
of polynomial rings, it is much easier to get informations on the minimal associated prime
ideals (they correspond to the irreducible components of the algebraic variety of the ideal [24,
chapter VII, paragraph 3, Corollary 3 to Hilbert’s Nullstellensatz]) than on the embedded
associated prime ideals, which have no such simple geometric meaning (see however [7,
section 3.8] for a geometric interpretation of embedded primes). In our case, the problem
of the minimal associated prime ideals is easily solved by Lemma 1.10. The problem of the
embedded associated prime ideals is solved by a di�cult theorem: Macaulay’s unmixedness
theorem. Recall Krull’s principal ideal theorem [24, chapter VII, Theorem 22].
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Theorem 1.9. (principal ideal theorem)
If a proper ideal A of a ring R = K[x1; : : : ; xn] admits a generating family formed of k

elements (1 � k � n) then dim A � n� k.

Let us come back to our study of the ideal A0 of R0.

Lemma 1.10. The dimension of A0 is m. Moreover, none of the m{dimensional associated
prime ideal of A0 meets M .

Proof. Consider an associated prime ideal p0 of A0.
First consider the case of h being the product of the initials of the elements of A. Then

none of these initials belongs to p0 (otherwise p0, which contains hxn+1 � 1 would also
contain 1). Thus x1; : : : ; xn+1 are algebraically dependent on t1; : : : ; tm over K in R0=p0

(the polynomials of A0 cannot degenerate at all).
Consider now the case of h being the product of the separants of the elements of A. Let

p‘ = ad x
d
‘ + � � �+a1 x‘+a0 be any element of A0. Since its separant s‘ = d ad x

d�1
‘ + � � �+a1

does not belong to p0 (otherwise p0, which contains hxn+1 � 1 would also contain 1), at
least one of the coe�cients ad; : : : ; a1 does not belong to it2. Thus x1; : : : ; xn+1 are alge-
braically dependent on t1; : : : ; tm over K in R0=p0 (the polynomials of A0 cannot completely
degenerate).

In both cases, x1; : : : ; xn+1 are algebraically dependent on t1; : : : ; tm over K in R0=p0.
One then concludes, �rst that dim p0 � m hence dim A0 � m, second that if dim p0 = m
then p0 \M = ;. The ideal A0 admits a basis made of n + 1 elements in a polynomial
ring in n + m + 1 indeterminates. According to the principal ideal theorem, dim A0 � m.
Combining both inequalities, one concludes that dim A0 = m.

Let us recall Macaulay’s unmixedness theorem [24, chapter VII, Theorem 26].

Theorem 1.11. (Macaulay’s unmixedness theorem)
If a proper ideal A of a polynomial ring R = K[x1; : : : ; xn] admits a basis made of

k elements (1 � k � n) and if dim A = n � k then all its associated prime ideals have
dimension n� k.

The following proposition, combined to Proposition 1.8, concludes the proof of Theo-
rem 1.6 hence that of Theorem 1.1.

Proposition 1.12. The associated prime ideals of A0 have dimension m and do not meet M .

Proof. The ideal A0 admits a basis made of n+ 1 elements in a polynomial ring in n+m+ 1
indeterminates. According to Lemma 1.10, its dimension is m. According to Macaulay’s
unmixedness theorem, all its associated prime ideals have dimension m. According to
Lemma 1.10 again, none of these prime ideals meets M .

Let us state a few easy corollaries to Theorem 1.1.

Corollary 1.13. The minimal primary decomposition of A is uniquely de�ned.

2The characteristic zero hypothesis is used here.
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Proof. By Theorem 1.6, the ideal A has no embedded associated prime ideal. The corollary
then follows [24, chapter IV, paragraph 5, Theorem 8].

Corollary 1.14. Theorems 1.1 and 1.6 hold if A is replaced by any ideal (A) : S1 where
S is any subset of R containing h, provided that (A) : S1 is proper.

Proof. The ideal (A) : S1 is the intersection of the primary components of (A) : h1 which
do not meet the multiplicative family generated by S. Since the primary components of
(A) : h1 do not meet M , the primary components of (A) : S1 do not meet M either
and, Theorem 1.6 holds for this ideal also. Theorem 1.1 follows from Theorem 1.6 and
Proposition 1.4.

Corollary 1.15. Every regular element of R0=A0 is invertible.

Proof. Still a well known theorem. By Theorem 1.6, the ideal A0 has dimension zero. By [24,
chapter VII, paragraph 7], the associated prime ideals of A0 are maximal. The ideal A0 is
thus contained in �nitely many prime ideals. There is a bijection [24, chapter III, Theorem
7] between the ideals of R0 which contain A0 and the ideals of R0=A0. This bijection maps
prime ideals to prime ideals [24, chapter III, Theorem 11]. The ring R0=A0 thus involves
only �nitely many prime ideals p1; : : : ; pr which are the associated primes of (0). Assume
a 2 R0=A0 is regular. By [24, chapter IV, paragraph 6, Corollary 3], the element a belongs
to none of the ideals p1; : : : ; pr. The ideal generated by a must contain 1 since it would
otherwise have associated prime ideals all di�erent from p1; : : : ; pr and there are no such
prime ideals. Thus there exists some �a 2 R0=A0 such that a �a = 1 and a is invertible.

Corollary 1.16. Let 1 � i � n be an index. Denote Ai = fp1; : : : ; pig. If h is the product
of the initials of A, denote hi the product of the initials of the elements of Ai otherwise,
denote hi the product of the separants of the elements of Ai. Denote Ai = (Ai) : h1

i . Let
a 2 R be any polynomial. If a is regular in Ri=Ai then a is regular in R=A.

Proof. Denote R0;i = K(t1; : : : ; tm)[x1; : : : ; xi] and A0;i = (Ai) : h1
i in R0;i. Assume a is

regular in Ri=Ai. Then, by Theorem 1.1 and Corollary 1.15, there exists some �a 2 R0;i such
that a �a� 1 2 A0;i. Since R0;i � R0 and A0;i � A0, we have a �a� 1 2 A0 and a is invertible
in R0=A0. By Theorem 1.1 again, a is regular in R=A.

2 Lazard’s lemma

In this section, we keep the notations of section 1 but we restrict ourselves to the case of h
being the product of the separants of the elements of A. The ideal A = (A) : h1 is often
denoted (A) : S1

A in the literature. It is assumed to be proper.

Theorem 2.1. (Lazard’s lemma)
The ideal A is radical.
The minimal prime ideals of A have dimension m and do not meet M .
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Before proceeding, let us consider the basic case of a system A made of a single poly-
nomial p1 = t1 (x1 � 1)3 (x1 � 2). Then the separant h = t1 (x1 � 1)2 (4x1 � 7) involves as
a factor the polynomial t1 which does not depend on x1 and the multiple factor (x1 � 1)
of p1. The ideal A is generated by (x1 � 2) and satis�es Theorem 2.1. Observe that the
theorem would not hold in the case of h being the product of the initials of A only. In that
case, the ideal A, which would be generated by (x1 � 1)3 (x1 � 2), would not be radical.

Proposition 2.2. To prove Theorem 2.1, it is su�cient to prove that A0 is radical.

Proof. The second statement of Lazard’s lemma follows from Theorem 1.6. Let us assume
A0 is radical. Then R0=A0 does not involve any nilpotent3 element by [24, chapter IV,
Theorem 10 and Corollary]. Thus R=A does not either by Theorem 1.1 (for if a is a non
zero element of R=A then its image a=1 in R0=A0 is non zero ; if a power ad of a were zero,
then (a=1)d would be zero too and R0=A0 would involve nilpotent elements). Therefore, A

is radical and the proposition is proved.

In the rest of this section, we prove that A0 is radical by proving thatR0=A0 is isomorphic
to a direct product of �elds. Since a direct product of �elds does not involve any nilpotent
element, the ideal A0 is radical and the proof of Lazard’s lemma is complete.

Indeed, if R1; : : : ; Rk are rings then one denotes S = R1� � � � �Rk their direct product.
Elements of S are tuples with k components. Given any two elements a = (a1; : : : ; ak) and
b = (b1; : : : ; bk) of S one de�nes a+ b as (a1 + b1; : : : ; ak + bk) and a b as (a1 b1; : : : ; ak bk).
In the ring S, zero is equal to (0; : : : ; 0) and one is equal to (1; : : : ; 1). If the rings Ri do not
involve any nilpotent element then S does not either. This is the case in particular when
the rings Ri are �elds. See [24, chapter III, paragraph 13] for an equivalent formulation
based on direct sums. The following theorem is a generalization of the Chinese Remainder
Theorem. See [24, chapter III, paragraph 13, Theorem 32] or [7, Exercise 2.6, page 79].

Theorem 2.3. (Chinese Remainder Theorem)
If A1; : : : ;Ak are ideals of R such that Ai + Aj = R whenever i 6= j then the ring

R=(A1 \ � � � \ Ak) is isomorphic to the direct product (R=A1)� � � � � (R=Ak).

The proposition below concludes the proof of Theorem 2.1. The scheme of its proof is
the original scheme of proof communicated by Daniel Lazard.

Proposition 2.4. The ring R0=A0 is isomorphic to a direct product of �elds.

Proof. The ring R0=A0 can be constructed incrementally. It is isomorphic to the ring Sn
de�ned by:

S0 = K(t1; : : : ; tm); Si = Si�1[xi]=(pi) : s1
i :

The proof is an induction on n.
The basis n = 0 is trivial.
Assume Sn�1 is a direct product of �elds K1 � � � � �Kr. Then Sn is isomorphic to the

direct product of the rings Kj [xn]=(pn) : s1
n for all 1 � j � r. In the formula above one

3A nilpotent element of a ring R is a nonzero element of R a power of which is zero.
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assimilates the polynomials pn and sn with their images by the canonical ring homomor-
phisms, noticing that the image of the separant of pn in each Kj [xn] is the separant of the
image of pn in this ring.

Therefore, in each Kj [xn], the ideal (pn) : s1
n is generated by the product of the simple

irreducible factors of pn. It is thus the intersection of the maximal ideals m‘ generated
by these factors. According to the Chinese Remainder Theorem, each Kj [xn]=(pn) : s1

n

is isomorphic to the direct product of the �elds Kj [xn]=m‘. Since direct products are
associative, the ring Sn itself is a direct product of �elds.

Corollary 2.5. Theorem 2.1 holds if A is replaced by any ideal (A) : S1 where S is any
subset of R containing the separants of the elements of A, provided that (A) : S1 is proper.

Proof. The ideal (A) : S1 is the intersection of the primary components of A which do not
meet the multiplicative family generated by S. Since A is radical, its primary components
are prime ideals [24, chapter IV, Theorem 5]. Thus the primary components of (A) :S1 are
prime ideals and (A) :S1 is radical. The dimension properties shared by all the associated
prime ideals of A also hold for all the associated prime ideals of (A) : S1.

3 Regular chains

We consider the polynomial ring R = K[x1; : : : ; xn; t1; : : : ; tm]. We assume that the m+ n
indeterminates are ordered according to some total ordering O. Let p be any polynomial
of R nK. The greatest indeterminate w.r.t. O among the indeterminates p depends on is
called the main indeterminate of p. We consider a triangular system A = fp1; : : : ; png of R
i.e. a polynomial system whose elements have distinct main indeterminates. Renaming
the indeterminates if necessary, we assume that the main indeterminate of pi is xi for each
1 � i � n. The multiplicative family M , the initials and the separants of the elements of A
are then de�ned as in section 1.

Fix some 1 � i � n. Denote Ai the system fp1; : : : ; pig. Denote hi the product of the
initials of the elements of Ai. Denote Ri the ring K[t1; : : : ; tm; x1; : : : ; xi]. Denote R0;i the
ring K(t1; : : : ; tm)[x1; : : : ; xi]. Denote Ai the ideal (Ai):h1

i of R and A0;i the ideal (Ai):h1
i

of R0;i. Denote R0 = R0;n and A = An.

De�nition 3.1. The system A is a regular chain if, for each 2 � i � n, the initial of pi is
regular in the ring Ri�1=Ai�1. Assume A is a regular chain. Then A is said to be squarefree
if, for each 1 � i � n, the separant of pi is regular in Ri=Ai.

The above de�nition is not exactly the same as that of [2, De�nition 4.1] but they are
strictly equivalent. The di�erence is that, in [2], the t indeterminates greater than xi would
have been withdrawn from the rings Ri�1 and Ri. This change is not important for the
elements of Ai do not depend on the t indeterminates greater than xi and, by [24, chapter I,
paragraph 16, Theorem 6], if �R is a ring, a is one of its elements and x is an indeterminate
over it then a is zero (respectively regular) if and only if it is zero (respectively regular) in
the ring �R[x]. The following results are corollaries to Theorems 1.1 and 2.1.
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Corollary 3.2. The system A is a regular chain if, for each 2 � i � n, the initial of pi is
invertible in the ring R0;i�1=A0;i�1. Assume A is a regular chain. Then A is squarefree if,
for each 1 � i � n, the separant of pi is invertible in R0;i=A0;i.

Proof. It is an immediate corollary of Theorem 1.1 (enlarging the set of the t indeterminates
with the x indeterminates which are not needed).

Corollary 3.3. Assume A is a squarefree regular chain. Then A is radical. Its minimal
prime ideals have dimension m and do not meet M .

Proof. By Corollary 1.16 and the de�nition of squarefreeness, the separants of the elements
of A are regular in R=A. Thus they do not lie in any associated prime ideal of A by [24,
chapter IV, paragraph 6, Corollary 3]. Thus, denoting S1

A the multiplicative family that
they generate, A = A : S1

A and the proof follows from Corollary 2.5.

3.1 Splittings

In this section, we provide two propositions which permit to justify many algorithms carry-
ing out the \D5" principle for triangular systems [6]. We keep the notations of section 3 and
we assume that A is a regular chain. Let 1 � i � n be an index. Assume that there exists a
factorization pi = b c in (R0;i�1=A0;i�1)[xi] such that 0 < deg(b; xi); deg(c; xi) < deg(pi; xi).
For each 1 � j � n, denote Bj = Aj if j < i otherwise denote Bj = (Aj nfpig)[fbg. Denote
B = Bn. For each 1 � j � n, denote hb;j the product of the initials of the elements of Bj
and Bj the ideal (Bj) :h1

b;j of R and B0;j the ideal (Bj) :h1
b;j of R0;j . Replacing b by c in the

formulas, de�ne C and for each 1 � j � n, de�ne Cj, hc;j, Cj and C0;j Denote B0 = B0;n

and C0 = C0;n.

Proposition 3.4. The triangular sets B and C are regular chains. For each 1 � j � n we
have Aj � Bj and Aj � Cj.

Proof. We focus on the set B. The arguments for C are similar. Since 0 < deg(b; xi) <
deg(pi; xi), the set B is triangular. For each 1 � j < i we have Aj = Bj thus Aj = Bj and B
is a regular chain up to index i� 1. In the ring R0;i�1, the initial of pi is the product of the
initials of b and c. Since A is a regular chain, the initial of pi is invertible in R0;i�1=A0;i�1.
Therefore, the initial of b is invertible in R0;i�1=B0;i�1. By Corollary 3.2, the set B is a
regular chain up to index i and Ai � Bi. Let i < j � n be an index. We have Aj � Bj .
Thus the initial of pj, which is invertible in R0;j�1=A0;j�1, is also invertible in R0;j�1=B0;j�1.
By Corollary 3.2, the set B is a regular chain up to any index and Aj � Bj .

We have proved that A � B \ C. In general the equality does not hold because of
possible common factors of b and c. In the particular case of squarefree regular chains, b
and c have no common factors and the equality holds, the following proposition shows.

Proposition 3.5. Assume A is squarefree. Then so are B, C and we have A = B \ C.
Moreover, the sets of the minimal prime ideals of B and C form a partition of the set of
the minimal prime ideals of A.
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Proof. First we prove that B and C are squarefree regular chains. As in the above proof,
we focus on B. By Proposition 3.4, the set B is a regular chain. Assume A is squarefree.
Let 1 � j < i be an index. Since Aj = Bj, the separant of pj is regular in Rj=Bj and B is a
squarefree regular chain up to index i� 1. Denote si, sb and sc the separants of pi, b and c.
We have si = sb c+ sc b. Let us prove that sb is regular in Ri=Bi. Since A is squarefree, si
is invertible in R0;i=A0;i. By Proposition 3.4, for each 1 � j � n we have Aj � Bj thus si
is also invertible in R0;i=B0;i. Then, using the fact that b 2 Bi we see that sb c, hence sb,
is invertible in R0;i=B0;i. By Corollary 3.2, the set B is a squarefree regular chain up to
index i. Let i < j � n be an index. Using again the fact that Aj � Bj , we see that the
separant of pj is regular in Rj=Bj . Thus B is a squarefree regular chain up to any index.

Similar statements prove that C is a squarefree regular chain.
By Corollary 3.3, the ideals B and C are radical. They are equal to the intersections

of their minimal prime ideals by [24, chapter IV, Theorem 5]. To conclude the proof of
the proposition, it is thus su�cient to prove that the sets of the minimal prime ideals of B

and C form a partition of the set of the minimal prime ideals of A. Denote V , Vb and Vc
the sets of zeros of A0, B0 and C0 in the algebraic closure of K(t1; : : : ; tm). Since these
ideals have dimension zero, these sets are �nite. The minimal prime ideals of A, B and C

have dimension m and do not meet M . Therefore, by [24, chapter IV, Theorem 15(d)], the
ring homomorphism R ! R0 provides a bijection between the minimal prime ideals of A

(respectively B, C) and those of A0 (respectively B0, C0) hence, using [24, chapter VII,
paragraph 3, Corollary 2], a bijection between the minimal prime ideals of A (respectively
B, C) and the elements of V (respectively Vb, Vc). It is thus su�cient to prove that Vb
and Vc form a partition of V . The cardinal jV j of V is the product

Qn
j=1 deg(pj ; xj).

Similar statements hold for Vb and Vc. Since deg(pi; xi) = deg(b; xi) + deg(c; xi) we see
�rst that jV j = jVbj+ jVcj. Second, we have Vb � V and Vc � V . Third, Vb\Vc is empty for
a common zero of B and C would annihilate si = sb c + sc b which is invertible. Therefore
V = Vb [ Vc, the sets Vb and Vc form a partition of V and the proposition is proved.

3.2 The D5 principle for triangular systems

In this section, we provide the scheme of many algorithms carrying out the \D5" principle
for triangular systems. More e�cient algorithms can be found in [13, 12]. See also [22, 21, 5].
The triangular set A is assumed to be a regular chain.

De�nition 3.6. For every a 2 R we de�ne the pseudoremainder of a by A as

prem(a; A) =
def

prem(: : : prem(prem(a; pn; xn); pn�1; xn�1) : : : ; p1; x1):

The pseudoremainder algorithm is based on [24, chapter I, paragraph 16, Theorem 9].
It is de�ned in [10, volume 2, page 407]. The next proposition is proved in [2, Theorem 6.1].

Proposition 3.7. For every a 2 R we have a 2 A if and only if prem(a; A) = 0.

The parameter a of algebraic inverse denotes an element of R. The function returns an
inverse of a in R0=A0 or fails. If it succeeds then a is proved invertible in R0=A0 hence regular
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in R=A by Theorem 1.1. The function thus implicitly relies on the equidimensionnality
theorem. If it fails by encountering a zero divisor, it exhibits a nontrivial factorization of
some element pi of A. The exhibited factorization might allow some calling function to
split A as two regular chains by using Proposition 3.4. Observe that the function may fail
even if a is regular in R=A for it checks the regularity of many di�erent elements of R=A.

function algebraic inverse (a; A)
begin

if a 2 K(t1; : : : ; tm) then
if a 6= 0 then

1/a
else

the inverse computation fails (inversion of zero)
endif

else
let xi be the main indeterminate of a
(u1; u2; u3) := extended Euclid (a; pi; xi; A)
if u3 6= 1 then

the inverse computation fails (inversion of a zero divisor): u3 is a factor of pi
else
u1

endif
endif

end

Here is the generalization of the extended Euclidean algorithm called by algebraic inverse.
The main indeterminate of the two polynomials a and b is xi. The polynomials a and b
are viewed as polynomials in (R0;i�1=A0;i�1)[xi]. The function fails or returns a triple
U = (u1; u2; u3) of elements of (R0;i�1=A0;i�1)[xi] satisfying a B�ezout identity in the ring
(R0;i�1=A0;i�1)[xi] i.e. a relation u1 a+u2 b = u3. A proof that U satis�es a B�ezout identity
can be designed by using the two following loop invariants (i.e. properties which hold each
time the loop condition is evaluated). These loop invariants are natural generalizations of
the very classical loop invariants of the basic extended Euclidean algorithm:

� u1 a+ u2 b = u3 and v1 a+ v2 b = v3 in (R0;i�1=A0;i�1)[xi] ;

� the set of the common divisors of u3 and v3 is equal to the set of the common divisors
of a and b.

Observe that the second invariant is stated without using the word \gcd" which would be
controversial in this context for the ring (R0;i�1=A0;i�1)[xi] is not a UFD. A de�nition of
the gcd in this context is however provided in [13]. Observe that the function needs to
recognize zero in R0;i�1=A0;i�1 in order to evaluate the loop condition and to determine the
degree of u3 after the loop execution. This is achieved by Proposition 3.7. The function also
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needs to check the regularity of the leading coe�cient of v3 before performing the Euclidean
division. This can be achieved using algebraic inverse.

function extended Euclid (a; b; xi; A)
begin
U := (1; 0; a)
V := (0; 1; b)
while v3 6= 0 do
q := the quotient of the Euclidean division of u3 by v3 in (R0;i�1=A0;i�1)[xi]
T := V
V := U � q V
U := T

done

c := the coe�cient of x
deg(u3; xi)
i in u3

return algebraic inverse (c;A)U
end
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Unique Normal Forms for Nilpotent Vector Fields of Higher

Dimensions �

Guoting Chen

Abstract

Unique normal forms for nilpotent planar vector �elds have been studied under the
graded Lie algebra context. A unique normal form with respect to the classical degree up
to certain order is given for nilpotent vector �elds in dimensions 3 and 4. New orderings
are used and the corresponding unique normal forms are given up to certain order. Their
comparison leads to the important conclusion that the unique normal form depends on
the ordering and the choices of complementary subspaces. Maple implementations are
used to study the problem and to compute the bases of some complementary subspaces.

Introduction

Normal forms of dynamical systems or vector �elds are basic and important tools in bi-
furcation theory of vector �elds, and this has a long history. Recently further reduction
of classical normal forms has been studied in many ways in order to obtain unique nor-
mal forms and some general methods are given ([2, 5, 9, 10, 13]). But the problem of the
unique (simplest) normal form for a given vector �eld is far from trivial. For non nilpotent
vector �elds, unique normal forms are known in many cases in R2 and R3 (for example in
[2, 6, 9, 14, 15]). For the nilpotent cases the question is more di�cult. In dimension 2 it is
�rst considered in [3] and [10]. A special case is studied in [6]. Other studies are done in
[4, 14].

In the present paper we study unique normal forms for formal vector �elds in dimensions
3 and 4 with a nilpotent linear part of index one. For the dimensional 3 case a unique normal
form up to terms of degree 5 is given in [5], and up to terms of degree 8 is given in [16]. For
the dimensional 4 case, a unique normal form up to terms of degree 3 is given in [5].

Normal form theory in a graded Lie algebra context is given in [2]. New grading for
vector �elds has been introduced in [10] and has been used successifuly for nilpotent planar
vector �elds of dimension 2 in [3, 6, 10, 14]. Although in dimension 2 it seems that new
grading unique normal forms induce unique normal forms in the classical order, one can
ask the question: is it necessarily true in higher dimensional case? This question has never
been raised. In fact it seems that it is usually admitted. Our results give a negative answer
to this question.

�Dedicated to Jean Della Dora on the occasion of his 60th birthday
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We �rst consider vector �elds in R3 with an equilibrium at the origin with a nilpotent
linear part of index one X1 = y@x + z@y, where @x = @=@x, @y = @=@y and @z = @=@z. We
shall write X(x; y; z) =

P+1
k=1Xk, where Xk denotes the homogeneous part of degree k. We

use also notations for the corresponding dynamical system

_x = y + � � � ; _y = z; _z = � � �

where the dots represent terms of degree � 2. The matrix of the linear part is the nilpotent
matrix of index one

A =

0
@

0 1 0
0 0 1
0 0 0

1
A :

In Section 1, we give a brief presentation of the method that we shall follow, that is the
graded Lie algebra and normal forms using multiple Lie brackets (see [2, 7]). In Section 2 we
compute the structure of unique normal form for nilpotent vector �elds in R3 with respect
to the classical order (total degree). In Section 3, we consider a linear grading function
(see [10]) for vector �elds in R3 and compute unique normal forms with respect to the new
grading by showing two di�erent choices of complementary subspaces. In Section 4, some
comparisons are done with nilpotent vector �elds in dimensions 4 where a unique normal
form is given up to certain order.

1 Preliminaries on unique normal forms in a graded Lie al-

gebra

We give a brief review of Baider’s method (see [2, 7]) for unique normal forms that we shall
follow in this paper. Notice that one can also use the method of [10].

Let fLjg be a family of vector spaces over R, let �Lj denote their direct sum, and
let L =

Q
j�0Lj denote their complete direct sum. Elements of L are treated as (formal)

in�nite series ‘ = ‘0 +‘1 + � � � with ‘j 2 Lj. Elements of the form ‘ = 0+ � � �+0+‘j+0+ � � �
are homogeneous (of order j), and in such cases we simply write ‘ = ‘j , thereby viewing Lj
as a subspace of L. Subscript always indicates homogeneity of the corresponding order.

Throughout the section we assume L =
Q
j�0Lj is a graded Lie algebra, i.e. a Lie

algebra over R with bracket [ ; ] satisfying [Li;Lj ] � Li+j:
For any m 2 L the adjoint mapping ad(m) : L ! L is de�ned by ‘! [m; ‘]. Note that

if m 2 Li then ad(m)jLj : Lj ! Li+j: We have

exp(ad(m))‘ =
X

j�0

1

j!
(ad(m))j‘:

For each k � 0 de�ne the k-jet of ‘ = ‘0 + ‘1 + � � � 2 L to be Jk(‘) = ‘0 + � � �+ ‘k: Note
for ‘ = ‘0 + ‘1 + � � � 2 L, and m = mk +mk+1 + � � � , k � 1, that

exp(ad(m))(‘) = Jk�1(‘) + (‘k � [‘0;mk]) +Ok+1
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where Ok+1 denotes terms of order greater or equal to k + 1.
For k � 0 and ‘ 2 L let

Ck(‘) := fm = m1 +m2 + � � � jad(‘)(m) = Jk(‘) +Ok+1g

(the k-th order centralizer of ‘). We have m 2 Ck(‘) i� exp(ad(m)) �xes Jk(‘): Now
m 2 Ck(‘) i�

iX

j=1

[‘i�j;mj ] = 0; for i = 1; � � � ; k; (1)

Now suppose that we have obtained a normal form up to the order k, i.e. Jk(‘) is in a
normal form. We look for a normal form up to order k + 1: Consider the linear mapping

�k+1(m) = [‘0;mk+1] + [‘1;mk] + � � �+ [‘k;m1];

where m 2 Ck. We have �k+1(m) 2 Lk+1. Assume that Ck+1 is a complementary subspace
of its image Vk+1 in Lk+1, so that the following splitting holds

Lk+1 = Vk+1 � Ck+1:

Then one can �nd m 2 Ck(‘) such that Jk+1(exp(ad(m))‘) 2 Ck+1, which is a normal form
of order k + 1.

Remark 1.1. Once a Ck+1 is chosen with a given basis, the homogeneous part of degree
k + 1 can be written under the given basis. So the chosen bases of the corresponding Ck
determine a structure or a model of the normal form. A normal form with a determined
model is unique. We shall compute the structure of unique normal forms for nilpotent
vector �elds in dimensions 3 and 4 up to certain orders.

2 Unique normal form with respect to the classical degree in

R3

Let us �rst consider the classical graded Lie algebra H of vector �elds in R3. The Lie
bracket is de�ned by [�; �] : H �H ! H where

[U; V ] = DV � U �DU � V

for any U; V 2 H. For any k � 0 we denote by Hk the vector space of homogeneous vector
�elds in R3 of order k + 1 with respect to the classical order (total degree). (One remarks
that the subscript is k). Then fH; [�; �]g forms a graded Lie algebra with respect to the
classical order, ie [Hi;Hj] � Hi+j.

Let X be a vector �eld in H with a nilpotent linear part X0 = y@x + z@y 2 H0. We
shall study the unique normal form of X in H. In [5], we have proved that, via a near
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identity transformation and a linear transformation, one can reduce generically the second
order terms of X to the following normal form

X1 = (x2 + �2;2xy + �2;3xz)@z

where �2;2; �2;3 are parameters. It can be achieved by considering the linear map �1(m1) =
[X0;m1] and via a linear change of coordinates. We shall suppose that this has been done
and study the normal form of higher order.

We now consider terms of order 3. We need to study the linear map

�2(m1;m2) = [X0;m2] + [X1;m1]

subject to the condition [X0;m1] = 0. From [X0;m1] = 0 one obtains

m1 =
�
�1z

2 + �2(y2 � 2xz) + �3yz + �4xz
�
@x + (�3z

2 + �4yz)@y + �4z
2@z:

By computing the kernel of �2, one �nds that its dimension is 7 and if m = m1 +m2 2
ker(�2) then m1 = �1z

2@x. Then the image V2 of �2 in H2 is of dimension 27 and hence
dim C2 = 30 � 27 = 3. One can prove that fx3; x2y; x2zg form a basis of a complementary
subspace C2 to the image V2 of �2 in H2. The homogeneous part of degree 3 in a unique
normal form can be chosen to be in the form

X2 = �3;1x
3 + �3;2x

2y + �3;3x
2z:

The method can be used to compute a basis of Ck successively for any k = 2; 3; � � � . We
have implemented the method in Maple and obtained a basis for all k � 12 under some
non degeneracy conditions (algebraic conditions on the coe�cients of the vector �eld). We
state the results in the following proposition.

Proposition 2.1. Let X be a nilpotent vector �eld in R3 as above. Then a non degenerate
unique normal form of X up to order 12 is

_x = y; _y = z;
_z = x2 + �2;2xy + �2;3xz + �3;1x

3 + �3;2x
2y + �3;3x

2z + �4;1x
4 + �4;2x

3y
+�5;1x

5 + �5;2x
4y + �5;3x

4z + �6;1x
6 + �6;2x

5y + �6;3x
5z + �6;4x

4y2

+�7;1x
7 + �7;2x

6y + �7;3x
6z + �7;4x

5y2 + �7;5x
5yz + �8;1x

8 + �8;2x
7y

+�8;3x
7z + �8;4x

6y2 + �9;1x
9 + �9;2x

8y + �9;3x
8z + �9;4x

7y2 + �9;5x
7yz

+�9;6x
7z2 + �10;1x

10 + �10;2x
9y + �10;3x

9z + �10;4x
8y2 + �10;5x

8yz
+�11;1x

11 + �11;2x
10y + �11;3x

10z + �11;4x
9y2 + �11;5x

9yz + �11;6x
9z2

+�12;1x
12 + �12;2x

11y + �12;3x
11z + �12;4x

10y2 + �12;5x
10yz

+�12;6x
10z2 + �12;7x

9y2z +O13

In Table 1, we shall show the number of parameters in each degree remaining in a normal
form and compare with those obtained by other methods.
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3 New ordering of vector �elds in R3

3.1 Linear grading function

The idea of linear grading function is to de�ne a new grading (new ordering) so that H
remains a graded Lie algebra with respect to the new ordering. It is �rst introduced in [10].
For details and properties of linear grading functions we refer to the original paper. The
method has been applied to nilpotent vector �elds of dimension 2 in [6, 10, 14].

For our purpose we need the following linear grading function: for any i; j; k 2 N,

�(xiyjzk@x) = 3i+ 4j + 5k � 3;

�(xiyjzk@y) = 3i+ 4j + 5k � 4;

�(xiyjzk@z) = 3i+ 4j + 5k � 5:

Let Hk (k � 1) be the vector space spanned by all monomial vector �elds of degree k with
respect to �. One has [Hs;Ht] � Hs+t. Hence H =

P
k�1Hk is a graded Lie algebra. We

have for example
H1 = Spanfy@x; z@y; x2@zg
H2 = Spanfz@x; x2@y; xy@zg
H3 = Spanfx2@x; xy@y; xz@z ; y

2@zg:
The following lemma can be veri�ed immediately using the de�nition of �.

Lemma 3.1. We have

xiyjzk@y 2 HN i� xiyjzk@x 2 HN+1;
xiyjzk@z 2 HN i� xiyjzk@y 2 HN+1;
xiyjzk@x 2 HN i� xi+1yjzk@z 2 HN+1:

Consider the nilpotent vector �eld X of the preceding section in H. We can write
X =

P
j�1 Vj, with Vj 2 Hj. As in the preceding section one can assume (see [5]) that

V1 = y@x + z@y + x2@z:

Now we need to consider the adjoint map ad(V1) = [V1; �] in the new graded Lie algebra
context. We have [V1; �] : Hk !Hk+1.

Lemma 3.2. Let notations be as above. We have ker[V1; �]jH1 = SpanfV1g, and for any
2 � k � 60, ker[V1; �]jHk

= f0g, i.e. the linear map [V1; �]jHk
is injective.

Proof. Let m1 = �1y@x + �2z@y + �3x
2@z 2 H1. One has

[V1;m1] = (�1 � �2)z@x + (�2 � �3)x2@y + 2(�3 � �1)xy@z :

Then m1 2 ker[V1; �]jH1 implies m1 = �V1. Hence ker[V1; �]jH1 = SpanfV1g:
This method can be used to compute the kernel of [V1; �] in any Hk. We have imple-

mented the method in Maple and the computations show that [V1; �] is injective for any
2 � k � 60.
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Now we have dim Im[V1; �]jH1 = 2. If C2 is a complementary subspace of Im[V1; �]jH1 in
H2, then dimC2 = 1. We can prove that C2 = Spanfxy@zg is such a one. We obtain a
normal form in H whose homogeneous part of degree 2 with respect to � is V2 = �2xy@z.

Proposition 3.3. (a) Let notations be as above. Let Cj be a complementary subspace to
the image of ad(V1)jHj�1 in Hj. Then one can reduce the vector �eld to a normal form
V = V1 +

P
j�2 Vj with Vj 2 Cj for j � 2. Furthermore the normal form is unique up to

the order 60.
(b) One can choose the complementary subspaces to be

C3 = Spanfxz@zg; C4 = Spanfx3@zg; C5 = Spanfz2@zg; C6 = f0g;

and for 7 � N � 60,
CN = Spanfyjzk@z : 4j + 5k � 5 = Ng:

Proof. For part (a) it su�ces to prove the uniqueness. Let V = V1 + � � �+ Vk�1 + � � � be a
normal form up to the order k� 1 (with k <= 60). We now look for a normal form of order
k. Let m = m1 +m2 + � � �+mk + � � � be such that

[V1;m1] = 0;
[V1;m2] + [V2;m1] = 0;
� � � � � �
[V1;mk�1] + [V2;mk�2] + � � �+ [Vk�1;m1] = 0:

Then according to Lemma 3.2, one has m1 = �V1. We obtain from the other equations that
mj = �Vj . Hence

[V1;mk] + [V2;mk�1] + � � �+ [Vk�1;m2] + [Vk;m1]
= [V1;mk � �Vk] + [V2; �Vk�1] + � � �+ [Vk�1; �V2]
= [V1;mk � �Vk]:

Finally a normal form obtained by using ad(V1) is unique up to the order 60. Notice that
in the terminology of [10], our result shows that the �rst order normal form is unique up to
the given order.

We have implemented the algorithm in Maple. We have been able to obtain a basis of
CN for N � 60 as stated in part (b) of the proposition.

We state the corresponding normal form in the following proposition.

Proposition 3.4. Let X be a nilpotent vector �eld as above. Then X can be generically
reduced to a unique normal form up to order 60 in the new ordering

_x = y; _y = z;

_z = x2 + �2xy + �3xz + �4x
3 + �5z

2 +
X

7�4j+5k�5�60

�j;ky
jzk +O61:

where O61 represents terms of degree � 61 in H.
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The dimension of CN is given in the following lemma. This is useful for calculating the
number of parameters remaining in the normal form of the above proposition.

Lemma 3.5. For any N � 2 let d = #f(j; k) 2 N2j4j + 5k� 5 = Ng: Let N + 5 = 20p+ s
with 0 � s < 20. Then for s = 1; 2; 3; 6; 7; 11 we have d = p, and for other values of s, we
have d = p+ 1.

Proof. The assertion follows from a calculation of the number of solutions of 4j+5k�5 = N .
For example with s = 5 we have, with j0 = j + k,

d =
X

4j+5k=20p+5

1 =
X

4j0+k=20p+5

1 =
X

k=4(5p�j0+1)+1

j=5(j0�4p�1)

1

=
X

4p+1�j0�5p+1

1 = p+ 1:

The proof is similar for other s.

In Table 1, the number of parameters in each degree remaining in a normal form in H is
compared with that of Proposition 2.1. It leads to the important conclusion that with this
choice of complementary subspace the normal form obtained is not unique with respect to
the classical degree. One remarks that the third equation in the normal form of Proposition
3.4 contains all terms of the form yjzk with j + k � 3.

In the following paragraphe we shall show that we can choose another complementary
subspace so that the normal form contains the same number of parameters as in the case
of the classical degrees.

Total degree Prop. 5.3 in [5] Prop. 2.1 Prop. 3.6 Prop. 3.4

3 3 3 3 5

4 2 2 2 5

5 3 3 3 6

6 4 4 7

7 5 5 8

8 4 4 9

9 6 6 10

10 5 5 11

11 6 6 12

12 7 7 13

13 8 14

14 8 15

15 9 16

Table 1. Comparison of the numbers of parameters.
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3.2 Second choice of a complementary subspace

In the preceding paragraphe, the basis for CN do not contain x. To give another choice
of complementary subspaces, we have looked for bases so that the powers in x are the
maximum possible. We state the result in the following proposition. It is obtained by an
implementation of the method in Maple.

Proposition 3.6. Let X 2 H be a nilpotent vector �eld as above. Then X can be generically
reduced to a unique normal form up to order 56 in the new grading :

_x = y; _y = z;
_z = x2 + �2xy + �3xz + �4x

3 + �5x
2y + �7x

4 + �8xz
2 + �9x

3z + �10x
5

+�11x
4y + �12x

4z + �13x
6 + �14x

5y + �15x
4y2 + �0

15x
5z + �16x

7

+�17x
6y + �18x

6z + �19x
5yz + �0

19x
8 + �20x

5z2 + �0
20x

7y + �21x
7z

+�22x
9 + �23x

6z2 + �0
23x

8y + �24x
7y2 + �0

24x
8z + �25x

7yz + �0
25x

10

+�26x
9y + �27x

8y2 + �0
27x

9z + �28x
6z3 + �0

28x
11 + �29x

8z2 + �0
29x

10y
+�30x

9y2 + �0
30x

10z + �31x
9yz + �0

31x
12 + �32x

9z2 + �0
32x

11y + �33x
10y2

+�0
33x

11z + �34x
10yz + �0

34x
13 + �35x

9y2z + �0
35x

10z2 + �00
35x

12y
+�36x

11y2 + �0
36x

12z + �37x
11yz + �0

37x
14 + �38x

11z2 + �0
38x

13y
+�39x

10yz2 + �0
39x

12y2 + �00
39x

13z + �40x
10z3 + �0

40x
12yz + �00

40x
15

+�41x
12z2 + �0

41x
14y + �42x

13y2 + �0
42x

14z + �43x
11z3 + �0

43x
13yz

+�00
43x

16 + �44x
12y2z + �0

44x
13z2 + �00

44x
15y + �45x

12yz2 + �0
45x

14y2

+�00
45x

15z + �46x
14yz + �0

46x
17 + �47x

13y2z + �0
47x

14z2 + �00
47x

16y
+�48x

11z4 + �0
48x

15y2 + �00
48x

16z + �49x
13z3 + �0

49x
15yz + �00

49x
18

+�50x
14y2z + �0

50x
15z2 + �00

50x
17y + �51x

14yz2 + �0
51x

16y2 + �00
51x

17z
+�52x

14z3 + �0
52x

16yz + �00
52x

19 + �53x
15y2z + �53x

16z2 + �53x
18y

+�54x
15yz2 + �0

54x
17y2 + �00

54x
18z + �55x

14y2z2 + �0
55x

15z3 + �00
55x

17yz
+�000

55x
20 + �56x

16y2z + �0
56x

17z2 + �00
56x

19y +O57

Remark 3.7. In Table 1, the numbers of parameters in each degree remaining in the normal
forms of Propositions 2.1, 3.4 and 3.6 are compared for certain degrees.

One can conclude that a unique normal form obtained with respect to a new ordering
may not be a unique normal form with respect to the classical order. This gives a negative
answer to the question raised in the introduction.

Remark 3.8. According to Lemma 3.2, one may conjecture that the adjoint map [V1; �] is
injective in Hk for any k � 2. This is an interesting phenomena since it is not true in
dimensions 2 and 4 with respect to the linear grading function (see the following section for
the case of dimension 4). In fact in dimension 2 (see [6]) we have de�ned a new grading as
follows, for any i; j 2 N,

�0(xiyj@x) = 2i+ 3j � 2;

�0(xiyj@y) = 2i+ 3j � 3:

One then has generically V 0
1 = y@x + x2@y. We have proved (see [6]) that [V 0

1 ; �]jHk
is not

injective for any k = 6p+ 1, in which case
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ker[V 0
1 ; �]jH6p+1 = Spanf(x

3

3
� y2

2
)pV 0

1g:

4 Nilpotent vector �elds in dimension 4 with respect to a
new ordering

Now we consider vector �elds in dimension 4. We de�ne a similar new ordering ~� as follows:

~�(xi1x
j
2x
k
3x

r
4@1) = 4i+ 5j + 6k + 7r � 4;

~�(xi1x
j
2x
k
3x

r
4@2) = 4i+ 5j + 6k + 7r � 5;

~�(xi1x
j
2x
k
3x

r
4@3) = 4i+ 5j + 6k + 7r � 6;

~�(xi1x
j
2x
k
3x

r
4@4) = 4i+ 5j + 6k + 7r � 7;

where @i = @=@xi for 1 � i � 4. We denote by ~HN the space of vector �elds of homogeneous
degree N with respect to the new ordering. Similarly to the three dimensional case, one has
generically ~V1 = x2@1 + x3@2 + x4@3 + x2

1@4 2 ~H1: We now consider the adjoint linear map
[ ~V1; �]j ~Hj

. By computations in Maple we have proved that it is not injective for j = 13; 25

and 37. Therefore Lemma 3.2 shows that there is an interesting phenomena for nilpotent
vector �elds in dimension 3 which is di�erent from the dimensional 2 and 4 cases.

In fact we have ker[ ~V1; �]j ~H1
= Spanf~V1g similarly to the three dimensional case. One can

compute a unique normal form up to the order 13 by using the linear map [ ~V1; �]. For example
we obtain a normal form up to order 2 with ~V2 = �2x1x2@4. We have dim ker[ ~V1; �]j ~H13

= 1
with

ker[ ~V1; �]j ~H13
= Span

n
(
3

2
x2x

2
3 � 3x2

2x4 + x3
1x2)@1 + (

3

2
x3

3 � 3x2x3x4 + x3
1x3)@2

+(�3x2x
2
4 +

3

2
x2

3x4 + x3
1x4)@3 + (�3x2

1x2x4 +
3

2
x2

1x
2
3 + x5

1)@4

o
:

Therefore the image of [ ~V1; �]j ~H13
is of dimension dim ~H13� 1 = 19 and the dimension of its

complementary subspace is dim ~H14�19 = 3. We then compute a basis of a complementary
subspace to be fx4

1x2@4; x
2
1x3x4@4; x1x2x

2
3@4g.

To �nd a unique normal form of order 15 we need to consider the following equations

[ ~V1;m13] = 0; [ ~V1;m14] + [ ~V2;m13] = 0:

Under some non degeneracy condition (here �2 6= 0) one has m13 = 0 and m14 = 0. Hence
the dimension of the image of the linear map �2(m13;m14) in ~H15 is dim ~H14 + 1 = 23 and
the dimension of its complementary subspace is dim ~H15 � 23 = 1. One computes then a
complementary subspace to be Spanfx4

1x3@4g.
Similar arguments can be done to obtain a unique normal form for the order 27 and 39.

We have implemented the algorithm in Maple and obtained a unique normal form in ~H up
to the order 40 which we state in the following.
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Proposition 4.1. Consider a vector �eld X in dimension 4 with a nilpotent linear part of
index 1, i.e. X1 = x2@1 + x3@2 + x4@3. Then a non degenerate unique normal form of X
up to the order 40 with respect to the new grading ~� is

_x1 = x2; _x2 = x3; _x3 = x4;

_x4 = �1x
2
1 + �2x1x2 + �3x1x3 + �4x1x4 + �5x

3
1 + �

(2)
5 x2

3 + �6x
2
1x2

+�7x
2
1x3 + �8x

2
1x4 + �9x

4
1 + �10x

3
1x2 + �

(2)
10 x1x3x4 + �11x

3
1x3

+�
(2)
11 x

2
1x

2
2 + �12x

3
1x4 + �

(2)
12 x

2
1x2x3 + �13x

5
1 + �

(2)
13 x

2
1x

2
3 + �14x

4
1x2

+�
(2)
14 x

2
1x3x4 + �

(3)
14 x1x2x

2
3 + �15x

4
1x3 + �16x

4
1x4 + �

(2)
16 x

3
1x2x3 + �17x

6
1

+�
(2)
17 x

3
1x

2
3 + �

(3)
17 x

3
1x2x4 + �18x

5
1x2 + �

(2)
18 x

3
1x3x4 + �

(3)
18 x

2
1x2x

2
3 + �19x

5
1x3

+�
(2)
19 x

4
1x

2
2 + �

(3)
19 x

3
1x

2
4 + �20x

5
1x4 + �

(2)
20 x

4
1x2x3 + �

(3)
20 x

2
1x

2
3x4 + �21x

7
1

+�
(2)
21 x

4
1x

2
3 + �

(3)
21 x

4
1x2x4 + �22x

6
1x2 + �

(2)
22 x

4
1x3x4 + �

(3)
22 x

3
1x2x

2
3 + �23x

6
1x3

+�
(2)
23 x

5
1x

2
2 + �

(3)
23 x

4
1x

2
4 + �

(4)
23 x

3
1x

3
3 + �24x

6
1x4 + �

(2)
24 x

5
1x2x3 + �

(3)
24 x

4
1x

3
2

+�
(4)
24 x

3
1x

2
3x4 + �25x

8
1 + �

(2)
25 x

5
1x

2
3 + �

(3)
25 x

5
1x2x4 + �

(4)
25 x

3
1x3x

2
4 + �26x

7
1x2

+�
(2)
26 x

5
1x3x4 + �

(3)
26 x

4
1x2x

2
3 + �

(4)
26 x

4
1x

2
2x4 + �

(5)
26 x

3
1x

3
2x3 + �27x

7
1x3

+�
(2)
27 x

6
1x

2
2 + �

(3)
27 x

5
1x

2
4 + �28x

7
1x4 + �

(2)
28 x

6
1x2x3 + �

(3)
28 x

5
1x

3
2 + �

(4)
28 x

4
1x

2
3x4

+�
(5)
28 x

4
1x2x

2
4 + �29x

9
1 + �

(2)
29 x

6
1x

2
3 + �

(3)
29 x

6
1x2x4 + �

(4)
29 x

5
1x

2
2x3 + �

(5)
29 x

4
1x3x

2
4

+�30x
8
1x2 + �

(2)
30 x

6
1x3x4 + �

(3)
30 x

5
1x2x

2
3 + �

(4)
30 x

5
1x

2
2x4 + �

(5)
30 x

4
1x

3
4 + �31x

8
1x3

+�
(2)
31 x

7
1x

2
2 + �

(3)
31 x

6
1x

2
4 + �

(4)
31 x

5
1x

3
3 + �

(5)
31 x

5
1x2x3x4 + �32x

8
1x4 + �

(2)
32 x

7
1x2x3

+�
(3)
32 x

5
1x

2
3x4 + �

(4)
32 x

5
1x2x

2
4 + �

(5)
32 x

4
1x2x

3
3 + �33x

10
1 + �

(2)
33 x

7
1x

2
3 + �

(3)
33 x

7
1x2x4

+�
(4)
33 x

6
1x

2
2x3 + �

(5)
33 x

5
1x3x

2
4 + �

(6)
33 x

4
1x

4
3 + �34x

9
1x2 + �

(2)
34 x

7
1x3x4

+�
(3)
34 x

6
1x2x

2
3 + �

(4)
34 x

6
1x

2
2x4 + �

(5)
34 x

5
1x

3
2x3 + �

(6)
34 x

5
1x

3
4 + �35x

9
1x3 + �

(2)
35 x

8
1x

2
2

+�
(3)
35 x

7
1x

2
4 + �

(4)
35 x

6
1x

3
3 + �

(5)
35 x

6
1x2x3x4 + �

(6)
35 x

5
1x

2
2x

2
3 + �

(7)
35 x

5
1x

3
2x4

+�36x
9
1x4 + �

(2)
36 x

8
1x2x3 + �

(3)
36 x

7
1x

3
2 + �

(4)
36 x

6
1x

2
3x4 + �

(5)
36 x

6
1x2x

2
4

+�
(6)
36 x

5
1x2x

3
3 + �37x

11
1 + �

(2)
37 x

8
1x

2
3 + �

(3)
37 x

8
1x2x4 + �

(4)
37 x

7
1x

2
2x3 + �

(5)
37 x

6
1x3x

2
4

+�
(6)
37 x

5
1x

4
3 + �38x

10
1 x2 + �

(2)
38 x

8
1x3x4 + �

(3)
38 x

7
1x2x

2
3 + �

(4)
38 x

7
1x

2
2x4

+�
(5)
38 x

6
1x

3
2x3 + �

(6)
38 x

6
1x

3
4 + �

(7)
38 x

5
1x

3
3x4 + �

(8)
38 x

5
1x2x3x

2
4 + �39x

10
1 x3

+�
(2)
39 x

9
1x

2
2 + �

(3)
39 x

8
1x

2
4 + �

(4)
39 x

7
1x

3
3 + �

(5)
39 x

7
1x2x3x4 + �

(6)
39 x

6
1x

2
2x

2
3

+�40x
10
1 x4 + �

(2)
40 x

9
1x2x3 + �

(3)
40 x

8
1x

3
2 + �

(4)
40 x

7
1x

2
3x4 + �

(5)
40 x

7
1x2x

2
4

+�
(6)
40 x

6
1x2x

3
3 + �

(7)
40 x

6
1x

2
2x3x4 + �

(8)
40 x

5
1x3x

3
4 +O41

In [5], a unique normal form with respect to the classical degree up to the order 3 is
given (see Proposition 5.5 in [5]). The homogeneous part of both degree 2 and 3 has 5 terms
which are the same as in the above proposition.
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A New Operation on Words Suggested by DNA Biochemistry:

Hairpin Completion

Daniela Cheptea Carlos Mart��n-Vide Victor Mitrana

Abstract

In this paper we propose a new formal operation on words and languages suggested
by DNA manipulation, called hairpin completion. By this operation, based on a Watson-
Crick-like complementarity, one can generate a set of words, starting from a single
word. Speci�cally, starting from one single stranded molecule x such that either a
su�x or a pre�x of x is complementary to a subword of x a new word z, which is a
prolongation of x to the right or to the left, respectively, is obtained by annealing. This
operation is considered here as an abstract operation on formal languages. We settle
the closure properties under the non-iterated version of this operation of some classes in
the Chomsky hierarchy as well as some complexity classes. Then the e�ect of iterated
version on the space complexity classes is investigated. As an immediate consequence,
one gets that the iterated hairpin completion of every regular language is polynomially
recognizable.

1 Introduction

A DNA molecule consists of a double strand, each DNA single strand being composed
by nucleotides which di�er from each other by their bases: A (adenine), G (guanine), C
(cytosine), and T (thymine). The two strands which form the DNA molecule are kept
together by the hydrogen bond between the bases: A always bonds with T, while C with
G. This paradigm of Watson-Crick complementarity will be one of the main concepts used
in de�ning the formal operation of hairpin completion investigated in the present paper.

Two other biological principles used as sources of inspiration in this paper are that of
annealing and that of lengthening DNA by polymerases. The �rst principle refers to fusing
two single stranded molecules by complementary base pairing while the second one refers
to adding nucleotides to one strand (in a more general setting to both strands) of a double
stranded DNA molecule. The former operation requires a heated solution containing the
two strands which is cooled down slowly. The latter one requires two single strands such
that one (usually called primer) is bonded to a part of the other (usually called template)
by Watson-Crick complementarity and a polymerization bu�er with many copies of the four
nucleotides that polymerases will concatenate to the primer by complementing the template.

On the other hand, it is known that a single stranded DNA molecule might produce a
hairpin structure. In many DNA-based algorithms, these DNA molecules cannot be used
in the subsequent computations. Hairpin or hairpin-free DNA structures have numerous
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applications to DNA computing and molecular genetics. In a series of papers (see, e.g.,
[4, 6, 7]) the problem of �nding sets of DNA sequences which are unlikely to lead to \bad"
hybridizations is considered. On the other hand, these molecules which may form a hairpin
structure have been used as the basic feature of a new computational model reported in [16],
where an instance of the 3-SAT problem has been solved by a DNA-algorithm in which the
second phase is mainly based on the elimination of hairpin structured molecules. Di�erent
types of hairpin and hairpin-free languages are de�ned in [14], [3], and more recently in [10],
where they are studied from a language theoretical point of view.

We now informally explain the hairpin completion operation and how it can be related
to the aforementioned biological concepts. Let us consider the following hypothetical bio-
logical situation: we are given one single stranded DNA molecule z such that either a pre�x
or a su�x of z is Watson-Crick complementary to a subword of z. Then the pre�x or su�x
of z and the corresponding subword of z get annealed by complementary base pairing and
then z is lengthened by DNA polymerases up to a complete hairpin structure. The mathe-
matical expression of this hypothetical situation de�nes the hairpin completion operation.
Assume that we have an alphabet and a complementary relation on its letters. The hairpin
completion operation, which is a unary operation, might be de�ned as follows:

(i) a word w = ���R
 in which a hairpin structure determined by the complementarity
of � and �R appears produces the new word 
R���R
.

(ii) a word w = 
���R in which a hairpin structure determined by the complementarity
of � and �R appears produces the new word 
���R
R.

This operation is schematically illustrated in Figure 1.

�

��R



R

Figure 1: Hairpin completion

�

��R
R




Of course, all these phenomena are considered here in an idealized way. For instance, we
allow polymerase to extend in either end (3’ or 5’) despite that, due to the greater stability
of 3’ when attaching new nucleotides, DNA polymerase can act continuously only in the
5’�! 3’ direction. However, polymerase can also act in the opposite direction, but in short
\spurts" (Okazaki fragments). Moreover, in order to have a \stable" hairpin structure the
subword x should be su�ciently long.

This operation is considered here as an abstract operation on formal languages. This
line of research lies within a vividly investigated area, that of operations on words and
languages suggested and motivated by the biocomputing and bioinformatics �elds:

sticking investigated in [9, 5, 12] (a particular type of polyominoes with sticky ends are
combined provided that the sticky ends are Watson-Crick complementary),

PA-matching considered in [11] which is related to both the splicing (an operation intro-
duced in [8] that opened a broad area of intensive research) and the annealing operations,
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superposition operation introduced in [1] (two words which may contain transparent
positions are aligned one over the other and the resulting word is obtained by reading the
visible positions as well as aligned transparent positions). A rather di�erent superposition
based on a Watson-Crick-like complementarity is proposed in [2], where one generates a set
of words, starting from a pair of words, in which the contribution of a word to the result
need not be one subword only, as happens in classical bio-operations of DNA computing
[13].

The paper is organized as follows: the next section gives the de�nitions of the basic
notions and concepts. Then we consider the non-iterated hairpin completion and show that
the hairpin completion of a regular language is not necessarily regular but context-free,
while the hairpin completion of a context-free is not necessarily context-free but context-
sensitive. Actually, we prove that each space complexity class NSPACE(f(n)) is closed
under hairpin completion as soon as f(n) � logn is space-constructible. Moreover, both
time complexity classes P and NP are closed under hairpin completion. The last section
presents two results concerning iterated hairpin completion. The �rst one extends the
results regarding the behavior of space complexity classes under hairpin completion to the
iterated version. As a consequence, we obtain that the iterated hairpin completion of every
regular language is polynomially recognizable.

2 Preliminaries

We assume the reader to be familiar with the fundamental concepts of formal language
theory and automata theory, particularly the notions of grammar and �nite automaton
[15].

An alphabet is always a �nite set of letters. For a �nite set A we denote by card(A)
the cardinality of A. The set of all words over an alphabet V is denoted by V �. The empty
word is written "; moreover, V + = V � n f"g. Given a word w over an alphabet V , we
denote by jwj its length, while jwja denotes the number of occurrences of the letter a in w.
If w = xyz for some x; y; z 2 V �, then x; y; z are called pre�x, subword, su�x, respectively,
of w.

Let 
 be a \superalphabet", that is an in�nite set such that any alphabet considered
in this paper is a subset of 
. In other words, 
 is the universe of the languages in this
paper, i.e., all words and languages are over alphabets that are subsets of 
. An involution
over a set S is a bijective mapping � : S �! S such that � = ��1. Any involution � on

 such that �(a) 6= a for all a 2 
 is said to be here a Watson-Crick involution. Despite
that this is nothing more than a �xed point-free involution, we prefer this terminology since
the hairpin completion de�ned later is inspired by the DNA lengthening by polymerases,
where the Watson-Crick complementarity plays an important role. Let � be a Watson-Crick
involution �xed for the rest of the paper. The Watson-Crick involution is extended to a
morphism from 
� to 
� in the usual way. We say that the letters a and a are complementary
to each other. For an alphabet V , we set V = fa j a 2 V g. Note that V and V can intersect
and they can be, but need not be, equal. Remember that the DNA alphabet consists of
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four letters, VDNA = fA;C;G; Tg, which are abbreviations for the four nucleotides and we
may set A = T , C = G.

We denote by (�)R the mapping de�ned by R : V � �! V �, (a1a2 : : : an)R = an : : : a2a1.
Note that R is an involution and an anti-morphism ((xy)R = yRxR for all x; y 2 V �). Note
also that the two mappings � and �R commutes, namely, for any string x, (x)R = xR holds.

A �nite transducer is a 6-tuple M = (Q;Vi; Vo; q0; F; �) where Q;Vi; Vo are �nite and
nonempty sets (the set of states, the input alphabet, and the output alphabet, respectively),
q0 2 Q (the initial state), F � Q (the set of �nal states), and � is the (transition-and-output)
function from Q � (Vi [ f"g) to �nite subsets of Q � V �

o . This function is extended in a
natural way to Q� V �

i . Every �nite transducer M as above de�nes a �nite transduction

M(�) = f� 2 V �
o j there exists q 2 F such that (q; �) 2 �(q0; �)g; � 2 V �

i :

If M(�) 6= ;, then we say that � is \accepted" by M . The language accepted by a �nite
transducer M is the set of all � such that M(�) 6= ;. The �nite transduction M is extended
to languages L � V �

i in the obvious way, namely M(L) =
S

�2L M(�). If we ignore Vo and
the output part of �, then we obtain a �nite automaton (with " moves). A �nite automaton
is denoted (Q;V; q0; F; �). A language is regular i� it is accepted by a �nite automaton.

De�nition 2.1. Let V be an alphabet, for any w 2 V + we de�ne the k-hairpin completion
of w, denoted by !k, for some k � 1, as follows:

w *k = f
Rwjw = ���R
; j�j = k; �; � 2 V +; 
 2 V �g
w +k = fw
Rjw = 
���R; j�j = k; �; � 2 V +; 
 2 V �g
w !k = w *k [w +k

The hairpin completion of w is de�ned by

w ! =
[

k�1

w!k :

Clearly, w !k+1� w !k for any w 2 V + and k � 1, hence w != w !1. The hairpin
completion operation is naturally extended to languages by

L!k =
[

w2L

w !k L! =
[

w2L

w ! :

The iterated version of the hairpin completions is de�ned as usual by:

w(!k)0 = fwg; w(!k)n+1 = (w(!k)n)!k; w(!k)� =
S

n�0w(!k)n

w(!)0 = fwg; w(!)n+1 = (w(!)n)!; w(!)� =
S

n�0 w(!)n

L(!k)� =
S

w2Lw(!k)� L(!)� =
S

w2Lw(!)�:
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3 Non-iterated Hairpin Completion

In this section we consider the non-iterated hairpin completion as a formal operation on
languages. A family of languages F is closed under hairpin completion if the hairpin com-
pletion of any language from F lies in F . We show that the class of regular and context-free
languages are not closed under hairpin completion but almost all space complexity classes
are closed under hairpin completion.

Theorem 3.1. For any integer k � 1, a language is linear if and only if it is the morphic
image of the k-hairpin completion of a regular language.

Proof. Let k � 1 and L be a regular language over the alphabet V . Let further � be a word in
V � of length k. We de�ne the following two languages Lr(�) = L\f
���Rj� 2 V +; 
 2 V �g
and Ll(�) = L\ f���R
j� 2 V +; 
 2 V �g which are obviously regular languages. One can
easily observe that

L!k=
[

�2V �; j�j=k

((Lr(�) +k) [ (Ll(�) *k)):

We prove that both languages Lr(�) +k and Ll(�) *k are linear for every � 2 V � with
j�j = k, therefore L!k is still linear as a �nite union of linear languages. To this aim, we
construct a linear grammar generating Lr(�) +k for an arbitrary � of length k. A similar
construction for the language Ll(�) *k is left to the reader.

Let G = (N;V; S; P ) be a regular grammar generating Lr(�). We de�ne the linear
grammar G0 = (N 0; V [ V ; S; P 0), where:

N 0 = N [ fA0 j A 2 Ng [ (N � f[x] j x is a su�x of �g) [
(N � fhxi j x is a su�x of �Rg);

and the set of rules P 0 is de�ned as follows:

� For each rule A! aB 2 P the set P 0 contains all rules:

A! aBa A! a(B; [�])a
(A; [ax])! a(B; [x]); x 2 V + (A; [a])! aB0

A0 ! aB0 A0 ! a(B; h�Ri)
(A; haxi) ! a(B; hxi); x 2 V �

� For each rule A! a 2 P the set P 0 contains the rule (A; hai)! a.

For any 
���R
R 2 Lr(�) +k, the string 
���R 2 Lr(�), hence 
���R is generated
by G. Note that � 6= ". It follows that S =)� 
A1 =)� 
�A2 =)� 
��A3 =)� 
���R

and the following derivation is possible in G0:

S =)� 
(A1; [�])
R =)� 
�A0
2


R =)� 
��(A3; h�Ri)
R =)� 
���R
R:
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This means that 
���R
R is generated by G0. The converse inclusion, namely L(G0) �
Lr(�) +k, is left to the reader. The �rst part of the proof is complete as soon as we recall
that the class of linear languages is closed under morphisms.

Now, for a linear language L generated by a linear grammar G = (N;V; S; P ) we con-
struct a regular language R and a morphism h such that L = h(R !k). Without loss of
generality we may assume that V \ V = ;. Let G0 = (N;V [ V [ f#;#; $g; S; P 0) be the
right-linear grammar having the set P 0 de�ned as follows:

P 0 = fA! xyRB j A! xBy 2 Pg [ fA! x#k$#
k j A! x 2 Pg:

The regular language R we are looking for is exactly the language generated by G0. Clearly,
every word w 2 R!k is of the form

w = x1y1
Rx2y2

R : : : xpyp
Rxp+1#k$#

k
xp+1

Rypxp
R : : : y2x2

Ry1x1
R

for some p � 0 and x1x2 : : : xpxp+1yp : : : y2y1 2 L. We now de�ne the morphism h :
(V [ V [ f#;#; $g)� �! V � by h(a) = a for any a 2 V and h(b) = h(#) = h($) = " for
any b 2 V , which completes the proof.

As an immediate consequence we have:

Theorem 3.2. The hairpin completion of a regular language is not necessarily regular but
always linear.

Proposition 3.3. 1. For any k � 1, there is a context-free language L such that L!k is
not context-free.

2. For any k � 1 and any context-free language L, L!k is context-sensitive.

Proof. 1. Let L = fwawRbkcbkjw 2 f0; 1gg; clearly, L !k= fwawRbkcbkwawRg. We
informally de�ne a �nite transducer working as follows:

� The �rst segment consisting of 0; 1 of the input word, as well as the next a, remain
unchanged.

� Then, the transducer removes all symbols until an occurrence of b is met before a
symbol in the alphabet f0; 1g.

� Now, the transducer copy the segment of 0; 1 until an a is read.

� The rest of the input word is removed.

The reader can easily write the formal details of this transducer. By applying this transducer
to L!k, one gets fwaw j w 2 0; 1g which is a well-known non-context-free language.

2. The second assertion follows immediately by showing that L!k2 NSPACE(n).
We infer as above that:

Theorem 3.4. The hairpin completion of a context-free language is not necessarily context-
free but always context-sensitive.
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It is known that the class of context-sensitive languages is a space complexity class, by
the above proof (see also the proof of Theorem 4.1) we can state that such classes are closed
under hairpin completion.

Theorem 3.5. NSPACE(f(n)), where f(n) � log n is a space-constructible function, is
closed under hairpin completion.

The case of time complexity classes is slightly di�erent, namely:

Proposition 3.6. 1. If L 2 NTIME(f(n)), then L!k2 NTIME(nf(n)) for any k � 1.
2. If L 2 DTIME(f(n)), then L!k2 DTIME(nf(n)) for any k � 1.

Proof. Let k � 1, L � V �, and w 2 V �. We prefer to give the argument in the form of a
recognizing algorithm for the language L +k which can be easily implemented on a Turing
machine.

Algorithm 3.7.

i := 1;
while (i+ k + 1 � n� i� k)

if (w[1::i + k] = w[n � k � i+ 1::n]R) and (w[1::n � i] 2 L)
then Output : w 2 L +k; halt
else i := i+ 1

endif
endwhile
Output : w =2 L +k

In this algorithm, w[i::j] denotes the subword of w starting at position i and ending at
position j, 1 � i � j � jwj. Since a similar recognizer can be designed for the language
L *k, we are done.

As an immediate consequence, we state:

Theorem 3.8. Both classes P and NP are closed under hairpin completions.

We �nish this section by pointing out two open problems:
1. Is it decidable whether or not the hairpin completion of a given regular language is

regular?
2. Is the n factor needed in Proposition 3.6?

4 Iterated Hairpin Completion

Theorem 4.1. NSPACE(f(n)), where f(n) � log n is a space-constructible function, is
closed under iterated hairpin completion.

Proof. Let us consider the following recursive boolean function which determines whether
or not a given word x is in L(!k)�:
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Algorithm 4.2.

Function Membership(x;L(!k)�);
Membership:=false;
if x 2 L then Membership:=true; endif; halt;
if (jxj � 2k) and (x =2 L) then halt; endif;
choose nondeterministically a decomposition x = 
���R
R, with �
 6= " and j�j = k;
if (Membership(
���R; L(!k)�) or Membership(���R
R; L(!k)�))

then Membership:=true; halt; endif;

This function can clearly be implemented on an o�-line nondeterministic (multi-tape)
Turing machine in f(n) space provided that L is accepted by an o�-line nondeterministic
(multi-tape) Turing machine in f(n) space.

Note that log n is needed in order to store the left- and right-hand border of the current
subword within the input word. By �nite state one can keep track of whether or not this
subword is complemented.

By Theorem 3.2, the hairpin completion of a regular language is not necessarily regular
but always linear. A natural question regards the iterated hairpin completion of a regular
language. Is this language regular or still linear?

Proposition 4.3. For any k � 1, the iterated k-hairpin completion of a regular language
is not necessarily context-free.

Proof. Let L = fakbakcnak j n � 1g be a regular language, where a; b; c are letters. It is
easy to note that

(L(!k)�) \R = fakcnakcnakbakcnak j n � 1g;
provided that R is the regular language R = fakcnakcmakbakcpak j n;m; p � 1g. As
(L(!k)�) \R is obviously not context-free, we are done.

However the iterated k-hairpin completion of a regular language is always recognizable
in polynomial time.

Theorem 4.4. If L is a regular language, then L(!k)� 2 P for any k � 1.

Proof. The statement follows from Theorem 4.1 and the inclusion NSPACE(logn) �P.
The following �nal problem which remains unsolved naturally arises: Can the last the-

orem be extended to any language in P? In other words, is P closed under iterated hairpin
completion?

References

[1] P. Bottoni, G. Mauri, P. Mussio, Gh. P�aun, Grammars working on layered strings,
Acta Cybernetica, 13(1998), 339{358.

[2] P. Bottoni, A. Labella, V. Manca, V. Mitrana, Superposition based on Watson-Crick-
like complementarity, Theory of Computing Systems (to appear).



A New Operation on Words Suggested by DNA Biochemistry: Hairpin ... 113

[3] J. Castellanos, V. Mitrana, Some remarks on hairpin and loop languages, Words, Semi-
groups, and Tranlations, (M. Ito, Gh. P�aun, S. Yu, eds.), World Scienti�c, Singapore,
2001 47{59.

[4] R. Deaton, R. Murphy, M. Garzon, D.R. Franceschetti, S.E. Stevens, Good encodings
for DNA-based solutions to combinatorial problems, Proc. of DNA-based computers II,
(L.F. Landweber, E. Baum, eds.), DIMACS Series, vol. 44, 1998, 247{258.

[5] R. Freund, Gh. P�aun, G. Rozenberg, A. Salomaa, Bidirectional sticker systems, Third
Annual Paci�c Conf. on Biocomputing, Hawaii, 1998 (R.B. Altman, A.K. Dunker, L.
Hunter, T.E. Klein, eds.), World Scienti�c, Singapore, 1998, 535{546.

[6] M. Garzon, R. Deaton, P. Neathery, R.C. Murphy, D.R. Franceschetti, E. Stevens, On
the encoding problem for DNA computing, The Third DIMACS Workshop on DNA-
Based Computing, Univ. of Pennsylvania, 1997, 230{237.

[7] M. Garzon, R. Deaton, L.F. Nino, S.E. Stevens Jr., M. Wittner, Genome encoding for
DNA computing, Proc. Third Genetic Programming Conference, Madison, MI, 1998,
684{690.

[8] T. Head, Formal language theory and DNA: an analysis of the generative capacity of
recombinant behaviors, Bulletin of Mathematical Biology, 49(1987), 737{759.

[9] L. Kari, Gh. P�aun, G. Rozenberg, A. Salomaa, S. Yu, DNA computing, sticker systems,
and universality, Acta Informatica, 35, 5(1998), 401{420.

[10] L. Kari, S. Konstantinidis, P. Sosk, G. Thierrin, On hairpin-free words and languages,
Proc. Developments in Language Theory 2005 (C. De Felice, A. Restivo, eds.), LNCS
3572, Springer-Verlag, Berlin, 2005, 296-307.

[11] S. Kobayashi, V. Mitrana, Gh. P�aun, G. Rozenberg, Formal properties of PA-matching,
Theoretical Comput. Sci., 262, 1-2(2001), 117{131.

[12] Gh. P�aun, G. Rozenberg, Sticker systems, Theoret. Comput. Sci., 204(1998), 183{203.

[13] Gh. P�aun, G. Rozenberg, and A. Salomaa, DNA Computing. New Computing
Paradigms, Springer-Verlag, Berlin, 1998, Tokyo, 1999.

[14] Gh. P�aun, G. Rozenberg, T. Yokomori, Hairpin languages, Intern. J. Found. Comp.
Sci. 12, 6(2001), 837{847.

[15] G. Rozenberg, A. Salomaa, Eds., Handbook of Formal Languages, 3 volumes, Springer-
Verlag, Berlin, Heidelberg, 1997.

[16] K. Sakamoto, H. Gouzu, K. Komiya, D. Kiga, S. Yokoyama, T. Yokomori, and M.
Hagiya, Molecular computation by DNA hairpin formation, Science 288(2000), 1223{
1226.



114 Cheptea et al. Transgressive Computing

Daniela Cheptea

Faculty of Mathematics and Computer Science
University of Bucharest

Str. Academiei 14, 010014, Bucharest, Romania
dcheptea@funinf.cs.unibuc.ro

Carlos Mart��n-Vide

Research Group in Mathematical Linguistics
Rovira i Virgili University

Pl. Imperial Tarraco 1, 43005, Tarragona, Spain
carlos.martin@urv.net

Victor Mitrana

Faculty of Mathematics and Computer Science
University of Bucharest

Str. Academiei 14, 010014, Bucharest, Romania
and

Research Group in Mathematical Linguistics
Rovira i Virgili University

Pl. Imperial Tarraco 1, 43005, Tarragona, Spain
mitrana@fmi.unibuc.ro



Decision Problems for CD Grammar Systems and Grammars with Regulated ... 115

Decision Problems for CD Grammar Systems and Grammars

with Regulated Rewriting

Liliana Cojocaru

Abstract

In this paper we deal with cooperating distributed grammar systems (henceforth
CD grammar systems) that work under a powerful protocol, recently introduced in
[2]. The new protocol is based on the level of competence of a component to rewrite
a certain number of nonterminals occurring in the underlying sentential form. We
tackle the particular case of f� 1;= 1g-competence mode, for which we propose two
coverability structures, the coverability tree and the twin coverability tree associated
to the derivations in a CD grammar system working in f� 1;= 1g-competence mode.
The coverability tree structure has been adopted from Petri nets theory, and due to
the �niteness property that it has, it turned out to be a strong tool in solving decision
problems. Analysing the structure of the coverability tree and of the twin coverability
tree we solve several decision problems such as emptiness, �niteness, boundedness and
reachability problems for the above mentioned competence-based protocol. In [2] it has
been proved that there exists a strong relation between CD grammar systems working
in f� 1;= 1g-competence mode and forbidding random context grammars. Due to
this, the decidability results we have found have positive consequences upon several
decision problems left open in [10], for several grammars with regulated rewriting, such
as forbidding random context grammars and ordered grammars.

Introduction

A cooperating distributed grammar system is a set of Chomsky grammars that work sequen-
tially on a common sentential form according to a speci�ed protocol of cooperation. At
a given moment only one component is active. The protocol decides which component is
active or idle. It gives running and stop conditions depending on the mode of derivation
used by the system. The system models the blackboard architecture in cooperative prob-
lem solving, in which the blackboard is the common working tape and the components are
knowledge sources (agents, processors, abstract computers, etc.). For the formal de�nition
and basic results related to CD grammar systems the reader is referred to [5], [7] and [8].

Recently, a new cooperation protocol, based on the level of competence of a component to
rewrite a certain number of di�erent nonterminals on a sentential form has been introduced
in [2] and [6] with several forerunner related papers [3], [1]. Several variations on the same
theme have been considered in [9], in which the author deals with CD grammar systems
with start and stop conditions that work in maximal or full competence mode.
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In the case of f� k;= k;� kg-competence based protocols the common sentential form
is divided into pieces of work distributed rewritten by those components of the CD grammar
system that are f� k;= k;� kg-competent to proceed the derivation, k � 1. With respect
to the cooperation protocol de�ned in [2], a component is � k-competent, = k-competent
or � k-competent, k � 1, on a certain sentential form if it is able to rewrite at most, exactly,
or at least k distinct nonterminals occurring in the sentential form, respectively. Once a
component starts to be f -competent on a sentential form, it has to continue the derivation
as long as it is f -competent, f 2 f� k;= k;� kg, k � 1, on the newest sentential form.
The formal de�nition of competence-based protocols is provided in Section 1.

In [2] it is proved that competence-based protocols lead CD grammar systems to work
at least at the level of forbidding random context grammars for the case of f� 1;= 1g-
competence mode, at the level of ET0L systems for � 1-competence mode, and at the level
of random context ETOL systems for � k-competence mode, k � 2. Finally, they are as
powerful as random context grammars for the case of f� k;= kg-competence mode, k � 2,
i.e., they characterize the class of recursively enumerable languages.

In this paper we focus on a structural characterization of CD grammar systems that
work in f� 1;= 1g-competence mode, by means of the coverability tree-structure associated
to the derivations in such a system. This structure has been �rstly introduced in [14], under
the name of reachability tree, in order to study the reachability problem for vector addition
systems. It has been adopted afterwards in Petri nets theory under the name of coverability
tree, where the structure provides a �nite representation of every reachable marking in a
Petri net. Informally, the coverability tree is a method that consists of the reduction of an
in�nite structure (as a derivation in a grammar system) to a �nite one.

Besides the coverability tree, that gives a structural representation of the variation of the
number of nonterminals in the underlying sentential form, we introduce also the twin cover-
ability tree associated with a coverability tree for a certain CD grammar system that works in
f� 1;= 1g-competence mode. The twin coverability tree, o�ers a structural representation
of the number of terminal symbols pumped into the underlying sentential form at each step
of derivation. The formal de�nitions of these coverability trees for CD grammar systems
working in f� 1;= 1g-competence mode, are presented in Section 2. We give also several
examples that illustrate the manner in which we build these tree-structures. We prove in
Section 3.1 that these tree structures are well de�ned, i.e., they give a good representation
of CD grammar systems behaviour and that they are always �nite. Therefore they can be
used as an analysis tool to check properties of grammar systems. Analysing the structure of
these trees, we solve in Section 3.2 several decision problems, such as emptiness, �niteness,
boundedness or reachability for CD grammar systems working in f� 1;= 1g-competence
mode. Furthermore, in [2] it has been proved, using a constructive method, that the class
of languages generated by CD grammar systems that work in the f� 1;= 1g-competence
mode includes the class of languages generated by forbidding random context grammars.
With an a�rmative answer for the emptiness and �niteness problems for CD grammar sys-
tems that work in the f� 1;= 1g-competence mode we study in Section 4 the above decision
problems for several grammars with regulated rewriting, such as forbidding random context
grammars and ordered grammars.
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1 CD grammar systems working in competence mode

The aim of this section is to introduce the basic notions that concern CD grammar systems
that work in competence mode. Several basic results and a setting of the notations of
concepts from the topic covered in this paper will be given, too. For further information
the reader is referred to [8] and [12]. Let X be an alphabet, always composed of a �nite set
of letters, jXj be the cardinal number of the set X, and X� be the set of all strings over
the alphabet X. The empty word is denoted by �, and the number of occurrences of the
symbol a 2 X in the string w 2 X� is denoted by jwja.

De�nition 1.1. A cooperating distributed grammar system of degree s, is an (s+ 3)-tuple
� = (N;T; �; P1; :::; Ps), where N and T are disjoint alphabets, the nonterminal and the
terminal alphabet, respectively. P1; :::; Ps are �nite sets of context-free rules over N � (N [
T )�, called the system components, and � 2 (N [ T )� is the system axiom.

De�nition 1.2. Let � = (N;T; �; P1; :::; Ps) be a CD grammar system and dom(Pi) =
fA 2 N jA ! z 2 Pig be the domain of the component Pi, 1 � i � s. We say that Pi is
k-competent on a sentential form x, x 2 (N [ T )�, if and only if jalphN (x)\ dom(Pi)j = k,
where alphN (x) = fA 2 N jjxjA > 0g.

In the sequel we denote by clevi(x) the level of competence of the component Pi on x.
The cooperation protocol, based on the capability of a component Pi, 1 � i � s, to be
� k-competent, = k-competent, � k-competent on a sentential form x, x 2 (N [ T )�, is
de�ned in [2] as follows.

De�nition 1.3. Let � = (N;T; �; P1; :::; Ps) be a CD grammar system, x; y 2 (N [ T )�,
1 � i � s.
1. We say that y is derived from x in the � k-competence mode of derivation, denoted by
x)�k-comp.

i y, i� there exists a derivation x = x0 )i x1 )i :::)i xm�1 )i xm = y
such that (a) clevi(xj) � k for 0 � j < m and (i) clevi(xm) = 0 or (ii) y 2 T �, or

(b) clevi(xj) � k for 0 � j < m and clevi(xm) > k.
2. We say that y is derived from x in the = k-competence mode of derivation, denoted by
x)=k-comp.

i y, i� there exists a derivation x = x0 )i x1 )i :::)i xm�1 )i xm = y
such that (a) clevi(xj) = k for 0 � j < m and clevi(xm) 6= k or

(b) clevi(x0) = k, clevi(xj) � k for 1 � j � m and y 2 T �.
3. We say that y is derived from x in the � k-competence mode of derivation, denoted by
x)�k-comp.

i y, i� there exists a derivation x = x0 )i x1 )i :::)i xm�1 )i xm = y
such that (a) clevi(xj) � k for 0 � j < m and clevi(xm) < k or

(b) clevi(x0) � k and y 2 T �.

Let M = f� k-comp.;= k-comp.;� k-comp.jk � 1g, and let )f denote )f
i , for some i,

1 � i � s, f 2M . We denote by )�f the re
exive and transitive closure of )f .

De�nition 1.4. The language generated by � in f -mode of derivation, f 2M , is
Lf (�) = fw 2 T �j�)�f wg.
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The family of languages generated by CD grammar systems in f -mode, f 2 M , is
denoted by L(CD, CF, f).

De�nition 1.5. The Parikh vector associated with a string x 2 X� with respect to the
alphabet X = fa1; a2; :::; apg is 	X(x) = (jxja1 ; jxja2 ; :::; jxjap ).

De�nition 1.6. Let � = (N;T; �; P1; :::; Ps) be a CD grammar system and let Lf (�) be
the language generated by � in f -mode, f 2 M . The set of all sentential forms obtained
during terminal derivations of a word w 2 Lf (�), is denoted by

Sf (�; w) = fxj�)�f x)�f w;w 2 Lf (�)g.
We denote by Sf (�) the set of all sentential forms obtained during the derivation process
of Lf (�), i.e., Sf (�) = fxjx 2 Sf (�; w); w 2 Lf (�)g.

The sentential form Parikh set associated to the language Lf (�), with respect to the
nonterminals alphabet N , starting with the axiom �, is the set of all Parikh vectors asso-
ciated with all possible sentential forms obtained during the derivation process of Lf (�).

The sentential form Parikh set associated with Lf (�), with respect to the nonterminal
alphabet N , is denoted by 	N (Sf (�)) = f	N (x)jx 2 Sf (�)g.

The sentential form Parikh set associated with Lf (�), with respect to the terminal
alphabet T , is analogously de�ned as 	T (Sf (�)) = f	T (x)jx 2 Sf (�)g.

2 Coverability trees for competence-based protocols

The coverability tree is a state-based structure intensively used to solve decision problems for
Petri nets. It is built starting from the initial state of the Petri net by exhaustively building
the reachable state space. Through the special symbol !, representing the marking of an
unbounded transition node, the method functions also for unbounded nets. Thus, the set of
natural numbers N is extended to the set N! = N [ f!g de�ned by the arithmetical rules
! + ! = ! + a = a+ ! = !, ! � a = !, ! � a = a � ! = ! for a 2 N and a < !.

Furthermore, we consider N!t = N [ f!tg, where !t is a marked ! symbol used in the
construction of the coverability tree for CD grammar systems working in f� 1;= 1g-comp.-
mode. The addition and multiplication operations are de�ned for this special symbol as
follows: !t+a = a+!t = a, !t+!t = !t, !t +! = !+!t = !, !t �a = a �!t = !t �!t = !t,
for a 2 N, and !t < 1 � a < !. We denote by Nf!;!tg = N [ f!; !tg. Observe that, by
de�nition ! and !t cannot be decreased. The above operations de�ned on N!, N!t and
Nf!;!tg can be extended in the same way for the space Nm

! , Nm
!t

and Nm
!;!t

, respectively.

For each U 2 Nm
!;!t

we denote by U(j) the jth place of U . We say that between two
vectors U , V 2 Nm

!;!t
, holds the relation U � V , if and only if U(j) � V (j), for 1 � j � m.

Due to many similarities that exist between distributed grammar systems and Petri nets,
the coverability tree-based method has been proved to be a strong decidability tool in the
theory of grammar systems, too. It has been already applied for parallel communicating
grammar systems in [20], [21], [16] and for cooperating distributed grammar systems in
[17], [18]. Our solution in solving decidability problems for CD grammar systems working
in f� 1;= 1g-comp.-mode is based on the same approaching.
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To have a better picture upon the way in which the coverability tree associated to the
derivations in a CD grammar system that work in f� 1;= 1g-comp.-mode is built, we
recall that for the = 1-comp.-mode a component is not allowed to perform a derivation
step if two or more than two di�erent nonterminals occur in the current sentential form.
These nonterminals have to be rewritten by other components that are = 1-competent
on that sentential form, otherwise the derivation cannot continue anymore. However, a
component is allowed to keep on rewriting nonterminals as long as it is competent on the
newest sentential form. So that once a component becomes = 1-competent, it will be active
as long as the component is = 1-competent on the newest sentential form.

The � 1-comp.-mode works in the same manner, with the di�erence that this protocol
can delay the process of derivation due to the freedom property to not rewrite nonterminals
on a given sentential form. This property has consequences only on the length of derivation.
It does not change the language, so that we have L(CD,CF,� 1-comp)= L(CD,CF, = 1-
comp).

Let � = (N;T; �; P1; :::; Ps) be a CD grammar system with s components, s � 1,
N = fA1; A2; :::; Amg be the ordered set of nonterminal symbols, jN j = m, m � 1, and
T = fa1; a2; :::; apg be the ordered set of terminal symbols, jT j = p, p � 1.

Let  L = f1; 2; :::; sg be the set of labels attached to the system components. For each
component Pi, i 2  L, we denote by  Li = f1; 2; :::; jPi jg the set of labels attached to pro-
ductions in Pi, where jPij is the number of rules of Pi. We denote by L the set of all pairs
(i; j) 2N2 such that i 2  L and j 2  Li.

To any context-free rule r, of the form lhs(r) ! rhs(r) we attach two vectors �r 2
(N [ f�1g)m, and �r;t 2 Np, de�ned as:

�r = (jrhs(r)jA1 � jlhs(r)jA1 ; jrhs(r)jA2 � jlhs(r)jA2 ; :::; jrhs(r)jAm � jlhs(r)jAm),
�r;t = (jrhs(r)ja1 ; jrhs(r)ja2 ; :::; jrhs(r)jap ).

The sequential behaviour of �, working in f� 1;= 1g-comp.-mode, is characterized by
the next �ring rules adopted from Petri net theory (see [19]).

The f� 1;= 1g-enabling rule:
The element # 2 L, # = (i; j), i 2  L, j 2  Li, is enabled at the vector V 2 Nm

!;!t
, abbreviated

V [#i�, if V (q) � jlhs(r)jAq , Aq 2 dom(Pi), 1 � q � m, where r is the production from Pi
labeled by j, and there is no other place q0 in V , q 6= q0, such that V (q0) � jlhs(r0)jA0

q
, A0

q 2
dom(Pi), r

0 2 Pi.
The f� 1;= 1g-computing rule:

If V [#i� then # may occur yielding a new vector V 0, computed with respect to the rule
r 2 P#(1), labeled by #(2), nondeterministically chosen from P#(1), with respect to the
f� 1;= 1g-enabling rule, to rewrite the nonterminal Aq. V

0 is de�ned by V 0 = V + �r. We
abbreviate this computing rule by V [#i�V 0.

Note that, due to the inequalities that characterize the !t symbol, i.e., !t < 1 � a < !,
the relation V (q) � jlhs(r)jAq , Aq 2 dom(Pi), r a production in Pi, 1 � i � s, never
holds for V (q) = !t. That is why enabling rules depend only on those values of V (q)
that are in N!. Furthermore, if more than one component Pi, 1 � i � m, satis�es the
f� 1;= 1g-computing rule, then at a vector V 2 Nm

!;!t
more than one vector # 2 L might

be enabled.
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De�nition 2.1. The coverability tree attached to a grammar system � working in f� 1;=
1g-comp.-mode, is a rooted tree B(�) = (V; E), in which the vertices are elements in Nm

!;!t

and the edges are elements in L. The set of nodes and edges are de�ned as follows:
1) The root v0 is labeled by the Parikh vector, 	N (�) associated to the system axiom

�, such that there is at least one element # 2 L, f� 1;= 1g-enabled at the vector 	N (�).
The children of v0 are nodes labeled by those vectors 	N (�0) such that 	N (�)[#i�	N (�0)
and 	N (�0) = 	N (�) + �r, where r is the rule labeled by #(2) from P#(1). In this case #
is the label of the edge from v0 to its child labeled by 	N (�0).

2) For any v 2 V, v 6= v0, labeled by a vector 	N (��) 2 Nm
!;!t

, there is at least one
element # 2 L, f� 1;= 1g-enabled at the vector 	N (��). Let us denote by L � L the set
of all these elements. Let vp be the parent node of v, and #p 2 L be the label of the edge
from vp to v. We consider L1 = f#j# 2 L; #(1) = #p(1)g and L2 = f#j# 2 L; #(1) 6= #p(1)g.
Then L = L1 [ L2 and L1 \ L2 = ;. The children of v are nodes labeled by those vec-
tors 	N (��0) such that 	N (��)[#i�	N (��0) and # 2 L1 if L1 6= ;, or # 2 L2 if L1 = ;,
and there is no other node �v on the path from v0 to v labeled by 	N (��0) and yielded by
#. We say that # is the label of the edge from v to its child labeled by 	N (��0). Furthermore,

	N(��0)(j) =

8
>>>>>>>>>><
>>>>>>>>>>:

!;

8
>><
>>:

-if there exists a node �v on the path from v0 to v labeled by
	N (�̂) such that 	N (�̂) � 	N (��0) and 	N (�̂)(j) < 	N (��0)(j);
-if there exists j0, 1 � j0 � m, j0 6= j, such that 	N(��)(j0) = !;
�r(j) > 0, and r 2 P#(1), labeled by #(2), rewrites Aj0 ;

!t; if 	N (��)(j) = !, and �r(j) = �1;

	N (��)(j) + �r(j); otherwise.

Note that the above coverability tree attached to a CD grammar system �, simulates
the work of �, in the f� 1;= 1g-comp.-mode, as follows. The root is labeled by the Parikh
vector attached to the axiom �. Each child of the root is a node labeled by the Parikh
vector attached to the sentential form obtained from � after the application of only one
rule from the component that is f� 1;= 1g-competent on �. Once a component starts to
be f� 1;= 1g-competent on a sentential form, it continues the derivation as long as it is
f� 1;= 1g-competent on the newest sentential form. This characterization is given by the
#(1) = #p(1) condition that is checked at each new node v added in the coverability tree,
where vp is the parent node of v.

In the case that at a given point of derivation an arbitrary number of nonterminals
are "pumped" into the new sentential form, by nonlinear context-free rules, we use the
!-notation in order to mark in the Parikh vector associated to the underlying sentential
form, those places with the above property. We call the new resulting vector an !-Parikh
vector. Through this "!-marking", any node v 2 V, di�erent from the root, is labeled by
the Parikh vector or by the !-Parikh vector associated with the corresponding sentential
form obtained during the generative process.

A place V (q) in an !-Parikh vector V 2 Nm
! , yielded by an element # 2 L, that has

the !-value cannot be decreased. However, due to the f� 1;= 1g-competence protocol
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the nonterminals Aq settled at the place V (q), can be rewritten by rules of the component
P#(1), of the form Aq ! c, c 2 T �, Aq ! �, or Aq ! x, x 2 (N [ T )�, such that alphN (x)\
dom(P#(1)) = ;, until all nonterminals Aq are rewritten by such rules. In order to overcome
this phenomenon we associate an emptiness limit !t to each place V (q) in an !-Parikh
vector V 2 Nm

! , that is entirely rewritten. The idea to introduce this limit comes from
the fact that once the component P#(1) is = 1-competent on a sentential form it continues
the derivation until it loses its competence. As the sentential form x does not contain any
symbol from dom(P#(1)) the above rules can be applied until Aq is fully rewritten. The
!t symbol is seen as an emptiness limit for those places that do not hold any nonterminal
symbol anymore.

Leaves, in the above coverability tree, are those nodes that end or block the derivation
process, i.e., they are labeled by null vectors or by vectors from Nm

!t
(because the underlying

sentential form contains only terminal symbols), or by vectors that have at least two places
that correspond to nonterminals that can be rewritten by only one component, so that
the derivation in the f� 1;= 1g-comp.-mode cannot continue anymore. In other words no
element of L can be enabled in these nodes. Finally, the last case stands for those nodes
v, labeled by a vector V for which the pair (#; V 0), # 2 L, V ,V 0 2 Nm

!;!t
, where V [#iV 0,

occurs already on the path from the root to v, so that the node v cannot have any children
due to the item 2) in the de�nition of the coverability tree. We call these last types of
leaves cutting points, because they are in fact cutting points in loops that appear during
the derivation process.

To each coverability tree B(�) = (V; E), associated to the derivations in a CD grammar
system, � that works in f� 1;= 1g-comp.-mode, we associate a twin coverability tree,
denoted as Bt(�) = (Vt;E t), built with respect to the terminal symbols pumped into the
underlying sentential form at each step of derivation performed by �. Informally, the twin
coverability tree is built in the same manner as the coverability tree. The di�erence is
that each node introduced in the twin coverability tree is labeled by a vector in N

p
! that

characterizes the number of terminals pumped at each step of derivation into the underlying
sentential form. Because in the twin coverability tree we take into account also the number
of terminals pumped into the sentential form when the system enters in a loop1, the twin
coverability tree might have more nodes and edges than the coverability tree. Formally, the
twin coverability tree is de�ned as follows.

De�nition 2.2. The twin coverability tree attached to a coverability tree for a CD grammar
system �, working under the f� 1;= 1g-comp.-mode protocol, is a rooted tree Bt(�) =
(Vt;E t), in which the vertices are elements in N

p
! and the edges are elements in L. The set

of nodes and edges are de�ned as follows:
1)The root v0 is labeled by the Parikh vector 	T (�) attached to the system axiom �,

such that there is at least one element # 2 L, f� 1;= 1g-enabled at the vector 	N (�). The
children of v0 are nodes labeled by those vectors 	T (�0) de�ned as 	T (�0) = 	T (�) + �r;t

where r is the rule labeled by #(2) from P#(1), and # is the label of the edge from v0 to the
child node labeled by 	T (�0) such that 	N (�)[#i�	N (�0) and 	N (�0) = 	N (�) + �r.

1This phenomenon is marked in the coverability tree by cutting points.
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2) For any v 2Vt, v 6= v0, labeled by a vector 	T (��) 2 N
p
!, there exists at least one ele-

ment # 2 L, f� 1;= 1g-enabled at the vector 	N (��). Let us denote by L � L the set of all
these elements. Next, we consider the same sets L1 and L2, as we have settled for the cover-
ability tree, more exactly L1 = f#j# 2 L; #(1) = #p(1)g and L2 = f#j# 2 L; #(1) 6= #p(1)g.
Then L = L1 [ L2 and L1 \ L2 = ;. The children of v are nodes labeled by those vectors
	T (��0) de�ned by:

	T (��0)(j) =

8
>><
>>:

!; if there exists j0, 1 � j0 � m; such that 	N (��)(j0) = !,
�r;t(j) > 0 and r 2 P#(1); labeled by #(2), rewrites Aj0 ;

	T (��)(j) + �r;t(j); otherwise;

where # is enabled at 	N (��), 	N (��)[#i�	N (��0), and r is the rule from P#(1), labeled by
#(2). Furthermore, # 2 L1 if L1 6= ;, and # 2 L2 if L1 = ;, and there is no other node �v on
the path from v0 to v in the coverability tree, labeled by 	N (��0) and yielded by #.

In the case that there exists one node �v on the path from v0 to v, labeled by 	N (��0)
and yielded by # in the initial coverability tree, then a new node �v0 is added in the twin
coverability tree attached to the coverability tree (which is the case of a cutting point in
the coverability tree). It is labeled by 	T (��0) 2 N

p
! and it is de�ned by:

	T (��0)(j) =

8
>>>>>>>><
>>>>>>>>:

if there exists at least one vector # 2 L enabled at one of
!; the vectors V 2 Nm

!;!t
that label the nodes from the path

v, �v to v; i:e:; v�v:::v, in the coverability tree, such that
�r;t(j) > 0; where r is the rule from P#(1) labeled by #(2);

	T (��)(j); otherwise (that is the case when no terminal is pumped
into the sentential form during the execution of the loop).

The label of the edge v�v0, is the element # enabled at 	N (��).
Next we give two examples that illustrate the way in which the coverability and the

twin coverability trees are built.

Example 2.3. Let � = (fA;B;C;D;A0; B0;D0g; fa; b; cg; �; P1 ; P2; P3) be a CD grammar
system that works in = 1-comp.-mode, that has:

P1 = fA! aA0b1; A! ab2; B ! CB0
3; B ! C4g,

P2 = fD ! D0
1;D

0 ! AB2; A
0 ! A3; B

0 ! B4g,
P3 = fB ! c1; C ! B2g.

Note that each time two (or more than two) nonterminals of the set fD;A0; B0;D0g
appear together on the same axiom or sentential form, the derivation in the = 1-comp.-
mode cannot be continued by the component P2. The derivation will be taken by one of
the components P1 or P3, in the case that only one nonterminal from dom(P1) or dom(P3)
occurs in the sentential form, otherwise the derivation will be blocked on that branch of
derivation. The same remark holds for the component P1 and P3 each time A, B or B, C
appear together in an axiom or sentential form, respectively. Next, let us consider � = AD.



Decision Problems for CD Grammar Systems and Grammars with Regulated ... 123

The coverability tree attached to � is B(�) = (V; E), where E= fv0vb; v0v1; v1v2; v2v3; v3v4;
v4v01; v4v5; v5v6; v6v02; v0v7; v7v8; v8v9; v9v10; v10v11; v11v12; v12v13; v13v14; v14v03; v14v15;
v15v16; v16v04; v10v17; v17v18; v18v05; v18v19; v9v20; v20v06; v20v21; v21v22; v22v07g and
V= fv0; vb; v1; :::; v22; v01; :::; v07g. The nodes are labeled by:

v0 = (1; 0; 0; 1; 0; 0; 0), v11 = (0; 0; 0; 0; 2; 0; 0), vb = (0; 0; 0; 1; 1; 0; 0),
v1 = (0; 0; 0; 1; 0; 0; 0), v10 = v12 = (1; 0; 0; 0; 1; 0; 0), v7 = (1; 0; 0; 0; 0; 0; 1),
v2 = (0; 0; 0; 0; 0; 0; 1), v9 = v13 = (2; 0; 0; 0; 0; 0; 0), v8 = (2; 1; 0; 0; 0; 0; 0),
v3 = (1; 1; 0; 0; 0; 0; 0), v4 = v6 = v14 = v16 = v18 = v20 = v22 = (1; 0; 0; 0; 0; 0; 0),
v5 = v15 = v17 = v19 = v21 = (0; 0; 0; 0; 1; 0; 0), v01 = ::: = v07 = (0; 0; 0; 0; 0; 0; 0).

The edges are labeled by: v0vb = v4v5 = v9v10 = v10v11 = v14v15 = v18v19 = v20v21 = (1; 1),
v0v1 = v4v01 = v6v02 = v9v20 = v10v17 = v13v14 = v14v03 = v16v04 = v18v05 = v20v06 =
v22v07 = (1; 2), v1v2 = v0v7 = (2; 1), v2v3 = v7v8 = (2; 2), v5v6 = v11v12 = v12v13 =
v15v16 = v17v18 = v21v22 = (2; 3); v3v4 = v8v9 = (3; 1).
Observe that, in the node vb = (0; 0; 0; 1; 1; 0; 0) none of elements in L can be enabled,
because v(4) � jlhs(r)jA4 , v(5) � jlhs(r0)jA5 , and A4 = D, A5 = A0 2 dom(P2), r; r0 2 P2.
The node v6, is a cutting node, because the node v5, is yielded for the second time in the
path from the root v0 to v6, at # = (1; 1) enabled at vector (1; 0; 0; 0; 0; 0; 0) attached to v6.
Due to the same phenomenon the nodes v13, v16, v19, and v22 are cutting points, too. The
language is generated as follows:

AD )(1;1) aA
0bDvb

;
AD )(1;2) abD )(2;1) abD

0 )(2;2) abAB )(3;1) abAc )(1;1) abaA
0bc )(2;3) abaAbc )(1;1)

:::)(1;2) aba
mbmc;

AD )(2;1) AD
0 )(2;2) AAB )(3;1) AAc )(1;1) aA

0bAc )(1;1) aA
0baA0bc )(2;3) ::: )(1;2)

anbnambmc.
The twin coverability tree attached to � is Bt(�) = (Vt;E t), Vt =V[fv0

5; v
0
10; v

0
15; v

0
18; v

0
21g

and E t =E[fv6v
0
5; v16v

0
15; v13v

0
10; v19v

0
18; v22v

0
21g. All the new looping edges are labeled by

the same vector (1; 1), with the exception of v19v
0
18 = (2; 3). The nodes are labeled by:

v0 = v7 = v8 = (0; 0; 0), v4 = v10 = v20 = (1; 1; 1), v9 = (0; 0; 1),
vb = v1 = v2 = v3 = (1; 1; 0), v0

5 = v0
10 = v0

15 = v0
18 = v0

21 = (!; !; 1),
v5 = v6 = v11 = v12 = v13 = v17 = v18 = v01 = v06 = v21 = v22 = (2; 2; 1),
v14 = v19 = v02 = v05 = v07 = (3; 3; 1), v15 = v16 = v03 = (4; 4; 1), v04 = (5; 5; 1).

Note that, because v6v
0
5, v16v

0
15, v13v

0
10, v22v

0
21, are looping edges, labeled by (1; 1) that use

the �rst rule of the �rst component, they pump an unbounded number of terminals into
the newest sentential form. That is why v0

5, v0
10, v0

15, v0
21 are marked by an !-vector. The

node v0
18 is also labeled by an !-vector, because the pumping process is performed during

the execution of the loop. The language is L=1-comp.(�) = fanbnambmcjn � 1;m � 1g.

Example 2.4. In order to have an example for a coverability tree with ! and !t-notations,
we consider the following grammar, working in = 1-comp.-mode:

� = (fA;B;C;D;A0; B0;D0g; fa; b; cg; �; P1 ; P2; P3)
P1 = fA! aA0b1; A! ab2; B ! CB0

3; B ! C4g,
P2 = fD ! D0

1;D
0 ! AB2; A

0 ! A3; B
0 ! B4g,

P3 = fB ! c1; C ! c2g.
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For the axiom � = B the coverability tree, following the ! and !t-notations, is given by
B(�) = (V; E), where V= fv0; v1; :::; v15; v01; :::; v07g and E= fv0v01; v0v1; v1v02; v0v2; v2v3;
v3v4; v4v5; v5v03; v3v6; v6v7; v7v8; v8v9; v6v10; v10v11; v11v12; v12v05; v2v13; v13v14; v11v04; v14v06;
v14v15; v15v07g. The vectors2 that label the nodes are:

v0 = (0; 1; 0; 0; 0; 0; 0), v2 = (0; 0; 1; 0; 0; 1; 0), v3 = (0; 1; 1; 0; 0; 0; 0),
v4 = (0; 0; 2; 0; 0; 0; 0), v6 = (0; 0; !; 0; 0; 1; 0), v9 = (0; 0; !t; 0; 0; 0; 0),
v7 = (0; 1; !; 0; 0; 0; 0; ), v8 = (0; 0; !; 0; 0; 0; 0) v11 = (0; 1; !t; 0; 0; 0; 0),
v04 = (0; 0; !t; ; 0; 0; 0; 0) v10 = (0; 0; !t; 0; 0; 1; 0), v13 = (0; 0; 0; 0; 0; 1; 0),
v1 = v5 = v12 = v15 = (0; 0; 1; 0; 0; 0; 0), v14 = (0; 1; 0; 0; 0; 0; 0),
v01 = ::: = v07 = (0; 0; 0; 0; 0; 0; 0).

Edges are labeled by:
v0v2 = v3v6 = (1; 3), v0v1 = v3v4 = v7v8 = v11v12 = v14v15 = (1; 4),
v2v3 = v6v7 = v10v11 = v13v14 = (2; 4), v0v01 = v11v04 = v14v06 = (3; 1),
v1v02 = v4v5 = v5v03 = v8v9 = v6v10 = v2v13 = v15v07 = v12v05 = (3; 2).

The twin coverability tree attached to � is Bt(�) = (Vt;E t), where Vt =V[fv0
2; v

0
6; v

00
2g and

E t =E[fv11v
0
2; v7v

0
6; v14v

00
2g. The new edges are labeled by the same vector (1; 3). The nodes

are labeled by:
v0 = v1 = v2 = v3 = v4 = v6 = v7 = v8 = v0

6 = (0; 0; 0),
v01 = v02 = v5 = v13 = v14 = v15 = (0; 0; 1),
v9 = v10 = v11 = v12 = v04 = v05 = v0

2 = v00
2 = (0; 0; !),

v03 = v06 = v07 = (0; 0; 2).
The language in this case is: L=1-comp.(�) = fcnjn � 1g.

3 Analysis upon the coverability tree

In this section we prove that the coverability tree and the twin coverability tree associated
with the derivations in a CDGS working in f� 1;= 1g-comp.-mode, are �nite and well
de�ned. The �niteness property of these trees has signi�cant consequences on several deci-
sion problems, such as emptiness, �niteness, boundedness or reachability problems for CD
grammar systems working in f� 1;= 1g-comp.-mode.

3.1 Coverability tree properties

Theorem 3.1. For any CD grammar system �, working in f� 1;= 1g-comp.-mode, the
coverability tree attached to � is a �nite tree, and it can be e�ectively constructed.

Proof. To prove this statement we use the same method, based on the K�onig’s Lemma, as
in [19]. Each node in the coverability tree attached to a CD grammar system that works in
f� 1;= 1g-comp.-mode, can have only a �nite number of children. This holds due to the
fact that jLj is �nite, and for each node in the tree an element from L can be enabled at
a vector V 2 Nm

!;!t
only one time. Furthermore, on each path from the root to a leaf in

2Some of vectors are equal, but either they are reached on di�erent subtrees, or they are enabled by
di�erent elements from L.
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the coverability tree, a node labeled by a vector V 2 Nm
!;!t

together with the element # 2L
enabled at V , is unique.

Let us consider � an arbitrary path from the root to a given leaf in this tree. The
number of vectors that label nodes in this path can be parted into two groups, vectors that
can be compared with each other using the � relation between two vectors de�ned at the
beginning of Section 2, and incomparable vectors. The �rst set of vectors is a �nite set
because the growing of the value on a given position implies an !-notation that stops this
phenomenon. The set of incomparable vectors is �nite, too. Otherwise, due to the �nite
dimension of these vectors, i.e., m, to accomplish the in�nity condition at least one value
should in�nitely increase, but then an !-notation should be used reducing the cardinality
number of this set to a �nite one.

Due to the K�onig’s Lemma: Any rooted tree in which each node has a �nite number of
successors and there is no in�nite path emanating from the root is a �nite tree. the above
coverability tree is �nite. Due to this property the construction of this tree follows directly
from De�nition 2.1.

As a consequence of Theorem 3.1 and De�nition 2.2 we have.

Corollary 3.2. For any CD grammar system �, working in f� 1;= 1g-comp.-mode, the
twin coverability tree associated with the coverability tree attached to � is a �nite tree, and
it can be e�ectively constructed.

Theorem 3.3. Let � be a CD grammar system working in f� 1;= 1g-comp.-mode, B(�) be
the coverability tree attached to �, and Lf (�), f 2 f� 1-comp.;= 1-comp.g, be the language
generated by � in f -mode. The sentential form Parikh set associated to Lf (�) with respect
to the nonterminal alphabet N , i.e., 	N (Sf (�)) de�ned in De�nition 1.6, is completely
covered by the set of vectors in Nm

! , that label the nodes in B(�), considering !t = 0. The
same property holds for the sentential form Parikh set associated to Lf (�) with respect to
the terminal alphabet T , i.e., 	T (Sf (�)).

Proof. This statement is a direct consequence of the way in which the coverability tree
simulates the work of a CD grammar system in the f� 1;= 1g-comp.-mode, (see also the
explanation given to this simulation that follows De�nition 2.1). Due to the arithmetical
rules ! + ! = ! + a = a + ! = !, ! � a = !, ! � a = a � ! = !, a < !, a 2 N, that are
valid in N!, the set of all vectors and !-vectors, that label nodes in the coverability tree,
considering !t = 0, covers the set of all Parikh vectors associated with sentential forms from
Sf (�).

Due to Theorem 3.3 all paths in the coverability tree associated to a CD grammar system
that works in the f� 1;= 1g-comp.-mode, cover all possible derivations (terminal or not)
spent by the system during the generative process of a language. Furthermore, all possible
terminal derivations that generate the language Lf (�), f 2 f� 1-comp.;= 1-comp.g-mode,
can be recovered between paths in the above coverability tree. We conclude that the above
tree structures are well de�ned and they give a good representation of the behaviour of CD
grammar systems working in f� 1;= 1g-comp.-mode. Therefore, these structures can be
successfully used as an analising tool in solving decision problems for these systems.
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3.2 Decidability results

Due to Theorem 3.1 and Theorem 3.3 several decision problems, such as: the emptiness
or the �niteness property of the generated language, the boundedness or the reachability
property of a component during the language generation process, can be solved through
a structural analysis of the above trees. We recall that the emtiness/�niteness problem
for grammar systems consists in deciding whether the language generated by a particular
grammar system is empty/�nite or not. The next theorems deal with these problems.

Theorem 3.4. It is decidable whether the language generated by a CD grammar system,
starting with an arbitrary axiom, working in f� 1;= 1g-comp.-mode is empty or not.

Proof. In order to check whether the language generated in the f� 1;= 1g-comp.-mode, is
empty or not we have to check whether or not there exists at least one leaf in the coverability
tree labeled by a null vector or by a vector in Nm

!t
.

Theorem 3.5. It is decidable whether a component of a CD grammar system, working
in f� 1;= 1g-comp.-mode, with an arbitrary axiom, is ever active (or reachable) in any
derivation (terminal or not). It is decidable whether a certain production of a certain
component of a CD grammar system, working in f� 1;= 1g-comp.-mode, with an arbitrary
axiom, is ever active (or reachable) in any (terminal) derivation.

Proof. Let � = (N;T; �; P1; :::; Ps) be a CD grammar system with s components, s � 1,
and Pi be the component we are interested in. An inspection over all elements # 2 L that
label edges in E , where B(�) = (V; E) is the coverebility tree associated with �, such that
#(1) = i, solves the �rst claim of the theorem. If we consider fr1; r2; :::; rjPijg the ordered
set of rules from Pi, where jPij is the number of rules in Pi, and rj , 1 � j � jPij, represents
the rule we are interested in, then an inspection over all elements # 2 L that label edges in
E , such that #(1) = i and #(2) = j, solves the second claim of the theorem.

Theorem 3.6. It is decidable whether a component of a CD grammar system, working in
the f� 1;= 1g-comp.-mode, with an arbitrary axiom, is activated of an unbounded number
of times in any (terminal) derivation.

Proof. Let � = (N;T; �; P1; :::; Ps) be a CD grammar system with s components, s � 1.
Let Pi be the component we are interested in. From the de�nition of the coverability tree,
between each two consecutive nodes v and v0 labeled by V and V 0 (V , V 0 2 Nm

!;!t
) such

that # is the element in L, enabled at vector V , we have the next �ring rule V [#i�V 0. If # 2
L such that #(1) = i, and # yields a vector V 0 that labels a cutting point in the coverability
tree, then Pi is activated of an unbounded number of times. Otherwise, for any path from
the root to a leaf labeled by a null vector or !t-vector, we check whether there exists at
least one element # 2 L, such that #(1) = i, that yields an !-vector, or not.

Corollary 3.7. It is decidable whether a component of a CD grammar system, working
in the f� 1;= 1g-comp.-mode, is activated at least q times, q � 1, during a (terminal)
derivation.
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De�nition 3.8. Let � be a CD grammar system working in f� 1;= 1g-comp.-mode,
B(�) and Bt(�) be the coverability tree and the twin coverability tree associated with �,
respectively. We say that the place V (q), V 2 Nm

!;!t
(or V 2 N

p
!) is bounded in B(�) (or in

Bt(�)) if there exists a constant c such that V (q) � c, for any vector V that is a label of
a node in V (or in Vt). We say that B(�) (or Bt(�)) is a bounded coverability tree if each
place V (q) is bounded, for any q, 1 � q � m (or 1 � q � p), and any vector V that is a
label of a node in V (or in Vt).

Note that if the coverability tree associated with a CD grammar system is bounded this
does not emerge that the twin coverability tree associated with it is bounded, too. Example
2.3, with the axiom � = AD deals with this case. That is why the boundedness property of
the coverability tree is not a su�cient condition for the �niteness of the language generated
by a CD grammar system. In order to cover this lack of the coverability tree analysis
method we have introduced the twin coverability tree structure.

Theorem 3.9. It is decidable whether the language generated by a CD grammar system
working in the f� 1;= 1g-comp.-mode, is �nite or not.

Proof. In order to decide whether the language generated by a CD grammar system working
in the f� 1;= 1g-comp.-mode is �nite or not it is enough to check whether the twin
coverability tree associated with the coverability tree of a CD grammar system is bounded
or not. This is done through a searching for the ! symbol in the twin coverability tree. If
no ! symbol occurs in any of the vectors that label nodes in this tree then the language is
�nite. It is in�nite otherwise.

4 Consequences on decision problems for grammars with
regulated rewriting

Almost all decision problems for grammars with regulated rewriting have been proved to
be decidable and NP-hard, see [10]. Several problems are undecidable, such as the context-
freeness problem of the languages generated by �-free matrix grammars without appearance
checking or the emptiness and �niteness problems for �-free matrix grammars with appear-
ance checking, for instance. However, there are many other decision problems for grammars
with regulated rewriting that are still open. We recall here only a few of them: the member-
ship, emptiness and �niteness problems for ordered (O) grammars and forbidding random
context (fRC) grammars, or the emptiness and �niteness problems for �-free ordered gram-
mars. For CD grammar systems that work in f� 1;= 1g-comp.-mode, from [2] we have.

Theorem 4.1. For X 2 fCF;CF � �g, L(fRC,X)�L(CD, X, f-comp.), f 2 f� 1;= 1g.

In Section 3 we proved that the emptiness and �niteness problems are decidable for CD
grammar systems working in f� 1;= 1g-comp.-mode. With an a�rmative answer for these
systems, due to the constructive proof in [2] of Theorem 4.1, we have a positive answer for
the emptiness and �niteness problems for the class of languages generated by fRC grammars,
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with or without �-rules. On the other hand from [10] we know that the class of languages
generated by fRC grammars equals the class of languages generated by ordered grammars,
see Theorem 4.2.

Theorem 4.2. For X 2 fCF;CF � �g, L(fRC,X) = L(O;X).

Due to the above theorem and due to the constructive character of the proof in [10],
the emptiness and �niteness problems are decidable for ordered grammars, too. So that the
following theorem holds.

Theorem 4.3. The emptiness and �niteness problems are decidable for forbidding random
context grammars and ordered grammars.

On the other hand, it is well known from [10], that the class of languages generated by
ordered grammars is closed under intersection with regular sets. Considering an arbitrary
word w, for which we want to decide whether or not w 2 L, L 2L(O, X), we have to
compute the intersection L \ fwg 2 L(O,X), X 2 fCF;CF � �g, and decide with respect
to Theorem 4.3, whether L \ fwg is empty or not. Thus w 2 L if L \ fwg 6= ;, and w =2 L,
otherwise. From the above explanation and Theorem 4.2, we have.

Theorem 4.4. The membership problem is decidable for forbidding random context gram-
mars and ordered grammars.

In this way we settled the emptiness, �niteness and membership problems for forbidding
random context grammars and ordered grammars left open in [10].

5 Conclusions

In this paper we proposed two coverability structures, the coverability tree and the twin
coverability tree, associated to the derivations in a CD grammar system that works in
f� 1;= 1g-comp.-mode. A structural analysis upon these coverability trees gives positive
answers to several decision problems, such as the �niteness, emptiness, boundedness and
reachability problems for CD grammar systems working in f� 1;= 1g-comp.-mode. Using
the generative power of these systems we solved several open problems such as the �niteness,
emptiness and membership problems for the class of languages generated by forbidding
random context grammars and ordered grammars. The structure of the coverability trees
and the analysis of these trees, for the general case f� k;= k;� kg of competence-based
protocols, k � 2 are left open for further research. Our intuition is that the transition from
an !-Parikh vector to an !t-Parikh vector, used for the case of f� 1;= 1g-comp.-mode,
is not possible in all the cases. This requires another method to be applied, such as the
simulation of these systems by several other classes of Petri nets, described in [4], [11], [13],
[15], [22].
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Adaptive and Hybrid Algorithms: classi�cation and

illustration on triangular system solving�

Van Dat Cung Vincent Danjean Jean-Guillaume Dumas
Thierry Gautier Guillaume Huard Bruno Ra�n Christophe Rapine

Jean-Louis Roch Denis Trystram

Abstract

We propose in this article a classi�cation of the di�erent notions of hybridization
and a generic framework for the automatic hybridization of algorithms. Then, we detail
the results of this generic framework on the example of the parallel solution of multiple
linear systems.

Introduction

Large-scale applications, software systems and applications are getting increasingly com-
plex. To deal with this complexity, those systems must manage themselves in accordance
with high-level guidance from humans. Adaptive and hybrid algorithms enable this self-
management of resources and structured inputs. In this paper, we propose a classi�cation of
the di�erent notions of hybridization and a generic framework for the automatic hybridiza-
tion of algorithms. We illustrate our framework in the context of combinatorial optimiza-
tions and linear algebra, in a sequential environment as well as in an heterogeneous parallel
one. In the sequel, we focus on hybrid algorithms with provable performance. Performance
is measured in terms of sequential time, parallel time or precision.
After surveying, classifying and illustrating the di�erent notions of hybrid algorithms in
section 1, we propose a generic recursive framework enabling the automation of the process
of hybridization in section 2. We then detail the process and the result of our generic
hybridization on the example of solving linear systems in section 3.

1 A survey and classi�cation of hybrid algorithms

1.1 De�nitions and classi�cation

In this section we propose a de�nition of hybrid algorithm, based on the notion of strategic
choices among several algorithms. We then re�ne this de�nition to propose a classi�cation

�This work is supported by the INRIA-IMAG project AHA: Adaptive and Hybrid Algorithms.
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of hybrid algorithms according to the number of choices performed (simple, baroque) and the
amount of inputs/architecture information used (tuned, adaptive, introspective, oblivious,
engineered). Figure 1 summarizes this classi�cation.

De�nition 1.1 (Hybrid). An algorithm is hybrid (or a poly-algorithm) when there is a
choice at a high level between at least two distinct algorithms, each of which could solve
the same problem.

The choice is strategic, not tactical. It is motivated by an increase of the performance of the
execution, depending on both input/output data and computing resources. The following
criterion on the number of choices to decide is used to make a �rst distinction among hybrid
algorithms.

De�nition 1.2 (Simple versus Baroque). A hybrid algorithm may be

� simple: O(1) choices are performed whatever the input (e.g. its size) is. Notice that,
while only a constant number of choises are done, each choice can be used several
times (an unbounded number of times) during the execution. Parallel divide&conquer
algorithms illustrate this point in next section.

� baroque: the number of choices is not bounded: it depends on the input (e.g. its size).

While choices in a simple hybrid alogrithm may be de�ned statically before any execution,
some choices in baroque hybrid algorithms are necessarily computed at run time.
The choices may be performed based on machine parameters. But there exist e�cient
algorithms that do not base their choices on such parameters. For instance, cache-oblivious
algorithms have been successfully explored in the context of regular [11] and irregular [1]
problems, on sequential and parallel machine models [2]. They do not use any information
about memory access times, or cache-line or disk-block sizes. This motivates a second
distinction based on the information used.

De�nition 1.3 (oblivious, tuned, engineered, adaptive, introspective). Considering
the way choices are computed, we distinguishe the following class of hybrid algorithms:

� A hybrid algorithm is oblivious, if its control 
ow depends neither on the particular
values of the inputs nor on static properties of the resources.

� A hybrid algorithm is tuned, if a strategic decision is made based on static resources
such as memory speci�c parameters or heterogeneous features of processors in a dis-
tributed computation.
A tuned algorithm is engineered if a strategic choice is inserted based on a mix of the
analysis and knowledge of the target machine and input patterns. A hybrid algorithm
is self-tuned if the choices are automatically computed by an algorithm.

� A hybrid algorithm is adaptive if it avoids any machine or memory-speci�c parame-
terization. Strategic decisions are made based on resource availability or input data
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Figure 1: Classi�cation of hybrid algorithms

properties, both discovered at run-time (such as idle processors).
An adaptive algorithm is introspective if a strategic decision is made based on assess-
ment of the algorithm performance on the given input up to the decision point.

In [12], Ganek and Corbi de�ned autonomic computing to be the conjunction of self-
con�guring, self-healing, self-optimizing and self-protecting systems. Self-con�guring re-
lates to what we call adaptivity, self-optimizing to self-tuning. Autonomic computing thus
adds fault-tolerance (self-healing) and security (self-protecting) to our notion of hybrid com-
puting. Above de�nitions deliberately focus on a general characterization of adaptation in
the algorithm. They consider neither implementation nor performance. To implement an
adaptive algorithm, we may distinguish two approaches. Either the choices are included in
the algorithm itself, or they may be inserted dynamically to change the software itself, or
its execution environment. An algorithm is evolutive (or interactive) if a strategic choice
is inserted dynamically. Re
exive languages enable to change the behavior of a program
dynamically [18]. Polymorphism or template specialization is a way to optimize an algo-
rithm. We view polymorphism and template mechanisms as a possible way to implement
the di�erent kinds of hybrid algorithm we propose.

1.2 Illustrations on examples

We illustrate the previous criteria on some examples of hybrid algorithms or libraries.

BLAS libraries. ATLAS [23] and GOTO [?] are libraries that implement basic linear
algebra subroutines. Computation on matrices are performed by blocks. The block size
and the sequential algorithm used for a basic block are chosen based on performance mea-
sures on the target architecture. The decisions are computed automatically at installation
with ATLAS while they are provided only for some architectures with GOTO. ATLAS
implements self-tuned simple hybrid algorithms and GOTO simple engineered ones.

Granularity in sequential divide&conquer algorithms. Halting recursion in di-
vide&conquer to complete small size computations with another more e�cient algorithm is
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a classical technique to improve the practical performance of sequential algorithms. The re-
sulting algorithm is a simple hybrid one. Often the recursion threshold is based on resource
properties. This is the case for the GMP integer multiplication algorithm that succes-
sively couples four algorithms: Sch�onhage-Strassen �(n log n log log n), Toom-Cook 3-way
(�(n1:465)), Karatsuba �(nlog23) and standard �(n2) algorithms.

Linpack benchmark for parallel LU factorization. Linpack [6] is one milestone in
parallel machines’ power evaluation. It is the reference benchmark for the top-500 ranking
of the most powerful machines. The computation consists in a LU factorization, with raw
partial pivoting in the "right-looking" variant [6], the processors assumed being identical.
To limit the volume of communication to O(n2pp), a cyclic bidimensional block partitioning
is used on a virtual grid of q2 = p processors. The block (i; j) is mapped to the processor of
index P (i; j) = (i mod q)q+(j mod q) and operations that modify block (i; j) are scheduled
on processor P (i; j). Linpack has a standard implementation on top of MPI with various
parameters that may be tuned: broadcast algorithm (for pivot broadcasting on a line of
processors), level of recursion in the "right-looking" decomposition algorithm and block
size. The parallel architecture may also be tuned to improve the performance [21]. Linpack
is an engineered tuned simple hybrid algorithm.

FFTW. FFTW [10] is a library that implements discrete Fourier transform of a vector
of size n. We summarize here the basic principle of FFTW. For all 2 � q � pn, the FFT

Cooley-Tuckey recursive algorithm reduces to q FFT subcomputations of size
l
n
q

m
and

l
n
q

m

FFT subcomputations of size q, plus O(n) additional operations. Hybridization in FFTW
occurs at two levels:

� at installation on the architecture. For a given n0 the best unrolled FFT algorithm
for all n � n0 is chosen among a set of algorithms by experimental performance
measurements. This hybrid algorithm is simple tuned.

� at execution. FOr a given size n of the input vectors and for all n0 � m � n, a
planner precomputes the splitting factor qm that will be further used for any recursive
FFT with size m. This precomputation is performed by dynamic programming: it
optimizes each sub-problem of size m locally, independently of the larger context where
it is invoked. The planner adds a precomputation overhead. This overhead may be
amortized by using the same plan for computing several FFTs of the same size n.
FFTW3 also proposes heuristic algorithms to compute plans with smaller overhead
than dynamic programming.

The number of choices in FFTW depends on the size n of the inputs. FFTW is a self-tuned
baroque hybrid algorithm.

Granularity in parallel divide&conquer algorithms. Parallel algorithms are often
based on a mix of two algorithms: a sequential one that minimizes the number of operations
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T1 and a parallel one that minimizes the parallel time T1. The cascading divide&conquer
technique [16] is used to construct a hybrid algorithm with parallel time O(T1) while per-
forming O(T1) operations. For instance, iterated product of n elements can be performed
in parallel time T1 = 2: log n with n

logn processors by choosing a grain size of log n. Even
if this choice depends on the input size n, it can be computed only once at the beginning
of the execution. The algorithm is a simple hybrid one.
Other examples of such parallel simple hybrid algorithms are: computation of the maximum
of n elements in asymptotic optimal time �(log log n) on a CRCW PRAM with n

log logn pro-

cessors [16]; solving of a triangular linear system in parallel time O(
p
n log n) with �(n2)

operations [19]. In section 3 we detail an extended baroque hybridization for this problem,
enabling a higher performance on a generic architecture.

Parallel adaptive algorithms by work-stealing - Kaapi. Cilk [17], Athapascan/Kaapi
[15] and Satin [22] are parallel programming interfaces that support recursive parallelism
and implement a work-stealing scheduling based on the work �rst principle. A program ex-
plicits parallelism and synchronization. While Cilk and Satin are restricted to serie-parallel
tasks DAGs, Kaapi accepts any kind of data
ow dependencies. However, all are based on
a sequential semantics: both depth �rst sequential search (DFS) and width (or breadth)
�rst parallel search (BFS) are correct executions of the program. Then the program imple-
ments a parallel algorithm (BFS) that can also be considered as a sequential one (DFS).
The (recursive) choices between both are performed by the scheduler. To save memory,
depth-�rst execution (DFS) is always locally preferred. When a processor becomes idle, it
steals the oldest ready task on a non-idle processor This stealing operation then corresponds
to a breadth �rst execution (BFS). Since each parallel task creation can be performed ei-
ther by a sequential call (DFS algorithm) or by creation of a new thread (BFS algorithm)
depending on resource idleness, any parallel program with non-�xed degree of parallelism
is a hybrid baroque algorithm. Because the choice does not depend on the input size but
only on resource idleness, the algorithm is adaptive. In section 2.3 we detail a more general
coupling for this problem.

2 Generic algorithmic schemes for hybrid algorithms

In this section we detail a generic scheme to control the time overhead due to choices in
a hybryd algorithm, providing a proven upperbound for sequential and parallel baroque
hybridization.

2.1 Basic representation

Let f be a problem with input set I and output set O. For the computation of f , a hybrid
algorithm is based on the composition of distinct algorithms (fi)i=1;:::;k, each solving the
problem f . Since an algorithm is �nite, the number k � 2 of algorithms is �nite; however,
each of those algorithms may use additional parameters, based on the inputs, outputs or
machine parameters (e.g. number of processors).
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We assume that each of those algorithms is written in a recursive way: to solve a given
instance of f , algorithm fi reduces it to subcomputations instances of f of smaller sizes. Hy-
bridization then consists in choosing for each of those subcomputations the suited algorithm
fj to be used (�g. 2). This choice can be implemented in various ways. For instance, f may

Algorithm fi ( I n, input, O output, : : : ) f
: : :
f( n-1, . . . ) ;
: : :
f( n / 2, . . . ) ;
: : :
g;

Figure 2: Recursive description of a hybrid algorithm fi.

be implemented as a pure virtual function, each of the fi being an inherited specialization.

Scheme for decreasing overhead due to choices. For baroque algorithms the choices
between the di�erent fi’s are performed at runtime. Therefore an important problem is
related to reducing the overhead related to the computation of each choice. In the next
section, we describe an original alternative scheme to decrease the overhead induced by
the choices for each call to f in the previous algorithm. Generalization to various com-
putations [5] (namely Branch&X computations and linear algebra) is based on the use of
an exception mechanism. For a given subcomputation, a default given computation fj is
favored. However, this choice may be changed under some exceptional circumstances de-
pending on values or machine parameters. Then, if the total number of such exceptions is
small with respect to the total number of subcomputations, the overhead due to choices
become negligible. We detail such a scheme in next section.

2.2 Baroque coupling of sequential and parallel algorithms

We presented the coupling of a sequential algorithm fseq and a parallel one fpar that solve
the same problem f . For the sake of simplicity, we assume that the sequential algorithm
performs a �rst part of the sequential computation (called ExtractSeq) and then performs
a recursive terminal call to f to complete the computation. Besides, we assume that the
sequential algorithm is such that at any time of its execution, the sequence of operations
that completes the algorithm fseq can be performed by another parallel recursive (�ne grain)
algorithm fpar. The operation that consists in extracting the last part of the sequential
computation in progress to perform it in parallel with fpar is called ExtractPar. After
completion of fpar, the �nal result is computed by merging both the result of the �rst
part computed by fseq (not a�ected by ExtractPar) and the result of the ExtractPar part
computed by fpar.
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More precisely, given a sequential algorithm fseq (resp. parallel fpar), the result r of its
evaluation on an input x is denoted fseq(x) (resp. fpar(x)). We assume that x has a
list structure with a concatenation operator ] and that there exists an operator � (not
necessarily associative) for merging the results. At any time of evaluation of fseq(x), x
can be split into x1]x2, due to either an ExtractSeq or an ExtractPar operation on x. The
result computed by the parallel algorithm is then fpar(x) = f(x1)� f(x2). We assume that
both results fseq(x) and fpar(x) are equivalents with respect to a given measure. In the
restricted framework of list homomorphism [3], this hypothesis can be written as f(x]y) =
f(x)�f(y). However, it is possible to provide parallel algorithms for problems that are not
list homomorphisms [4] at the price of an increase in the number of operations.
To decrease overhead related to choices for f between fseq and fpar, fseq is the default choice
used. Based on a workstealing scheduling, fpar is only chosen when a processor becomes
idle, which leads to an ExtractPar operation.
This exception mechanism can be implemented by maintaining during any execution of
fseq(x) a lower priority process ready to perform an ExtractPar operation on x resulting in
an input x2 for fpar only when a processor becomes idle.
Then the overhead due to choices is only related to the number of ExtractPar operations
actually performed.
To analyze this number, we adopt the simpli�ed model of Cilk-5 [17] also valid forKaapi [15].

It relies on Graham’s bound (see Equation 2 in [17]). Let T
(seq)
1 (resp. T

(par)
1 ) be the exe-

cution time on a sequential processor (i.e. work) of fseq (resp. fpar), and let T
(par)
1 be the

execution time of fpar on an unbounded number of identical processors.

Theorem 2.1. When the hybrid program is executed on a machine with m identical pro-
cessors, the number of choices that result in a choice fpar for f instead of fseq is bounded

by (m� 1):T
(par)
1

Proof. On an in�nite number of processors, all the computation is performed by fpar; the

parallel time of the hybrid algorithm is then T
(par)
1 . Then the number of steal requests is

bounded by T
(par)
1 on each processor (Graham’s bound), except for the one running fseq.

The latter only executes the sequential algorithm, but is subject to ExtractPar, due to steal
requests from the others. This is true for any execution of such hybrid baroque algorithm.

The consequence of this theorem is that for a �ne grain parallel algorithm that satis�es

T
(par)
1 � T

(seq)
1 , even if the hybrid algorithm is baroque (non constant number of choices),

the overhead in time due to choices in the hybrid algorithm is negligible when compared to
the overall work.

Remark. The overhead due to the default call to ExtractSeq can also be reduced. Ideally,
ExtractSeq should extract a data whose computations by fpar would require a time at least

T
(par)
1 , which is the critical time for fpar.
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2.3 Application to the coupling of DFS/BFS for combinatorial optimiza-
tion

The performance and overhead of the previous scheme were experimentally determined for
the Quadratic Assignment Problem (for instance NUGENT 221). This application imple-
ments a Branch&Bound algorithm: it recursively generates nodes in the search tree, which
has 221938 nodes and a maximal depth of 22.
Locally, each processor implements by default a sequential algorithm fseq that implements
a depth �rst search (DFS) in the tree. It enables to save memory and also to optimize
branching in the tree without copy (sons of a node n are sequentially created from the value
of n with backtracking). To minimize critical time, the alternative fpar parallel algorithm
implements a breadth �rst search (BFS) algorithm. When a processor becomes idle, it
picks the oldest node of a randomly chosen non-idle processor (ExtractPar). This parallel
algorithm introduces an overhead due to node copy.
The experiments were conducted on the iCluster22, a cluster of 104 nodes interconnected by
a 100Mbps Ethernet network. Each node features two Itanium-2 processors (900 MHz) and 3
GB of local memory. The algorithm was parallelized using Kaapi. The degree of parallelism
(threshold) can be adjusted: after a given depth, the subtree of a node is computed locally
by fseq. This thresold de�ned the minimum granularity and should be chosen such that the
time of the local computation by fseq is comparable to the time overhead of parallelism.

Figure 3: Impact of granularity Figure 4: Execution time (sequential time: 34,695s)

The sequential execution time (C++ code without Kaapi) was 34,695 seconds. With Kaapi,
at �ne grain (threshold � 10), the execution on a single processor generated 225,195 tasks
and ran in 34,845 seconds. The impact of the degree of parallelism can be seen in Figure 3
that gives the number of parallel tasks generated for di�erent thresholds. The degree of
parallelism increases drastically for threshold 5 and approaches its maximum at threshold
10. Figure 4 shows that the application is scalable with a �ne threshold (8, i.e. 209406
nodes). Since the critical time T1 is small, there are few successful steals and the overhead
of hybridation between fseq and fpar has small impact on e�ciency.

1http://www.opt.math.tu-graz.ac.at/qaplib
2http://www.inrialpes.fr/sed/i-cluster2
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Notice that Kaapi also includes a (hybrid) checkpoint/restart mechanism [15] to support the
resilience and the addition of processors. This features makes the application itself oblivious
to dynamic platforms. The overhead of this checkpoint mechanism appears negligible for
this application (Figure 4).
In the next section, we detail various forms of hybridation on a single example, the solving
of a triangular system.

3 Hybridization for triangular system solving

3.1 Triangular system solving with matrix right-hand side

Exact matrix multiplication, together with matrix factorizations, over �nite �elds can now
be performed at the speed of the highly optimized numerical BLAS routines. This has
been established by the FFLAS and FFPACK libraries [8, 9]. In this section we discuss
the implementation of exact solvers for triangular systems with matrix right-hand side (or
equivalently left-hand side). This is also the simultaneous resolution of n triangular systems.
Without loss of generality for the triangularization, we here consider only the case where the
row dimension, m, of the the triangular system is less than or equal to the column dimension,
n. The resolution of such systems is e.g. the main operation in block Gaussian elimination.
For solving triangular systems over �nite �elds, the block algorithm reduces to matrix
multiplication and achieves the best known algebraic complexity. Therefore, from now on
we will denote by ! the exponent of square matrix multiplication (e.g. from 3 for classical,
to 2.375477 for Coppersmith-Winograd). Moreover, we can bound the arithmetical cost
of a m � k by k � n rectangular matrix multiplication (denoted by R(m;k; n)) as follows:
R(m;k; n) � C!min(m;k; n)!�2max(mk;mn; kn) [14]. In the following subsections, we
present the block recursive algorithm and two optimized implementation variants.

3.2 Scheme of the block recursive algorithm

The classical idea is to use the divide and conquer approach. Here, we consider the upper
left triangular case without loss of generality, since any combination of upper/lower and
left/right triangular cases are similar: if U is upper triangular, L is lower triangular and B
is rectangular, we call ULeft-Trsm the resolution of UX = B. Suppose that we split the
matrices into blocks and use the divide and conquer approach as follows:

A X B
z }| {�
A1 A2

A3

� z }| {�
X1

X2

�
=

z }| {�
B1

B2

�

1. X2 :=ULeft-Trsm(A3; B2);

2. B1 := B1 �A2X2;

3. X1 :=ULeft-Trsm(A1; B1);
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With m = n and classical matrix multiplication, the arithmetic cost of this algorithm is
TRSM(m) = m3 as shown e.g. in [9, Lemma 3.1].
We also now give the cost of the triangular matrix multiplication, TRMM, and of the
triangular inversion, INVT, as we will need them in the following sections.
To perform the multiplication of a triangular matrix by a dense matrix via a block decom-
position, one requires four recursive calls and two dense matrix-matrix multiplications. The
cost is thus TRMM(m) = 4TRMM(m=2) + 2MM(m=2). The latter is TRMM(m) = m3

with classical matrix multiplication.
Now the inverse of a triangular matrix requires two recursive calls to invert A1 and A3.
Then, the square block of the inverse is �A�1

1 A2A
�1
3 . The cost is thus INV T (m) =

2INV T (m=2) + 2TRMM(m=2). The latter is INV T (m) = 1
3m

3 with classical matrix
multiplication.

3.3 Two distinct hybrid degenerations

3.3.1 Degenerating to the BLAS \dtrsm"

Matrix multiplication speed over �nite �elds was improved in [8, 20] by the use of the nu-
merical BLAS3 library: matrices were converted to 
oating point representations (where
the linear algebra routines are fast) and converted back to a �nite �eld representation after-
wards. The computations remained exact as long as no over
ow occurred. An implementa-
tion of ULeft-Trsm can use the same techniques. Indeed, as soon as no over
ow occurs one
can replace the recursive call to ULeft-Trsm by the numerical BLAS dtrsm routine. But
one can remark that approximate divisions can occur. So we need to ensure both that only
exact divisions are performed and that no over
ow appears. However when the system is
unitary (only 1’s on the main diagonal) the division are of course exact and will even never
be performed. Our idea is then to transform the initial system so that all the recursive calls
to ULeft-Trsm are unitary. For a triangular system AX = B, it su�ces to factor �rst the
matrix A into A = UD, where U , D are respectively an upper unit triangular matrix and
a diagonal matrix. Next the unitary system UY = B is solved by any ULeft-Trsm (even a
numerical one), without any division. The initial solution is then recovered over the �nite
�eld via X = D�1Y . This normalization leads to an additional cost of O(mn) arithmetic
operations (see [9] for more details).
We now care for the coe�cient growth. The use of the BLAS routine trsm is the resolution
of the triangular system over the integers (stored as double for dtrsm). The restriction is
the coe�cient growth in the solution. Indeed, the kth value in the solution vector is a linear
combination of the (n � k) already computed next values. This implies a linear growth in
the coe�cient size of the solution, with respect to the system dimension: for a given p, the
dimension n of the system must satisfy p�1

2

�
pn�1 + (p� 2)n�1

�
< 2ma where ma is the size

of the mantissa [9]. Then the resolution over the integers using the BLAS trsm routine is
exact. For instance, with a 53 bits mantissa, this gives quite small matrices, namely at most
55� 55 for p = 2, at most 4� 4 for p � 9739, and at most p = 94906249 for 2� 2 matrices.

3
www.netlib.org/blas
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Nevertheless, this technique is speed-worthy in many cases.
In the following, we will denote by SBLAS(p) the maximal matrix size for which the BLAS
resolution is exact. Also, BLASTrsm is the recursive block algorithm, switching to the BLAS
resolution as soon as the splitting gives a block size lower than SBLAS(p).

3.3.2 Degenerating to delayed modulus

In the previous section we noticed that BLAS routines within Trsm are used only for small
systems. An alternative is to change the cascade: instead of calling the BLAS, one could
switch to the classical iterative algorithm: Let A 2 Z=pZ

m�m and B;X 2 Z=pZ
m�n such

that AX = B, then 8i;Xi;� = 1
Ai;i

(Bi;��Ai;[i+1::m]X[i+1::m];�) The idea is that the iterative

algorithm computes only one row of the whole solution at a time. Therefore its threshold
t is greater than the one of the BLAS routine, namely it requires only t(p � 1)2 < 2ma for
a 0::p � 1 unsigned representation, or t(p � 1)2 < 2ma+1 for a 1�p

2 ::p�1
2 signed one. Now

we focus on the dot product operation, base for matrix-vector product. According to [7],
where di�erent implementations of a dot product are proposed and compared on di�erent
architecture (Zech log, Montgomery, 
oat, ...), the best implementation is a combination
of a conversion to 
oating point representation with delayed modulus (for big prime and
vector size) and an over
ow detection trick (for smaller prime and vector size).
DelayTrsmt is the recursive block algorithm, switching to the delayed iterative resolution as
soon as the splitting gives a block size lower than t (of course, t must satisfy t � SBLAS(p)).

3.4 Tuning the \Trsm" implementation

3.4.1 Experimental tuning

As shown in section 3.2 the block recursive algorithm Trsm is based on matrix multiplica-
tions. This allows us to use the fast matrix multiplication routine of the FFLAS package
[8]. This is an exact wrapping of the ATLAS library4 used as a kernel to implement the
Trsm variants. The following table results from experimental results of [9] and expresses
which of the two preceding variants is better. Mod<double> is a �eld representation from
[7] where the elements are stored as 
oating points to avoid one of the conversions. G-Zpz

is a �eld representation from [13] where the elements are stored as small integers.

n 400 700 1000 2000 5000
Mod<double>(5) BLASTrsm BLASTrsm BLASTrsm BLASTrsm BLASTrsm

Mod<double>(32749) DelayTrsm50 DelayTrsm50 DelayTrsm50 BLASTrsm BLASTrsm

G-Zpz(5) DelayTrsm100 DelayTrsm150 DelayTrsm100 BLASTrsm BLASTrsm

G-Zpz(32749) DelayTrsm50 DelayTrsm50 DelayTrsm50 DelayTrsm50 DelayTrsm50

Table 1: Best variant for Trsm on a P4, 2.4GHz

In the following, we will denote by SDel(n; p) the threshold t for which DelayTrsmt is the
most e�cient routine for matrices of size n. SDel(n; p) is set to 0 if e.g. the BLASTrsm routine

4
http://math-atlas.sourceforge.net[23]
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is better. The experiment shows that SDel(n; p) can be bigger or smaller than SBLAS(p)
depending on the matrix size, the prime and the underlying arithmetic implementation.

3.4.2 Hybrid tuned algorithm

The experimental results of previous section, thus provide us with an hybrid algorithm where
we can tune some static threshold in order to bene�t from all the variants. Moreover, some
choices have to be made for the splitting size k in order to reach the optimal complexity
Topt:

Topt(m) = MinkfTopt(k) + Topt(m� k) +R(m� k; k; n)g:
Algorithm ULeft-Trsm(A;B)
Input: A 2 Z=pZ

m�m, B 2 Z=pZ
m�n.

Output: X 2 Z=pZ
m�n such that AX = B.

if m � SDel(m; p) then // Hybrid modulus degeneration 3.3.2
X := DelayTrsm(A;B);

else if m � SBLAS(p) then // Hybrid BLAS degeneration 3.3.1
X := BLASTrsm(A;B);

else // Hybrid block recursive 3.2
k := Choice(1::bm2 c);
Split matrices into k and m�k blocks

�
A1 A2

A3

� �
X1

X2

�
=

�
B1

B2

�

X2 :=ULeft-Trsm(A3; B2);
B1 := B1 �A2X2;
X1 :=ULeft-Trsm(A1; B1);

return X;

3.5 Baroque hybrid parallel Trsm

The previous algorithm takes bene�t of parallelism at the level of Blas matrix product
operations. However, using the scheme proposed in x2.2, it is possible to obtain an algo-
rithm with more parallelism in order to decrease the critical time when more processors are
available. Furthermore, this also improves the performance of the distributed work-stealing
scheduler.
Indeed, while X2 and B1 are being computed, additional idle processors may proceed to
the parallel computation of A�1

1 . Indeed, X1 may be computed in two di�erent ways:

i. X1 = TRSM(A1; B1): the arithmetic cost is T1 = k3 and T1 = k;

ii. X1 = TRMM(A�1
1 ; B1): the arithmetic cost is the same T1 = k3 but T1 = log k.

Indeed the version (ii) with TRMM is more e�cient on a parallel point of view: the two
recursive calls and the matrix multiplication in (ii) (TRMM) are independent. They can
be performed on distinct processors requiring less communications than TRSM.
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Since precomputation of A�1
1 increases the whole arithmetic cost, it is only performed if

there are extra unused processors during the computation of X2 and B1; the latter has
therefore higher priority.
The problem is to decide the size k of the matrix A1 that will be inverted in parallel.
With the optimal value of k, the computation of A�1

1 completes simultaneously with that
of X2 and B1. This optimal value of k depends on many factors: number of processors,
architecture of processors, subroutines, data. The algorithm presented in the next paragraph
uses the oblivious adaptive scheme described in 2.2. to estimate this value at runtime using
the hybrid coupling of a \sequential" algorithm fs with a parallel one fp.

3.5.1 Parallel adaptive TRSM

We assume that the parallel hybrid TRSM is spawned by a high priority process. Then the
parallel hybrid TRSM consists in computing concurrently in parallel (Figure 5):

� \sequential" computation (fs) at high priority: bottom-up computation of X =
TRSM(A;B) till reaching k, implemented by BUT algorithm (Bottom-Up TRSM
- xA.1); all processes that perform parallel BLAS operations in BUT are executed at
high priority;

� parallel computation (fp) at low priority: parallel top-down inversion of A till reach-
ing k, implemented by TDTI algorithm (Top Down Triangular Inversion - xA.2); all
processes that participates in parallel TDTI are executed at low priority.

Algorithm HybridParallelTrsm(A;B)
kBUT

kI kB

kTDTI

Top-Down

Inverse

Bottom-Up

TRSM

1 m

Figure 5: Parallel adaptive TRSM

Input: A 2 Z=pZ
m�m, B 2 Z=pZ

m�n.
Output: X 2 Z=pZ

m�n such that AX = B.
kTDTI := 0 ; kBUT := m;
Parallel f

At high priority: (X2; B
0
1) := BUT (A;B);

At low priority: M := TDTI(;; A);
g
Here, BUT has stopped TDTI and kBUT � kTDTI .
Now, let A

0�1
1 = M1::kBUT ;1::kBUT

;

X1 := A
0�1
1 :B0

1;

At each step, the sequential bottom-up BUT algorithm
(resp. the parallel top-down TDTI) performs an Ex-
tractSeq (resp. ExtractPar) operation on a block of size kB (resp. kI) (Figure 5 and detailed
subroutines BUT and TDTI in appendices). Note that the values of kB and kI may vary
during the execution depending on the current state.
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3.5.2 De�niton of parameters kI and kB

Parameters kB (resp. kI) corresponds to the ExtractSeq (resp. ExtractPar) operations
presented in x2.2. The choice of their values is performed at each recursive step, depending
on resources availability. This section analyzes this choice in the case where only one system
is to be solved, i.e. n = 1.
Let r = kBUT � kTDTI .

� On the one hand, to fully exploit parallelism, kB should not be larger than the critical
time T1 of TDTI, i.e. kB = log2 r.

� On the other hand, in order to keep an O(n2) number of operations if no more pro-
cessors become idle, the number of operations O(k3

I ) required by TDTI should be
balanced by the cost of the update, i.e. kI :r, which leads to kI =

p
r.

With those choices of kI and kB , and assuming that there are enough processors, the number
of choices for kI (and so kB) will then be O(

p
r); the cost of the resulting hybrid algorithm

becomes T1 = O(n2) and T1 = O(
p
n log2(n)), a complexity similar to the one proposed

in [19] with a �ne grain parallel algorithm, while this one is coarse grain and dynamically
adapts to resource idleness. Notice that if only a few processors are available, the parallel
algorithm will be executed at most on one block of size

p
n. The BUT algorithm will

behave like the previous hybrid tuned TRSM algorithm. Also, the algorithm is oblivious to
the number of resources and their relative performance.

4 Conclusion

Designing e�cient hybrid algorithms is the key to get most of the available resources and
most of the structure of the inputs of numerous applications as we have shown e.g. for linear
algebra or for combinatorial optimization Branch&X. In this paper, we have proposed a
classi�cation of the distinct forms of hybrid algorithms and a generic framework to express
this adaptivity. On a single simple example, namely solving linear systems, we show that
several of these \hybridities" can appear. This enables an e�ective hybridization of the
algorithm and a nice way to adapt automatically its behavior, independent of the execution
context. This is true in a parallel context where coupling of algorithms is critical to obtain
a high performance.
The resulting algorithm is quite complex but can be automatically generated in our simple
framework. The requirements are just to provide recursive versions of the di�erent methods.
In the AHA group5, such coupling are studied in the context of many examples: vision and
adaptive 3D-reconstruction, linear algebra in general, and combinatorial optimization.

Acknowledgments. The authors gratefully acknowledge David B. Saunders for useful
discussions and suggestions for the classi�cation of hybrid algorithms.
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A Appendix

A.1 Bottom-up TRSM

We need to group the last recursive ULeft-Trsm call and the update of B1. The following
algorithm thus just computes these last two steps ; the �rst step being performed by the
work stealing as shown afterwards.
Algorithm BUT

Input: (A2;A3;B).
Output: X2, kBUT .

Mutual Exclusion section f
if (kTDTI � kBUT ) Return;
kB := Choice(1::(kBUT � kTDTI)).
Split remaining columns into kTDTI ::(kBUT�kB) and (kBUT�kB)::kBUT

2
4
A2;1 A2;2

A3;1 A3;2

A3;3

3
5
�
X2;1

X2;2

�
=

2
4

B1

B2;1

B2;2

3
5

kBUT := kBUT � kB ;
g
X2;2 :=ULeft-Trsm(A3;3; B2;2);
B1 := B1 �A2;2X2;2;
B2;1 := B2;1 �A3;2X2;2;

X2;1 :=BUT

�
A2;1;A3;1;

�
B1

B2;1

��
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A.2 Top down triangular inversion of A1

Algorithm TDTI

Input:
�
A�1

1 ;A2;A3

�
.

Output: A�1, kTDTI .
Mutual Exclusion section f

if (kTDTI � kBUT ) Return;
kI := Choice(1::(kBUT � kTDTI)).
Split remaining columns of A2 and A3 into kTDTI ::(kTDTI + kI) and (kTDTI +

kI)::kBUT 2
4
A2;1 A2;2

A3;1 A3;2

A3;3

3
5

g
Parallel f

A�1
3;1 :=Inverse(A3;1);

T := A�1
1 :A2;1

g
A0

2;1 = �T:A�1
3;1

Now, let A
0�1
1 =

�
A�1

1 A0
2;1

A�1
3;1

�
and A0

2 =

�
A2;2

A3;2

�

Mutual Exclusion section f
kTDTI := kTDTI + kI ;

g
A�1

3;3 :=TDTI(A
0�1
1 ;A0

2;A3;3);
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On the complexity of the D5 principle

Xavier Dahan Marc Moreno Maza �Eric Schost Yuzhen Xie

March 17, 2006

Abstract

The D5 Principle was introduced in 1985 by Jean Della Dora, Claire Dicrescenzo
and Dominique Duval in their celebrated note \About a new method for computing
in algebraic number �elds". This innovative approach automatizes reasoning based on
case discussion and is also known as \Dynamic Evaluation". Applications of the D5
Principle have been made in Algebra, Computer Algebra, Geometry and Logic.

Many algorithms for solving polynomial systems symbolically need to perform stan-
dard operations, such as GCD computations, over coe�cient rings that are direct prod-
ucts of �elds rather than �elds. We show in this paper how asymptotically fast algo-
rithms for polynomials over �elds can be adapted to this more general context, thanks
to the D5 Principle.

1 Introduction

The standard approach for computing with an algebraic number is through the data of
its irreducible minimal polynomial over some base �eld k. However, in typical tasks such
as polynomial system solving, involving many algebraic numbers of high degree, following
this approach will require using probably costly factorization algorithms. Jean Della Dora,
Claire Dicrescenzo and Dominique Duval introduced \Dynamic Evaluation" techniques (also
termed \D5 Principle") as a means to compute with algebraic numbers, while avoiding
factorization. Roughly speaking, this approach leads one to compute over direct products
of �eld extensions of k, instead of only �eld extensions.

Applications of Dynamic Evaluation have been made by many authors: Gonz�alez-L�opez
and Recio (1993), G�omez D��az (1994), Duval (1994), Lombardi (2003) and others. Many
algorithms for polynomial system solving rely on this philosophy; see, for instance, the work
of Lazard (1992), Kalkbrener (1993), Delli�ere (1999), Moreno Maza (2000), Mora (2003).
Boulier et al. (2006).

This work is aiming at �lling the lack of complexity results for this approach. The
addition and multiplication over a direct product of �elds are easily proved to be quasi-
linear (in a natural complexity measure). As for the inversion, it has to be replaced by
quasi-inversion: following the D5 philosophy, meeting zero-divisors in the computation will
lead to splitting the direct product of �elds into a family thereof. It is much more tricky to
prove quasi-linear complexity estimate for quasi-inversion, because the algorithm relies on
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other algorithms, for which such an estimate has to be proved: the GCD and the splitting
algorithms.

In this article, direct product of �elds will be described using triangular sets. In what
follows, we assume that the base �eld k is perfect.

De�nition 1.1. A triangular set T is a family of n-variate polynomials over k:

T = (T1(X1) ; T2(X1;X2) ; : : : ; Tn(X1; : : : ;Xn)) ;

which forms a reduced Gr�obner basis for the lexicographic order induced by Xn > � � � > X1,
and such that the ideal hT i generated by T in k[X1; : : : ;Xn] is radical.

If T is a triangular set, the residue class ring K(T ) := k[X1; : : : ;Xn]=hT i is a direct prod-
uct of �elds. Hence, our questions can be basically rephrased as studying the complexity of
operations (addition, multiplication, quasi-inversion) modulo triangular sets. The following
notation helps us quantify the complexity of these algorithms.

De�nition 1.2. We denote by degi(T ) the degree of Ti in Xi, for all 1 � i � n, and by
deg(T ) the product deg1(T ) � � � degn(T ). We call it the degree of T .

Observe that hT i is zero-dimensional and that for all 1 � i � n, the set (T1 : : : ; Ti) is a
triangular set of k[X1; : : : ;Xi]. The zero-set of T in the a�ne space An(�k) has a particular
feature: it is equiprojectable (Aubry and Valibouze, 2000; Dahan and Schost, 2004); besides,
its cardinality equals deg(T ).

De�nition 1.3. A triangular decomposition of a zero-dimensional radical ideal I � k[X1,
: : : ;Xn] is a family T = T 1; : : : ; T e of triangular sets, such that I = hT 1i \ � � � \ hT ei and
hT ii+ hT ji = h1i for all i 6= j. A triangular decomposition T0 of I re�nes another decompo-
sition T if for every T 2 T there exists a (necessarily unique) subset decomp(T;T0) � T0

which is a triangular decomposition of hT i.

Let T be a triangular set, let T = T 1; : : : ; T e be a triangular decomposition of hT i, and
de�ne K(T) := K(T 1)�� � ��K(T e). Then by the Chinese remainder theorem, K(T ) ’ K(T).
Now let T0 be a re�nement of T. For each triangular set T i in T, denote by U i;1; : : : ; U i;ei

the triangular sets in decomp(T i;T0). We have the following e isomorphism:

�i : K(T i) ’ K(U i;1)� � � � �K(U i;ei); (1)

which extend to the following e isomorphisms, where y is a new variable.

�i : K(T i)[y] ’ K(U i;1)[y]� � � � �K(U i;ei)[y]: (2)

De�nition 1.4. For h = (h1; : : : ; he) 2 K(T 1)[y] � � � � � K(T e)[y], we call split of h with
respect to T and T0, and write split(h;T;T0) the vector (�1(h1); : : : ;�e(he)).
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Note that if g 2 K(T )[y], then we have split(g; fTg;T0) = split(split(g; fTg;T);T0). For
simplicity, we de�ne split(g;T) = split(g; fTg;T).

We now introduce a fundamental notion, that of non-critical decompositions. It is
motivated by the following remark. Let T = T 1; : : : ; T e be a family of triangular sets, with
T j = (T j1 ; T

j
2 ; : : : ; T

j
n). For 1 � i � n, we write T j�i = T j1 ; T

j
2 ; : : : ; T

j
i and de�ne the family

T�i by:

T�i = fT j�i j j � e g (with no repetition allowed).

Even if T is a triangular decomposition of a 0-dimensional radical ideal I � k[X1; : : : ;Xn],
T�i is not necessarily a triangular decomposition of I \ k[X1; : : : ;Xi]. Indeed, with n = 2
and e = 2, consider T 1 = ((X1 � 1)(X1 � 2);X2) and T 2 = ((X1� 1)(X1 � 3);X2 � 1). The
family T = T 1; T 2 is a triangular decomposition of the ideal I = hT 1i \ hT 2i. However,
the family of triangular sets

T�1 = fT 1
1 = (X1 � 1)(X1 � 2); T 1

2 = (X1 � 1)(X1 � 3)g

is not a triangular decomposition of I \ k[X1] since hT 1
1 i+ hT 2

1 i = hX1 � 1i.
De�nition 1.5. Let T be a triangular set in k[X1; : : : ;Xn]. Two polynomials a; b 2 K(T )[y]
are coprime if the ideal ha; bi � K(T )[y] equals h1i.
De�nition 1.6. Let T 6= T 0 be two triangular sets, with T = (T1; : : : ; Tn) and T 0 =
(T 0

1; : : : ; T
0
n). The least integer ‘ such that T‘ 6= T 0

‘ is called the level of the pair fT; T 0g.
The pair fT; T 0g is critical if T‘ and T 0

‘ are not coprime in k[X1; : : : ;X‘�1]=hT1; : : : ; T‘�1i[X‘].
A family of triangular sets T is non-critical if it has no critical pairs, otherwise it is said to
be critical.

The pair fT 1; T 2g in the above example has level 1 and is critical. Consider U1;1 =
(X1 � 1;X2), U1;2 = (X1 � 2;X2), U2;1 = (X1 � 1;X2 � 1) and U2;2 = (X1 � 3;X2 � 1).
Observe that U = fU1;1; U1;2; U2;1; U2;2g is a non-critical triangular decomposition of I
re�ning fT 1; T 2g and that U�1 is a triangular decomposition I \ k[X1;X2].

This notion of critical pair is fundamental. In fact, fast algorithms for the innocuous
splitting operations �i of Equation (2) are not guaranteed for critical decompositions, as
shown in the following extension of the previous example. Consider a third triangular set
T 3 = ((X1 � 2)(X1 � 3);X2 + X1 � 3). One checks that V = fT 1; T 2; T 3g is a triangular
decomposition of T = ((X1�1)(X1�2)(X1�3);X2(X2�1)). However, splitting an element
p from fTg to V requires to compute

p mod (X1 � 1)(X1 � 2); p mod (X1 � 1)(X1 � 3); p mod (X1 � 2)(X1 � 3);

whence some redundancies. In general, these redundancies prevent the splitting compu-
tation from being quasi-linear w.r.t. deg(T ). But if the triangular decomposition is non-
critical, then there is no more redundancy, and the complexity of splitting p can be hoped
to be quasi-linear.

Removing critical pairs of a critical triangular decomposition in order to be able to
split fast requires to delete the common factors between the polynomials involved in the
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decomposition. To do it fast (in quasi-linear time), the coprime factorization or gcd-free
basis computation algorithm is used. Of course to implement this algorithm over a direct
product of �elds, one �rst need to be able to compute GCD’s over such a product in quasi-
linear time.

Since K(T ) is a direct product of �elds, any pair of univariate polynomials f; g 2 K(T )[y]
admits a GCD h in K(T )[y], in the sense that the ideals hf; gi and hhi coincide, see Moreno
Maza and Rioboo (1995). However, even if f; g are both monic, there may not exist a monic
polynomial h in K(T )[y] such that hf; gi = hhi holds: consider for instance f = y + a+1

2
(assuming that 2 is invertible in k) and g = y + 1 where a 2 K(T ) satis�es a2 = a, a 6= 0
and a 6= 1. GCD’s with non-invertible leading coe�cients are of limited practical interest;
this leads us to the following de�nition.

De�nition 1.7. Let f; g be in K(T )[y]. An extended greatest common divisor (XGCD) of
f and g is a sequence ((hi; ui; vi; T

i); 1 � i � e), where T = T 1; : : : ; T e is a non-critical
decomposition of T and for all 1 � i � e, hi; ui; vi are polynomials in K(T i)[y], such that
the following holds. Let f1; : : : ; fe = split(f; fTg;T) and g1; : : : ; ge = split(g; fTg;T); then
for 1 � i � e, we have:

� hi is monic or null,

� the inequalities deg ui < deg gi and deg vi < deg fi hold,

� the equalities hfi; gii = hhii and hi = uifi + vigi hold.

One easily checks that such XGCD’s exists, and can be computed, for instance by
applying the D5 Principle to the Euclidean algorithm. To compute GCD’s in quasi-linear
time over a direct product of �elds, we will actually adapt the Half-GCD techniques (Yap,
1993) in Section 4.

Our last basic ingredient is the suitable generalization of the notion of inverse to direct
products of �elds.

De�nition 1.8. A quasi-inverse of an element f 2 K(T ) is a sequence of couples ((ui; T
i); 1 �

i � e) where T = T 1; : : : ; T e is a non-critical decomposition of T and ui is an element of
K(T i) for all 1 � i � e, such that the following holds. Let f1; : : : ; fe = split(f; fTg;T);
then for 1 � i � e we have either fi = ui = 0, or fiui = 1.

Obtaining fast algorithms for GCD’s, quasi-inverses and removal of critical pairs requires
a careful inductive process that we summarize in this paper.

� We �rst need complexity estimates for multiplication modulo a triangular set and
splitting w.r.t. triangular decompositions. This is done in Section 3.

� Assuming that multiplications and quasi-inverse computations can be computed fast
in K(T ), and assuming that we can remove critical pairs from critical triangular
decompositions of hT i, we obtain in Section 4 a fast algorithm for computing GCD’s
in K(T )[y]. Note that Langemyr (1991) states that GCD’s over products of �elds can
be computed in quasi-linear time, but with no proof.
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� Assuming that GCD’s can be computed fast in K(T1; : : : ; Tn�1)[Xn], we present fast
algorithms for quasi-inverses in K(T ) (Section 5), coprime factorization for polynomi-
als in K(T1; : : : ; Tn�1)[Xn] (Section 6) and re�ning a triangular decomposition T of
T into a non-critical one (Section 7).

These are the basic blocks for our inductive process, which yields our main results:

Theorem 1.9. For any " > 0, there exists A" > 0 such that addition, multiplication and
quasi-inversion in K(T ) can be computed in An" deg(T )1+" operations in k.

Theorem 1.10. There exists G > 0, and for any " > 0, there exists A" > 0, such that one
can compute an extended greatest common divisor of polynomials in K(T )[y], with degree at
most d, using at most GAn" d

1+" deg(T )1+" operations in k.

Due to space constraints, it is not possible to give all details of our algorithms in this
paper. Hence, some algorithms like GCD receive a detailed treatment, while we have to be
more sketchy on other ones.

2 Complexity notions

We start by recalling basic results for operations on univariate polynomials.

De�nition 2.1. A multiplication time is a map M : N! R such that:

� For any ring R, polynomials of degree less than d in R[X] can be multiplied in at
most M(d) operations (+;�) in R.

� For any d � d0, the inequalities M(d)
d � M(d0)

d0 and M(dd0) � M(d)M(d0) hold.

Note that in particular that the inequalities M(d) � d and M(d) + M(d0) � M(d + d0)
hold for all d; d0. Using the result of Cantor and Kaltofen (1991), that follows the work
of Sch�onhage and Strassen, we know that there exists c 2 R such that the function d 7!
c d logp(d) logp logp(d) is a multiplication time. In what follows, the function logp is de�ned
by logp(x) = 2 log2(maxf2; xg): this function turns out to be more convenient than the
classical logarithm for handling inequalities.

Fast polynomial multiplication is the basis of many other fast algorithms: Euclidean
division, computation of the subproduct tree (see Chapter 10 in von zur Gathen and Gerhard
(1999) and Section 6 of this article), and multiple remaindering.

Proposition 2.2. There exists a constant C � 1 such that the following holds over any
ring R. Let M be a multiplication time. Then:

1. Dividing in R[X] a polynomial of degree less than 2d by a monic polynomial of degree
at most d requires at most 5M(d) +O(d) � C M(d) operations (+;�) in R.

2. Let F be a monic polynomial of degree d in R[X]. Then additions and multiplications
in R[X]=F requires at most 6 M(d) +O(d) � CM(d) operations (+;�) in R.
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3. Let F1; : : : ; Fs be non-constant monic polynomials in R[X], with sum of degrees d.
Then one can compute the subproduct tree associated to F1; : : : ; Fs using at most
M(d) logp(d) operations (+;�) in R.

4. Let F1; : : : ; Fs be non-constant monic polynomials in R[X], with sum of degrees d.
Then given A in R[X] of degree less than d, one can compute A mod F1; : : : ; A mod Fs
within 11 M(d) logp(d) +O(d logp(d)) � C M(d) logp(d) operations (+;�) in R.

5. Assume that R is a �eld. Then, given two polynomials in R[X] of degree at most
d, computing their monic GCD and their B�ezout coe�cients can be done in no more
than 33 M(d) logp(d) +O(d logp(d)) � CM(d) logp(d) operations (+;�; =) in R.

6. Assume that R is a �eld and that F is a monic squarefree polynomial in R[X] of degree
d. Then, computing a quasi-inverse modulo F of a polynomial G 2 R[X] of degree less
than d can be done in no more than 71 M(d) logp(d) +O(d logp(d)) � C M(d) logp(d)
operations (+;�; =) in R.

Proof. The �rst point is proved in Theorem 9.6 of (von zur Gathen and Gerhard,
1999) and implies the second one. The third and fourth points are proved in Lemma 10.4
and Theorem 10.15 of the same book. The �fth point is reported in Theorem 11.5 of that
book (with a better constant), and is a particular case of Section 4 of this article. If F has
no multiple factors in R[X], a quasi-inverse of G modulo F can be obtained by at most
two extended GCD computations and one division with entries of degree at most d. Using
estimates for the GCD leads to the result claimed in point 6.

We now de�ne our key complexity notion, arithmetic time for triangular sets.

De�nition 2.3. An arithmetic time is a function T 7! An(T ) with real positive values and
de�ned over all triangular sets in k[X1; : : : ;Xn] such that the following conditions hold.

(E0) For every triangular decomposition T = T 1; : : : ; T e of T , we have An(T 1) + � � � +
An(T e) � An(T ).

(E1) Every addition or multiplication in K(T ) can be done in at most An(T ) operations
in k.

(E2) Every quasi-inverse in K(T ) can be computed in at most An(T ) operations in k.

(E3) Given a triangular decomposition T of T , one can compute a non-critical triangular
decomposition T0 which re�nes T, in at most An(T ) operations in k.

(E4) For every � 2 K(T ) and every non-critical triangular decomposition T of T , one can
compute split(�; fTg;T) in at most An(T ) operations in k.

Our main goal in this paper is then to give estimates for arithmetic times. This is done
through an inductive proof; the following proposition gives such a result for the base case,
triangular sets in one variable.
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Proposition 2.4. If n = 1, then T 2 k[X1] 7! C M(deg T ) logp(deg T ) is an arithmetic
time.

Proof. A triangular set in one variable is simply a squarefree monic polynomial in
k[X1]. Hence, (E1), (E2) and (E4) respectively follow from points 2, 6 and 4 in Proposi-
tion 2.2. Property (E0) is clear. Since n = 1, all triangular decompositions are non-critical,
and (E3) follows.

3 Basic complexity results: multiplication and splitting

This section is devoted to give �rst complexity results for triangular sets: we give upper
bounds on the cost of multiplication, and splitting. In general, we do not know how to
perform this last operation in quasi-linear time; however, when the decomposition is non-
critical, quasi-linearity can be reached.

Proposition 3.1. Let M be a multiplication function, and let C be the constant from
Proposition 2.2. Let T be a triangular set in k[X1; : : : ;Xn]. Then:

� Additions and multiplications modulo T can be done in at most Cn
Q
i�n M(degi T )

operations in k.

� If T is a non-critical decomposition of T , then for any h in K(T ), split(h; fTg;T) can
be computed in at most nCn

Q
i�n M(degi T ) logp(degi T ) operations in k.

Proof. The �rst part of the proposition is easy to deal with: the case of additions is
obvious, using the inequality M(d) � d; as to multiplication, an easy induction using point
(1) in Proposition 2.2 gives the result. The end of the proof uses point (4) in Proposition 2.2;
the non-critical assumption is then used through the following lemma.

Lemma 3.2. Consider a non-critical decomposition T of the triangular set T = (T1; : : : ; Tn).
Write T�n�1 = fU1; : : : ; U sg, and, for all i � s, denote by T i;1; : : : ; T i;ei the triangu-
lar sets in T such that T i;j \ k[X1; : : : ;Xn�1] = U i (thus T is the set of all T i;j, with
i � s and j � ei). Then T�n�1 is a non-critical decomposition of the triangular set
(T1; : : : ; Tn�1). Moreover, for all i � s, we have:

X

j�ei

degn T
i;j = degn T:

As an illustration, consider again, for n = 2, the triangular sets

T 1 = ((X1 � 1)(X1 � 2); X2)
T 2 = ((X1 � 1)(X1 � 3); X2 � 1)

and T 3 = ((X1 � 2)(X1 � 3); X2 +X1 � 3):

These triangular sets form a critical decomposition T of the ideal hT 1i \ hT 2i \ hT 3i, which
is also generated by T = ((X1 � 1)(X1 � 2)(X1 � 3);X2(X2 � 1)).
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Here, T�1 is given by fU1; U2; U3g = f(X1�1)(X1�2); (X1�1)(X1�3); (X1�1)(X1�
3)g, so that s = 3. Take for instance U1 = (X1 � 1)(X1 � 2); then we have e1 = 1 and
T 1;e1 = T 1. Note then that deg2 T

1;e1 = 1 di�ers from deg2 T = 2, so the conclusion of the
previous lemma is indeed violated.

4 Fast GCD computations modulo a triangular set

GCD’s of univariate polynomials over a �eld can be computed in quasi-linear time by means
of the Half-GCD algorithm (Brent et al., 1980; Yap, 1993). We show how to adapt this
technique over the direct product of �elds K(T ) and how to preserve its complexity class.
Throughout this section, we consider an arithmetic time T 7! An(T ) for triangular sets in
k[X1; : : : ;Xn].

Proposition 4.1. For all a; b 2 K(T )[y] with deg a; deg b � d, one can compute an extended
greatest common divisor of a and b in O(M(d)log(d))An(T ) operations in k.

We prove this result by describing our GCD algorithm over the direct product of �elds
K(T ) and its complexity estimate. We start with two auxiliary algorithms.

Monic forms. Any polynomial over a �eld can be made monic by division through its
leading coe�cient. Over a product of �elds, this division may induce splittings. We now
study this issue.

De�nition 4.2. A monic form of f 2 K(T )[y] is a sequence of quadruples ((ui; vi;mi; Ti),
1 � i � e), where T = T 1; : : : ; T e is a non-critical decomposition of T , ui; vi are in K(T i)
and mi is in K(T i)[y] for all 1 � i � e, and such that the following holds.

Let f1; : : : ; fe = split(f; fTg;T). Denote by lc(fi) the leading coe�cient of fi. Then,
for all 1 � i � e we have ui = lc(fi), and mi = vifi, and either ui = vi = 0 or uivi = 1.

Observe that for all 1 � i � e, the polynomial mi is monic or null.

The following algorithm shows how to compute a monic form. This function uses a
procedure quasiInverse(f ;T). This procedure takes as input a triangular decomposition
T = T 1; : : : ; T e of T and a sequence f = f1; : : : ; fe in K(T 1)[y]� � � � �K(T e)[y] and returns
a sequence (((fij ; T

ij); 1 � j � ei); 1 � i � e) where ((fij ; T
ij); 1 � j � ei) is a quasi-inverse

of fi modulo T i and such that (T ij ; 1 � j � ei; 1 � i � e) is a non-critical re�nement of T.
Its complexity is studied in Section 5.

The number at the end of a line, multiplied by An(T ), gives an upper bound for the
total time spent at this line. Therefore, the following algorithm computes a monic form of
f in at most (8d+ 6)An(T ) operations in k.

monic(f; T ) ==
1 T := fTg
2 v := (0)
3 g := f
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4 while g 6= 0 repeat

4.1 u := split(lc(g); fTg;T) [d+ 1]
4.2 (w;T0) := quasiInverse(u;T) [3d + 3]
4.3 v := split(v;T;T0) [d+ 1]
4.4 for 1 � i � #v repeat

4.4.1 if vi = 0 then vi := wi [d+ 1]
4.5 T := T0

4.6 g := g � leadingTerm(g)
5 f := split(f; fTg;T) [d]
6 u := lc(f)
7 m := v � f [d]
8 return ((ui; vi;mi; T

i); 1 � i � #T)

Division with monic remainder. The previous notion can then be used to compute
Euclidean divisions, producing monic remainders: they will be required in our fast Euclidean
algorithm for XGCD’s.

De�nition 4.3. Let f; g 2 K(T )[y] with g monic. A division with monic remainder of
f by g is a sequence of tuples ((gi; qi; vi; ui; ri; T

i); 1 � i � e) such that T = T 1; : : : ; T e

is a non-critical decomposition of T , and, for all 1 � i � e, we have ui; vi 2 K(T i) and
gi; qi; ri;2 K(T i)[y], and such that the following holds.

Let f1; : : : ; fe = split(f; fTg;T) and g1; : : : ; ge = split(g; fTg;T). Then, for all 1 � i �
e, the polynomial ri is null or monic, we have either ui = vi = 0 or uivi = 1, and the
polynomials qi and uiri are the quotient and remainder of fi by gi in K(T i)[y].

The following algorithm computes a division with monic remainder of f by g and requires
at most (5M(d) + O(d))An(T ) operations in k. We write (q; r) = div(f; g) for the quotient
and the remainder in the (standard) division with remainder in K(T )[y].

mdiv(f; g; T ) ==
1 (q; r) := div(f; g) [5M(d) +O(d)]
2 ((ui; vi; ri; T

i); 1 � i � #T) := monic(r; T ) [8d� 2]
3 (qi; 1 � i � #T) := split(q; fTg;T) [d+ 1]
4 (gi; 1 � i � #T) := split(g; fTg;T) [d]
5 return ((gi; qi; ui; vi; T

i); 1 � i � #T)

XGCD’s. We are now ready to generalize the Half-Gcd method as exposed in Yap (1993).
We introduce the following operations. For a; b 2 K(T )[y] with 0 < deg b < deg a =
d, each of the following algorithms Mgcd(a; b; T ) and Mhgcd(a; b; T ) returns a sequence
((M1; T

1); : : : ; (Me; T
e)) where

(s1) T = T 1; : : : ; T e is a non-critical triangular decomposition of T ,
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(s2) Mi is a square matrix of order 2 with coe�cients in K(T i)[y],

such that, if we de�ne (a1; : : : ; ae) = split(a; fTg;T) and (b1; : : : ; be) = split(b; fTg;T),
then, for all 1 � i � e, de�ning (ti; si) = (ai; bi)

tMi, we have

(s3) in the case of Mgcd, the polynomial ti is a GCD of ai; bi and si = 0 holds,

(s0
3) in the case of Mhgcd, the ideals hti; sii and hai; bii of K(T i)[y] are identical, and deg si <
dd=2e � deg ti holds.

The algorithm below implements Mgcd(a; b; T ), and is an extension of the analogue
algorithm known over �elds. Observe that if the input triangular set T is not decomposed
during the algorithm, in particular if K(T ) is a �eld, then the algorithm yields generators
of the ideal ha; bi. If T is decomposed, then the lines from 5 to 7.3.1 guarantee that
Mgcd(a; b; T ) generates a non-critical triangular decomposition of T .

Mgcd(a; b; T ) ==
0 G := [ ]; T := [ ];
1 ((Mi; T

i); 1 � i � e) := Mhgcd(a; b; T ) [H(d)]
2 (a1; : : : ; ae) := split(a; (T i; 1 � i � e)) [O(d)]
3 (b1; : : : ; be) := split(b; (T i; 1 � i � e)) [O(d)]
4 for i in 1 � � � e repeat

4.1 (ti; si) := (ai; bi)
tMi [4 M(d) +O(d)]

4.2 if si = 0 then

4.2.1 G := G; (Mi; T
i)

4.2.2 T := T; T i

4.3 ((sij ; qij; rij ; uij ; vij ; T
ij); 1 � j � ei) := mdiv(ti; si) [5

2M(d) +O(d)]
4.4 (Mij ; 1 � j � ei) := split(Mi; (T

ij ; 1 � j � ei)) [O(d)]
4.5 for j in 1 � � � ei repeat

4.5.1 Mij :=

�
0 1
vij �qijvij

�
Mij [2 M(d) +O(d)]

4.5.2 if rij = 0 then

4.5.2.1 G := G; (Mij ; T
i)

4.5.2.2 T := T; T ij

4.5.3 ((Nijk; T
ijk); 1 � k � eij) := Mgcd(sij; rij ; T

ij) [G(d=2)]
4.5.4 (Mijk; 1 � k � eij) := split(Mij ; (T

ijk; 1 � k � eij)) [O(d)]
4.5.5 for k in 1 � � � eij repeat

4.5.5.1 Mijk := NijkMijk [8 M(d) +O(d)]
4.5.5.2 G := G; (Mijk; T

ijk)
4.5.5.3 T := T; T ijk

5 T0 := removeCriticalPairs(T) [1]
6 Res := [ ]
7 for (M;T ) 2 G repeat

7.1 U := decomp(T;T0)
7.2 (M‘; 1 � ‘ � #U) := split(M; fTg;U) [O(d)]
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7.3 for 1 � ‘ � #U do

7.3.1 Res := Res; (Mi; U
i)

8 return Res

The Half-GCD algorithm can be adapted to K(T )[y] (not reported here due to space
consideration) leading to an implementation of Mhgcd(a; b; T ). It has a structure very similar
to Mgcd(a; b; T ), see (Yap, 1993) for details in the case when the coe�cients lie in a �eld.

Now, we give running time estimates for Mhgcd(a; b; T ) and Mgcd(a; b; T ). For 0 <
deg b < deg a = d, we denote byG(d) andH(d) respective upper bounds for the running time
of Mgcd(a; b) and Mhgcd(a; b), in the sense that both operations can be done in respective
times G(d)An(T ) and H(d)An(T ).

The number at the end of an above line, multiplied by An(T ), gives an upper bound
of the running time of this line. These estimates follow from the super-linearity of the
arithmetic time for triangular sets, the running time estimates of the operation mdiv(f; g; T )
and classical degree bounds for the intermediate polynomials in the Extended Euclidean
Algorithms; see for instance Chapter 3 in (von zur Gathen and Gerhard, 1999). Therefore,
counting precisely the degrees appearing, we have: G(d) � G(d=2) +H(d) + (33=2)M(d) +
O(d). The operation Mhgcd(a; b; T ) makes two recursive calls with input polynomials of
degree at most d=2, leading to H(d) � 2H(d=2) + (33=2)M(d) + O(d). The superlinearity
of M implies

H(d) � 33

2
M(d) log d+O(d log d) and G(d) � 2H(d) + 2M(d) +O(d):

This leads to the result reported in Proposition 4.1.
We conclude with a speci�cation of a function used in the remaining sections. For

a triangular decomposition T = T 1; : : : ; T e of T , two sequences f = f1; : : : ; fe and g =
g1; : : : ; ge of polynomials in K(T 1)[y]; : : : ;K(T e)[y], the operation xgcd(f ;g;T) returns a
sequence (((gij ; uij ; vij ; T

ij); 1 � j � ei); 1 � i � e) where ((gij ; uij ; vij ; T
ij); 1 � j � ei) is

an extended greatest common divisor of fi and gi and such that (T ij ; 1 � j � ei; 1 � i � e)
is a non-critical re�nement of T.

Proposition 4.1 implies that if f1; : : : ; fe; g1; : : : ; ge have degree at most d then xgcd(f ;g;T)
runs in at most O(M(d)log(d))An(T ) operations in k.

5 Fast computation of quasi-inverses

Throughout this section, we consider an arithmetic time An�1 for triangular sets in n � 1
variables. We explain how a quasi-inverse can be computed fast with the algorithms split,
xgcd, and removeCriticalPairs.

Proposition 5.1. Let T = (T1; : : : ; Tn) be a triangular set with degi(T ) = di for all
1 � i � n. Let f be in K(T ). Then one can compute a quasi-inverse of f modulo T
in O

�
M(dn) log(dn)

�
An�1(T<n) operations in k.
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We consider �rst the case where f is a non-constant polynomial and its degree w.r.t. Xn

is positive and less than dn; we give the algorithm, followed by the necessary explanations.
Here, the quantity at the end a line, once multiplied by An�1(T<n), gives the total amount
of time spent at this line. At the end of this section, we brie
y discuss the other cases to
be considered for f .

quasiInversen(f; T ) ==
1 ((gi; ui; vi; T

i
<n); 1 � i � e) := xgcd(f; Tn; T<n)

�
O
�
M(dn) log(dn)

��

2 (T in; : : : ; T
e
n) := split(Tn; fT<ng; fT 1

<n; : : : ; T
e
<ng) [O(dn)]

3 (fi; : : : ; fe) := split(f; fT<ng; fT 1
<n; : : : ; T

e
<ng) [O(dn)]

4 T := fg; C := fg; result := fg;
5 for i = 1 : : : e do

5.1 if deg(gi) = 0 then

5.1.1 C := C; (ui; T
i
<n [ T in); T := T; T i<n [ T in

5.2 else if deg(gi) > 0 then

5.2.1 C := C; (0; T i<n [ gi); T := T; T i<n [ gi
5.2.2 qi := quotient(T in; gi) [5M(dn) +O(dn)]

5.2.3 ((gij ; uij ; vij ; T
ij
<n); 1 � j � ei) := xgcd(fi; qi; T

i
<n)

5.2.4 (T i1n ; : : : ; T
iei
n ) := split(qi; fT i<ng; fT i1<n; : : : ; T iei

<ng) [O(dn)]
5.2.5 for j = 1 : : : ei do

5.2.5.1 C := C; (uij ; T
ij
<n [ T ijn ); T := T; T ij<n [ T ijn

6 T0
<n := removeCriticalPairs(T<n) [O(1)]

7 for (u; S) 2 C do

7.1 (R1; : : : ; Rl) := decomp(S<n;T
0
<n)

7.2 (S1
n; : : : ; S

l
n) := split(Sn; fS<ng; fR1; : : : ; Rlg) [O(dn)]

7.3 (u1; : : : ; ul) := split(u; fS<ng; fR1; : : : ; Rlg) [O(dn)]
7.4 result := result; ((uk; R

k [ Skn); 1 � k � l)
8 return result

We �rst calculate an extended greatest common divisor of f and Tn modulo the triangu-
lar set T<n = (T1; : : : ; Tn�1). This induces a non-critical decomposition fT 1

<n; : : : ; T
e
<ng of

T<n. For further operations, we compute the images of Tn and f over this decomposition.
Let 1 � i � e. If the value of gi is 1, then ui is the inverse of f modulo fT i<n [ T ing.

Otherwise, deg gi > 0, and the computation needs to be split into two branches.
In one branch, at line 5.2.1, we build the triangular set fT i<n [ gig, modulo which f

reduces to zero. In the other branch, starting from line 5.2.2, we build the triangular set as
fT i<n[qig, modulo which f is invertible. Indeed since the triangular set fT i<n[qig generates
a radical ideal, T in is squarefree modulo fT i<ng, and gcd(f; qi) must be 1 modulo fT i<n[ qig.
Therefore we can simply use the xgcd (step 5.2.3) once to compute the quasi-inverse of f
modulo fT i<n [ qig.

After collecting all the quasi-inverses, we remove the critical pairs in the new family of
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triangular sets. Since no critical pairs are created at level n in the previous computation,
the removal of critical pairs needs only to perform below level n. At the end, we split the
inverses and the top polynomials w.r.t the last non-critical decomposition.

We also need quasi-inverse computations in two other di�erent situations. One is when
f may not have the same main variable as the triangular set T . We need also to compute
the quasi-inverses in the sense of quasiInverse(f ;T) introduced in Section 4 where T =
T 1; : : : ; T e is a triangular decomposition of T , and f = f1; : : : ; fe is a sequence of polynomials
in k[X1; : : : ;Xn]. They are simply built on top of the quasiInversen(f; T ), with additional
splits and removal of critical pairs. The dominant cost is the two xgcd calls. Therefore, in
each situation, the total cost is bounded by O

�
M(dn) log(dn)

�
An�1(T<n).

6 Coprime factorization

We present in this section a quasi-linear time algorithm for coprime factorization of univari-
ate polynomials over a �eld. Other fast algorithms for this problem are given by (Gautier
and Roch, 1997), with a concern for parallel e�ciency, and in (Bernstein, 2005), in a wider
setting, but with a slightly worse computation time. Remark that the research announce-
ment (Bernstein, 2004) has a time complexity that essentially matches ours.

Due to space consideration, we present our algorithm only for polynomials over a �eld k;
however, it adapts over a direct product of �elds, following the ideas presented in Section 4.
We will use this tool in Section 7 for computing non-critical re�nements of a triangular
decomposition (see the example in the introduction for a motivation of this idea).

De�nition 6.1. Let A = a1; : : : ; as be squarefree polynomials in k[x]. Some polynomials
b1; : : : ; bt in k[x] are a gcd-free basis of the set A if gcd(bi; bj) = 1 for i 6= j, each ai can
be written (necessarily uniquely) as a product of some of the bj , and each bj divides one
of the ai. The associated coprime factorization of A consists in the factorization of all
polynomials ai in terms of the polynomials b1; : : : ; bt.

Proposition 6.2. Let d be the sum of the degrees of A = a1; : : : ; as. Then a coprime
factorization of A can be computed in O(M(d) logp(d)3) operations in k.

For brevity’s sake, we will only prove how to compute a gcd-free basis of A, assuming without
loss of generality that all ai have positive degree. Deducing the coprime factorization of A
involves some additional bookkeeping operations, keeping track of divisibility relations; it
induces no new arithmetic operations, and thus has no consequence on complexity.

The subproduct tree. The subproduct tree is a useful construction to devise fast algo-
rithms with univariate polynomials, in particular the coprime factorization. We review this
notion brie
y and refer to (von zur Gathen and Gerhard, 1999) for more details.

Let m1; : : : ;mr be monic, non-constant, polynomials in k[x]. The subproduct tree Sub
associated to m1; : : : ;mr is de�ned as follows. If r = 1, then Sub is a single node, labeled
by the polynomial m1. Else, let r0 = dr=2e, and let Sub1 and Sub2 be the trees associated
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to m1; : : : ;mr0 and mr0+1; : : : ;mr respectively. Let p1 and p2 be the polynomials at the
roots of Sub1 and Sub2. Then Sub is the tree whose root is labeled by the product p1p2

and has children Sub1 and Sub2. A row of the tree consists in all nodes lying at some given
distance from the root. The depth of the tree is the number of its non-empty rows. Let
d =

Pr
i=1 deg(mi); then the sum of the degrees of the polynomials on any row of the tree

is at most d, and its depth is at most logp(d).

We now de�ne some subroutines required for our gcd-free basis algorithm, starting by the
computation of multiple gcd’s. Recall that the cost at given any line in our pseudo-code
denotes the total time spent at this line; for simplicity, in what follows, we omit the O( )
in the complexity estimates attached to the pseudo-code.

Multiple gcd’s. The �rst algorithm takes as input p and (a1; : : : ; ae) in k[x], and outputs
the sequence of all gcd(p; ai). The idea of this algorithm is to �rst reduce p modulo all
ai using fast simultaneous reduction, and then take the gcd’s of all remainders with the
polynomials ai (see also Exercise 11.4 in (von zur Gathen and Gerhard, 1999)).

We make the assumption that all ai are non-constant in the pseudo-code below, so as
to apply the results of Proposition 2.2. To cover the general case, it su�ces to introduce
a wrapper function, that strips the input sequence (a1; : : : ; ae) from its constant entries,
and produces 1 as corresponding gcd’s; this function induces no additional arithmetic cost.
Finally, we write d =

Pe
i=1 deg ai.

multiGcd(p; (a1; : : : ; ae)) ==
1 if deg p � d then p := p mod (a1 � � � ae) [M(deg p) + M(d) logp(d)]
2 (q1; : : : ; qe) := (p mod a1; : : : ; p mod ae) [M(d) logp(d)]
3 return (gcd(q1; a1); : : : ; gcd(qe; ae))

�P
i M(deg ai) logp(deg ai)

�

The cost of lines 1 and 2 follows from Proposition 2.2. The function d 7! M(d) logp(d) is
super-additive, so the complexity at line 3 �ts in O(M(d) logp(d)). Hence, the total cost of
this algorithm is in O(M(deg p) + M(d) logp(d)).

Pairs of gcd’s. The next step is to compute several pairs of gcd’s. On input, we take
two families of polynomials (a1; : : : ; ae) and (b1; : : : ; bs), where all ai (resp. all bi) are
squarefree and pairwise coprime. The following algorithm computes all gcd(ai; bj). As
above, we suppose that all ai are non-constant; to cover the general case, it su�ces to
introduce a wrapper function, with arithmetic cost 0, that removes each constant ai from
the input, and adds the appropriate sequence (1; : : : ; 1) in the output. Here, we write
d = max(

P
i deg ai;

P
j deg bj).

pairsOfGcd((a1; : : : ; ae); (b1; : : : ; bs)) ==
1 Build a subproduct tree Sub(a1; : : : ; ae) and let f = RootOf(Sub) [M(d) logp(d)]
2 Label the root of Sub by multiGcd(f; fb1; : : : ; bsg) [M(d) logp(d)]
3 for every node N 2 Sub, going top-down do

3.1 if N is not a leaf and has label g then
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3.1.1 f1 := leftChild(N); f2 := rightChild(N);
3.1.2 Label f1 by multiGcd(f1;g) [M(d) logp(d)2]
3.1.3 Label f2 by multiGcd(f2;g) [M(d) logp(d)2]

This algorithm computes the gcd’s of (b1; : : : ; bs) with all polynomials in the subproduct
tree associated with (a1; : : : ; ae); the requested output can be found at the leaves of the tree.
To give the complexity of this algorithm, one proves that the total number of operations
along each row is in O(M(d) logp(d)), whence a total cost in O(M(d) logp(d)2).

A special case of gcd-free basis. The input of our third subroutine are sequences of
polynomials (a1; : : : ; ae) and (b1; : : : ; bs), where all ai (resp. all bi) are squarefree and pair-
wise coprime. We compute a gcd-free basis of (a1; : : : ; ae; b1; : : : ; bs); this is done by comput-
ing all gcd(ai; bj), as well as the quotients �i = ai=

Q
j gcd(ai; bj) and 
j = bj=

Q
i gcd(ai; bj).

We denote by removeConstants(L) a subroutine that removes all constant polynomials
from a sequence L (such a function requires no arithmetic operation, so its cost is zero in
our model). In the complexity analysis, we still write d = max(

P
i deg ai;

P
j deg bj).

gcdFreeBasisSpecialCase((a1; : : : ; ae); (b1; : : : ; bs)) ==
1 (gi;j)1�i�e;1�j�s := pairsOfGcd((a1; : : : ; ae); (b1; : : : ; bs)) [M(d) logp(d)2]
2 for j in 1 : : : s do

2.1 Lj := removeConstants(g1;j ; : : : ; ge;j)
2.2 �j :=

Q
‘2Lj

‘ [M(d) logp(d)]

2.3 
j := bj quo �j [M(d)]
3 for i in 1 : : : e do

3.1 Li := removeConstants(gi;1; : : : ; gi;s)
3.2 �i :=

Q
‘2Li

‘ [M(d) logp(d)]

3.3 �i := ai quo �i [M(d)]
4 return removeConstants(g1;1; : : : ; gi;j ; : : : ; ge;s; 
1; : : : ; 
s; �1; : : : ; �e)

The validity of this algorithm is easily checked. The estimates for the cost of lines 2.2, 2.3,
3.2 and 3.3 come for the cost necessary to build a subproduct tree and perform Euclidean
division, together with the fact that �j (resp. �i) divides bj (resp. ai). The total cost is
thus in O(M(d) logp(d)2).

Gcd-free basis. We �nally give an algorithm for gcd-free basis. As input, we take square-
free, non-constant polynomials a1; : : : ; ae, with d =

P
i�e deg ai. We need a construction

close to the subproduct tree: we form a binary tree Sub0 whose nodes will be labeled by se-
quences of polynomials. Initially the leaves contain the sequences of length 1 (a1); : : : ; (ae),
and all other nodes are empty. Then, we go up the tree; at a node N , we use the subroutine
above to compute a gcd-free basis of the sequences labeling the children of N .

gcdFreeBasis(fa1; : : : ; aeg) ==
1 Build the tree Sub0(a1; : : : ; ae)
2 for every node N 2 Sub0 and from bottom-up repeat
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2.1 if N is not a leaf then

2.1.1 f1 := leftChild(N) ; f2 := rightChild(N)
2.1.2 Label N by gcdFreeBasisSpecialCase(f1; f2) [M(d) logp(d)3]
3 return the label of RootOf(Sub0)

The total number of operations at a node N of the subset tree is O(M(dN ) logp(dN )2),
where dN is sum of the degrees of the polynomials lying at the two children of N . Summing
over all nodes, using the tree structure, the total cost is seen to be in O(M(d) logp(d)3)
operations, as claimed.

7 Removing critical pairs

We next show how to remove critical pairs. This is an inductive process, whose complexity
is estimated in the following proposition and its corollary. We need to extend the notion of
\re�ning" introduced previously. Extending De�nition 1.3, we say that a family of triangular
sets T0 re�nes another family T if for every T 2 T, there exists a subset of T0 that forms a
triangular decomposition of hT i. Note the di�erence with the initial de�nition: we do not
impose that the family T forms a triangular decomposition of some ideal I. In particular,
the triangular sets in T do not have to generate coprime ideals.

Proposition 7.1. There exists a constant K such that the following holds. Let A1; : : : ;An�1

be arithmetic times for triangular sets in 1; : : : ; n � 1 variables.
Let T be a triangular set in n variables, and let U be a triangular decomposition of hT i.

Then for all j = 1; : : : ; n, the following holds: given U�j, one can compute a non-critical
triangular decomposition W of T�j that re�nes U�j using aj operations in k, where aj
satis�es the recurrence inequalities a0 = 0 and for j = 0; : : : ; n� 1,

aj+1 � 2aj +KM(dj+1 � � � dn) logp(dj+1 � � � dn)3Aj(T�j);

and where dj = degj T for j = 1; : : : ; n.

Before discussing the proof of this assertion, let us give an immediate corollary, which
follows by a direct induction.

Corollary 7.2. Given a triangular decomposition U of hT i, one can compute a non-critical
triangular decomposition W of hT i that re�nes U in time

K
�
2n�1M(d1 � � � dn) logp(d1 � � � dn)3 + � � �+ M(dn) logp(dn)3An�1(T�n�1)

�
:

Proof. We only sketch the proof of the proposition. Let thus j be in 0; : : : ; n� 1 and
let U = U1; : : : ; Ue be a triangular decomposition of hT i; we aim at removing the critical
pairs in U�j+1. Let V be obtained by removing the critical pairs in U�j. Thus, V consists
in triangular sets in k[X1; : : : ;Xj ], and has no critical pair.
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Let us �x i � e, and write U i = (U i1; : : : ; U
i
n). By de�nition, there exists a subset

Vi = V i;1; : : : ; V i;ei of V which forms a non-critical decomposition of (U i1; : : : ; U
i
j). Our

next step is to compute

U i;1j+1; : : : ; U
i;ei
j+1 = split(U ij+1; (U

i
1; : : : ; U

i
j);Vi):

Consider now a triangular set V in V. There may be several subsets Vi such that V 2 Vi.
Let SV � f1; : : : ; eg be the set of corresponding indices; thus, for any i 2 SV , there exists
‘(i) in 1; : : : ; ei such that V = V i;e‘(i) . We will then compute a coprime factorization of all

polynomials U
i;e‘(i)

j+1 in K(V )[Xj+1], for i 2 SV , and for all V .
This process will re�ne the family V, creating possibly new critical pairs: we get rid of

these critical pairs, obtaining a decomposition W. It �nally su�ces to split all polynomials
in the coprime factorization obtained before from V to W to conclude. The cost estimates
then takes into account the cost for the two calls to the same process in j variables, hence
the term 2aj , and the cost for coprime factorization and splitting. Studying the degrees of
the polynomials involved, this cost can be bounded by

KM(dj+1 � � � dn) logp(dj+1 � � � dn)3Aj(T�j)

for some constant K, according to the results in the last section.

8 Concluding the proof

All ingredients are now present to give the proof of the following result, which readily implies
the main theorems stated in the introduction.

Theorem 8.1. There exists a constant L such that, writing

An(d1; : : : ; dn) = Ln
Y

i�n
M(di) logp(di)

3;

the function T 7! An(deg1 T; : : : ;degn T ) is an arithmetic time for triangular sets in n
variables, for all n.

Proof. The proof requires to check that taking L big enough, all conditions de�ning
arithmetic times are satis�ed. We do it by induction on n; the case n = 1 is settled by
Proposition 2.4, taking L larger than the constant C in that proposition, and using the fact
that logp(x) � 1 for all x.

Let us now consider index n; we can thus assume that the function Aj is an arithmetic
time for triangular sets in j variables, for j = 1; : : : ; n�1. Then, at index n, condition (E0)
makes no di�culty, using the super-additivity of the function M. Addition and multiplica-
tion (condition (E1)) and splitting (condition (E4)) follow from Proposition 3.1, again as
soon as the condition L � C holds. The computation of quasi-inverses (condition (E2)) is
taken care of by Proposition 5.1, using our induction assumption on A, as soon as L is large
enough to compensate the constant factor hidden in the O( ) estimate of that proposition.
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The cost for removing critical pairs is given in the previous section. In view of Corol-
lary 7.2, and using the condition M(dd0) � M(d)M(d0), after a few simpli�cations, to satisfy
condition (E3), L must satisfy the inequality

K(2n�1 + 2n�2L+ � � �+ Ln�1) � Ln;

where K is the constant introduced in Corollary 7.2. This is the case for L � K + 2.
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L’alg�ebre de d�ecomposition universelle

(Universal Decomposition Algebra)

Gema M. Diaz-Toca Henri Lombardi Claude Quitt�e

Abstract

In this paper we present important properties of the Universal Decomposition Alge-
bra of a polynomial over a commutative ring. Moreover, when the base ring is a �eld,
we introduce new algorithms which make it possible to approach both splitting �eld of
f and Galois group in a dynamic way without applying factorization algorithms.

R�esum�e

On donne les principales propri�et�es de l’alg�ebre de d�ecomposition universelle d’un
polynôme sur un anneau commutatif. Dans le cas d’un corps on applique ces r�esultats
pour un traitement constructif et dynamique du corps des racines et du groupe de Galois
d’un polynôme.

Introduction

Toutes les alg�ebres qu’on consid�ere sont associatives, commutatives et avec �el�ement neutre.
Il revient donc au même de se donner une A-alg�ebre C ou un homomorphisme A

��! C.

Dans tout cet article, A est un anneau commutatif, f = T n+
Pn

k=1(�1)kakT
n�k 2 A[T ]

et B = AduA;f est l’alg�ebre de d�ecomposition universelle de f sur A.

Dans la section 1 nous introduisons les modules de Cauchy et la base classique corres-
pondante de l’alg�ebre de d�ecomposition universelle. Nous montrons que les deux d�e�nitions
naturelles de la norme co��ncident.

Dans la section 2 nous introduisons les notions d’idempotent galoisien, d’alg�ebre pr�e-
galoisienne, de quotient de Galois d’une alg�ebre pr�egaloisienne. Une alg�ebre pr�egaloisienne
est une alg�ebre qui v�eri�e un bon nombre de propri�et�es des alg�ebres galoisiennes, sans la
condition de s�eparabilit�e. Le prototype d’une alg�ebre pr�egaloisienne est une alg�ebre de
d�ecomposition universelle, ou un quotient de Galois d’une alg�ebre de d�ecomposition univer-
selle.

Dans la section 3 nous montrons comment calculer des �el�ements galoisiens dans une
alg�ebre de Boole munie d’un groupe d’automorphismes. Ceci s’applique en particulier �a
l’alg�ebre de Boole des idempotents d’une alg�ebre de d�ecomposition universelle ou plus g�e-
n�eralement d’une alg�ebre pr�egaloisienne.
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Dans la section 4 nous am�eliorons les r�esultats connus concernant les points �xes d’une
alg�ebre de d�ecomposition universelle (sous l’action de Sn).

Dans la section 5 nous montrons constructivement quelques propri�et�es importantes qui
apparaissent sous l’hypoth�ese de s�eparabilit�e du polynôme servant �a construire l’alg�ebre de
d�ecomposition universelle. Nous montrons que l’alg�ebre de d�ecomposition universelle est
alors r�eduite si l’anneau de base est r�eduit, et plus g�en�eralement que le nilradical de B
est engendr�e par celui de A. Nous donnons une g�en�eralisation du r�esultat qui a�rme que
(( l’alg�ebre de d�ecomposition universelle se diagonalise elle-même lorsque le polynôme est
s�eparable )) au cas d’un quotient de Galois.

Dans la section 6 nous g�en�eralisons un r�esultat donn�e s�epar�ement par P. Aubry et A.
Valibouze ([1]) et par L. Ducos ([8]) sur la structure (( triangulaire )) des id�eaux galoisiens.

Dans la section 7, pour �etudier constructivement le (( corps des racines )) d’un polynôme
f 2 K[T ] (o�u K est un corps discret), nous proposons d’utiliser des (( approximations ))

de ce corps qui sont des quotients convenables de l’alg�ebre de d�ecomposition universelle
associ�ee �a f . Dans l’article [6] le premier auteur a donn�e dans le même esprit un traitement
de la th�eorie de Galois d’un polynôme s�eparable sur un corps discret en calcul formel. Cette
�etude du corps des racines (( par approximations successives )) peut être consid�er�ee comme
une variante du syst�eme D5 [4] de traitement de la cloture alg�ebrique en Calcul formel, ou
encore comme la version constructive de l’approche de Bourbaki dans [3].

Puisque l’article est �ecrit dans le style des math�ematiques constructives �a la Bishop
([2, 10]) tous les th�eor�emes ont un contenu algorithmique. La terminologie constructive
sp�eci�que non pr�ecis�ee se trouve dans [10]. Rappelons qu’en math�ematiques constructives
un ensemble est dit discret lorsqu’on dispose d’un test d’�egalit�e pour ses �el�ements.

Remerciements. Nous remercions Thierry Coquand pour ses conseils judicieux.

1 Modules de Cauchy et base canonique

On note B = AduA;f l’alg�ebre de d�ecomposition universelle de f sur A d�e�nie comme suit:

B = AduA;f = A[X1; : : : ;Xn]=J (f) = A[x1; : : : ; xn]

o�u J (f) est l’id�eal donn�e par les fonctions sym�etriques �el�ementaires des Xi:

�1 =
Xn

i=1
Xi; �2 =

X
1�i<j�n

XiXj; : : : ; �n =
Yn

i=1
Xi ;

J (f) = ha1 � �1; a2 � �2; : : : ; an � �ni :
L’alg�ebre de d�ecomposition universelle peut être caract�eris�ee par la propri�et�e suivante.

Note 1.1. (propri�et�e caract�eristique)
Soit C une A-alg�ebre pour laquelle f(T ) se d�ecompose en produit de facteurs (T � zi).
Alors il existe un unique homomorphisme de A-alg�ebres B! C qui envoie les xi sur les zi.
Ceci caract�erise l’alg�ebre de d�ecomposition universelle B = AduA;f , �a isomorphisme unique
pr�es.
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Le groupe Sn des permutations de fX1; : : : ;Xng agit sur A[X1; : : : ;Xn] et �xe l’id�eal
J (f), donc l’action passe au quotient et ceci d�e�nit Sn comme groupe d’automorphismes
de l’alg�ebre de d�ecomposition universelle.

Note 1.2. (changement d’anneau de base)
Soit � : A ! A1 une A-alg�ebre. Notons �(f) l’image de f dans A1[T ]. Alors l’alg�ebre
AduA;f 
A A1, est naturellement isomorphe �a AduA1;�(f).

Pour �etudier l’alg�ebre de d�ecomposition universelle on introduit les (( modules de Cauchy ))

qui sont les polynômes suivants:

f1(X1) = f(X1)

fk+1(X1; : : : ;Xk+1) =
fk(X1;:::;Xk�1;Xk)�fk(X1;:::;Xk�1;Xk+1)

Xk�Xk+1
(1 � k � n� 1)

Le polynôme fi est sym�etrique en les variables X1; : : : ;Xi, unitaire de degr�e n � i + 1
en Xi. Le fait 1.1 implique que l’id�eal J (f) est �egal �a l’id�eal engendr�e par les modules de
Cauchy. Donc l’alg�ebre de d�ecomposition universelle est un A-module libre de rang n!.

Lemme 1.3. Le A-module B est libre et une base est form�ee par les (( monomes )) xd11 � � � x
dn�1

n�1

tels que pour k = 1; : : : ; n� 1 on ait dk � n� k. Nous noterons cette base B(f).

Lemme 1.4. Pour tout �el�ement z 2 B on a CB=A(z)(T ) = CSn(z)(T ). En particulier
TrB=A(z) = TrSn(z) et NB=A(z) = NSn(z).

D�emonstration. Puisque le polynôme caract�eristique est la norme de T � z il su�t de
montrer l’�egalit�e des deux (( normes )): NB=A(z) =

Q
�2Sn

�(z). �Ecrivons NSn(z) sur la base
canonique B(f), c’est clairement un �el�ement de A. Si on prend pour coef�cients de f des
ind�etermin�ees ai, pour coordonn�ees de z sur la base B(f) d’autres ind�etermin�ees et pour
A l’anneau librement engendr�e par ces ind�etermin�ees on voit qu’il s’agit de d�emontrer une
identit�e alg�ebrique, c’est-�a-dire une �egalit�e entre deux �el�ements d’un anneau de polynômes
�a coef�cients dans Z. Notons N pour NB=A. Comme N(z) = N(�(z)) pour tout � 2 Sn, on

obtient N(
Q
�2Sn

�(z)) = N(z)n!. Puisque NSn(z) 2 A, N(NSn(z)) = (NSn(z))n!. Ainsi N(z)
et NSn(z) sont deux polynômes en les ind�etermin�ees qui sont �egaux apr�es avoir �et�e �elev�es
�a la puissance n!. Puisqu’on est dans un anneau factoriel, on doit avoir NSn(z) = cN(z)
avec c 2 Z et cn! = 1. En�n, puisque toute situation particuli�ere est obtenue comme
sp�ecialisation de la situation g�en�erale (avec des coef�cients ind�etermin�es), pour connâ�tre c
on peut sp�ecialiser z en 1: c = 1.

2 Idempotents galoisiens dans une alg�ebre pr�egaloisienne

Dans la suite nous notons B(C) l’alg�ebre de Boole des idempotents d’un anneau C. Les
op�erations sont u ^ v := u v, u _ v := u + v � u v, u � v := u + v � 2u v = (u � v)2,
:u := 1� u = 1� u. Et la relation d’ordre partiel est u � v () u ^ v = u() u _ v = v.

Dans une alg�ebre de Boole un �el�ement non nul minimal est appel�e un atome. Dans le
cas d’un anneau on parle d’idempotent ind�ecomposable.
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Rappelons qu’un automorphisme � d’un anneau C est dit s�eparant s’il existe x1;: : :xk;
a1; : : :; ak 2 C tels que 1 =

Pk
i=1 ai(xi � �(xi)) et qu’un groupe G d’automorphismes de

C est dit s�eparant si les �el�ements 6= IdC de G sont s�eparants. Une alg�ebre galoisienne est
par d�e�nition un triplet (A;C; G) o�u G est un groupe s�eparant d’automorphismes de C et
A = Fix(G) est le sous-anneau des points �xes de G (cf. [5]).

Nous utiliserons les notations suivantes lorsqu’un groupe G op�ere sur un ensemble E.
Pour x 2 E, St(x) d�esigne le stabilisateur de x; pour F � E, Stp(F ) d�esigne le stabilisateur
point par point de F et Stab(F ) le stabilisateur de F . Et si H � G, Fix(H) = EH d�esigne
la partie de E form�ee par les �el�ements �x�es par tous les � 2 H.

Nous donnons maintenant une d�e�nition qui permet d’ins�erer l’alg�ebre de d�ecomposition
universelle dans un cadre un peu plus g�en�eral et utile.

D�e�nition 2.1. (alg�ebre pr�egaloisienne)
Une alg�ebre pr�egaloisienne est donn�ee par un triplet (A;C; G) o�u

1. C est une A-alg�ebre avec A � C, A facteur direct dans C,

2. G est un groupe �ni de A-automorphismes de C,

3. C est un A-module projectif de rang constant jGj,

4. pour tout z 2 C, CC=A(z) = CG(z).

Par exemple (A;B;Sn) est une alg�ebre pr�egaloisienne.

NB: La notion d’alg�ebre pr�egaloisienne est un peu moins contraignante que la notion plus
usuelle d’alg�ebre galoisienne.

D�e�nition 2.2. Dans une alg�ebre pr�egaloisienne (A;C; G) un idempotent e de C est dit
galoisien si son orbite sous G est un syst�eme fondamental d’idempotents orthogonaux (s�o).
Un id�eal de C est dit galoisien lorsqu’il est engendr�e par l’idempotent compl�ementaire d’un
idempotent galoisien.

Th�eor�eme 2.3 (th�eor�eme de Structure 1). Soit une alg�ebre pr�egaloisienne (A;C; G),
e un idempotent galoisien de C, et fe1; : : : ; emg son orbite sous G. Soit H le stabilisateur
de e = e1 et r = jHj, de sorte que rm = jGj. Posons Ci = C/h1� eii ’ eiC (1 � i � m).
Soit en�n � : C! C1 la projection canonique.

1. Les Ci sont des A-alg�ebres deux �a deux isomorphes, et C ’ Cm
1 (comme A-alg�ebres).

2. L’alg�ebre C1 est un A-module projectif de rang constant r = jHj. La restriction de �
�a A, et même �a CG, est injective. Et A (identi��e �a son image dans C1) est facteur
direct dans C1.

3. Le groupe H op�ere sur C1 et CH
1 est canoniquement isomorphe �a CG: plus pr�ecis�ement

CH
1 = �(CH) = �(CG).

4. Pour tout z 2 C1, CC1=A(z)(T ) = CH(z)(T ).
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5. (A;C1;H) est une alg�ebre pr�egaloisienne, on dira que c’est un quotient de Galois de
(A;C; G).

6. Soit g1 un idempotent galoisien de (A;C1;H), K son stabilisateur dans H, g0 2 e1C
tel que �(g0) = g1. Alors g0 est un idempotent galoisien de (A;C; G), son stabilisateur
est K, et on a un isomorphisme canonique C1/h1� g1i ’ C/h1� g0i .

D�emonstration. Le point 1 est �evident. La premi�ere a�rmation du point 2 en est une
cons�equence imm�ediate. Soit �1 = Id; �2; : : : ; �m un syst�eme de repr�esentants pour G=H,
avec �i(e1) = ei. Montrons que la restriction de � �a CG est injective: si a 2 CG et e1a = 0
alors en transformant par les �j, tous les eja sont nuls, et donc aussi leur somme, �egale
�a a. Montrons que �(A) est facteur direct dans C1. Soit � : C1 ! e1C l’isomorphisme
r�eciproque de la restriction de � �a e1C. Il s’agit d’un isomorphisme de A-alg�ebres, e1 �etant
l’�el�ement neutre pour la multiplication dans e1C. Soit ’ : C ! A une forme A-lin�eaire
v�eri�ant ’(1) = 1. On d�e�nit  : C1 ! �(A) par  (y) = �(’(x+ �2(x) + � � �+ �m(x))) o�u
x = �(y). On a bien que  est une forme lin�eaire v�eri�ant  (1) = 1 donc C1 = �(A)�Ker .
Voyons le point 3. Montrons d’abord CH

1 = �(CH). Soit u 2 C tel que �(u) = z 2 CH
1 .

Puisque z 2 CH
1 , pour tout � 2 H, �(u) � u mod h1� e1i, ce qui signi�e, e1�(u) = e1u.

Comme �(e1) = e1 et �(e1) = 1C1 on obtient avec y = e1u: �(y) = z et pour tout � 2 H,
�(y) = y c’est-�a-dire z 2 �(CH).
Montrons maintenant que z 2 �(CG). On pose v =

P
i �i(y) =

P
i �i(e1y) =

P
i ei�i(y).

On a �(ei) = �1i et donc �(v) = �(y). Montrons que v est �xe par G. Si � 2 G, �(v) =P
i �(ei�i(y)). Fixons i et posons �(ei) = ej . Notre but est de montrer que �(�i(y)) =

�j(y), c’est-�a-dire que ��1
j ��i �xe y. Or cela r�esulte de y 2 CH et ��1

j ��i 2 H puisque

��1
j ��i(e1) = e1.

Voyons le point 4. Soit u tel que �(u) = z et y = e1u. On a �i(y) = 0 pour i 6= 1 et
�(y) = z. Dans la d�ecomposition C = e1C� � � � � emC, y s’ecrit donc (y; 0; : : : ; 0) et T � y
s’�ecrit (T � y; T; : : : ; T ). Cela donne CC=A(y)(T ) = T p CC1=A(z) avec p = jGj � jHj. En
consid�erant �(y) pour un � 2 G arbitraire on peut �ecrire � = �i� pour un certain i et un
�el�ement � de H. Ceci permet de voir que la composante dans e1C de CG(y)(T ) n’est autre
que T p CH(z)(T ) (qu’on remonte de C1[T ] dans e1C[T ]). Par raison de sym�etrie il en sera
de même pour les autres composantes, c’est-�a-dire qu’on a CG(y)(T ) = T p CH(z)(T ).
Le point 5 est une synth�ese des points pr�ec�edents.
Voyons le point 6. En tenant compte du fait que la restriction de � �a e1C est un isomor-
phisme on a g02 = g0 = g0e1. De même pour � 2 H on a: �(g0) = g0 si � 2 K, ou g0�(g0) = 0
si � =2 K. En�n pour � 2 G n H, e1�(e1) = 0 et donc g0�(g0) = 0. Ceci montre que g0

est un idempotent galoisien de B avec pour stabilisateur K. L’isomorphisme canonique est
imm�ediat.

3 �El�ements galoisiens dans une alg�ebre de Boole

Le lemme suivant constitue un ra�nement constructif de la th�eorie des alg�ebres de Boole
�nies.
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Lemme 3.1. Soit C une alg�ebre de Boole. Les propri�et�es suivantes sont �equivalentes :

1. C est �nie.

2. C est discr�ete et de type �ni.

3. 1C est une somme �nie d’atomes.

Dans un tel cas C est isomorphe �a l’alg�ebre de Boole P(S) des parties �nies de l’ensemble
S des atomes.

En particulier dans le contexte des anneaux commutatifs B(C) est �nie si et seulement
si 1C est une somme d’idempotents ind�ecomposables orthogonaux.

D�e�nition 3.2. Si G est un groupe �ni qui op�ere sur une alg�ebre de Boole C, un �el�ement
e de C est dit galoisien (pour G) si son orbite sous G est un s�o: les �el�ements de l’orbite
sont deux �a deux orthogonaux et leur somme est �egale �a 1.

Note 3.3. Soit G un groupe �ni op�erant sur une alg�ebre de Boole C discr�ete, e 6= 0 dans C,
et fe1; : : : ; ekg l’orbite de e sous G. On suppose que 1 et 0 sont les seuls �el�ements �x�es par
G. Les propri�et�es suivantes sont �equivalentes :

1. L’�el�ement e est galoisien.

2. Pour tout i > 1, e1ei = 0.

3. Pour tout � 2 G, e�(e) = e ou 0.

4. Pour tous i 6= j 2 f1; : : : ; kg, eiej = 0.

Les hypoth�eses sont v�eri��ees par exemple si C = B(B), G = Sn et A est connexe.

Th�eor�eme 3.4 (th�eor�eme de structure 2). Soit G un groupe �ni op�erant sur une alg�e-
bre de Boole C discr�ete et non triviale. On suppose que 1 et 0 sont les seuls �el�ements �x�es
par G.

1. Pour toute famille �nie d’�el�ements de C il existe un �el�ement galoisien e1 (notons
(e1; : : : ; ek) son orbite) et tel que chaque �el�ement e de la famille initiale v�eri�e e =P fei j 1 � i � k; eie 6= 0g.

2. L’alg�ebre de Boole C ne peut avoir plus que 2jGj �el�ements.

3. Si e et h sont des �el�ements galoisiens avec e < h (cad he = e et h 6= e) si E est le
stabilisateur de e et H le stabilisateur de h alors h =

P
�2H=E �(e).

4. C est �nie si et seulement si il existe un atome e. Dans ce cas e est galoisien, l’orbite
de e est l’ensemble des atomes, G op�ere sur cette orbite comme sur G=E, et sur C
comme sur P(G=E)(1).

1 Ici, pour que l’a�rmation soit valide d’un point de vue constructif, P(G=E) d�enote l’ensemble des
parties �nies de G=E.
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D�emonstration. Nous montrons seulement le point 1. On consid�ere la sous-alg�ebre de Boole
C 0 � C engendr�ee par les orbites des �el�ements de la famille �nie donn�ee. C 0 est de type
�ni et discr�ete donc �nie. En cons�equence ses �el�ements minimaux non nuls forment un
ensemble �ni S = fe1; : : : ; ekg et C 0 est isomorphe �a l’alg�ebre de Boole des parties �nies de
S: C 0 = fPi2F eijF 2 P(f1; : : : ; kg)g. Clairement G op�ere sur C 0. Pour � 2 Sn, �(e1) est
une somme de certains ei, mais il ne peut y avoir deux termes dans la somme, car alors en
transformant l’un de ces termes par ��1 on aurait un �el�ement non nul < e1 dans C 0. Donc
(e1; : : : ; ek) est un s�o et e1 est galoisien.

Algorithme 3.5. Calcul d’un �el�ement galoisien et de son stabilisateur.

Entr�ee : e: �el�ement non nul d’une alg�ebre de Boole C; G: groupe �ni d’automorphismes de
C; S = St(e) (sous groupe stabilisateur de e).
# On suppose que 0 et 1 sont les seuls points �xes pour l’action de G sur C.
Sortie : e1: �el�ement galoisien correspondant; H: le sous groupe stabilisateur de e1.
Variables locales : h: dans C; �: dans G; L: liste d’�el�ements de G.

D�ebut

e1  e; L [ ];
pour � dans G=S faire

# G=S d�esigne un syst�eme de repr�esentants des classes �a gauche modulo S
h e1�(e);
si h 6= 0 alors e1  h; L L � [�] �n si ;

�n pour

H  le sous-groupe de G form�e par les � tels que: 8� 2 L; �� 2 S�2L �S.
Fin.

Sous les hypoth�eses du th�eor�eme 3.4 on peut calculer un �el�ement galoisien e1 qui engen-
dre la même alg�ebre de Boole que l’orbite de e au moyen de l’algorithme 3.5. En outre on
peut �egalement calculer le stabilisateur de e1 (la nouvelle approximation du groupe de Ga-
lois) (( sans sortir du groupe )). On pourra penser au cas C = B(B), G = Sn et A connexe,
ou plus g�en�eralement C = B(C), (A;C; G) est une alg�ebre pr�egaloisienne et A est connexe.

On notera que l’�el�ement e1 obtenu comme r�esultat du calcul d�epend de l’ordre dans
lequel est �enum�er�e l’ensemble �ni G=S et qu’il n’y a pas d’ordre naturel (intrins�eque) sur
cet ensemble.

4 Points �xes de AduA;f

Lemme 4.1. Soit C une A-alg�ebre qui est un module projectif de rang constant k � 1 (par
exemple une alg�ebre pr�egaloisienne ou C = B).

� Un x 2 C est inversible (resp. r�egulier) si et seulement si NC=A(x) est inversible
(resp. r�egulier) dans A.
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� Un x 2 A est inversible (resp. r�egulier) dans C si et seulement si il est inversible
(resp. r�egulier) dans A.

Lemme 4.2. Soit J le jacobien du syst�eme de n �equations �a n inconnues d�e�nissant l’alg�e-
bre de d�ecomposition universelle B = AduA;f .

1. On a J =
Q

1�i<j�n(xi � xj) dans B.

2. On a J2 = disc f 2 A.

3. En particulier les propri�et�es suivantes sont �equivalentes :

(a) disc f est inversible (resp. r�egulier) dans A.

(b) J est inversible (resp. r�egulier) dans B.

(c) Les xi � xj sont inversibles (resp. r�eguliers) dans B.

(d) x1 � x2 est inversible (resp. r�egulier) dans B.

(e) 
B=A = 0 (resp. 
B=A est un B-module (( de torsion )), i.e. annul�e par un
�el�ement r�egulier).

D�emonstration. Le point 1 est facile par r�ecurrence sur n.
Le point 2 est une cons�equence imm�ediate du point 1, et on en d�eduit l’�equivalence des
points (a) �a (d) dans 3, en tenant compte du lemme 4.1.
Pour le point (e) rappelons que 
B=A est un B-module isomorphe au conoyau de la matrice
jacobienne, ce qui implique que Ann(
B=A) et JB ont même nilradical. En�n J est r�egulier

(resp. inversible) si et seulement si
p
hJi contient un �el�ement r�egulier (resp. contient 1).

Nous notons di(f) =
Q

1�i<j�n(xi + xj) 2 A. Il est clair que di(f) est congru modulo

2 �a
Q

1�i<j�n(xi � xj) et donc


2;di(f)2

�
= h2;disc(f)i.

Th�eor�eme 4.3. Si AnnA(h2;di(f)i) = 0 et a fortiori si AnnA(h2;disc(f)i) = 0 on a
Fix(Sn) = A.

D�emonstration. Puisque


2;di(f)2

�
= h2;disc(f)i un �el�ement qui annule h2;di(f)i annule

a fortiori h2;disc(f)i. Il su�t donc de d�emontrer la deuxi�eme a�rmation.
Voyons le cas o�u n = 2. Un �el�ement z = c + dx1 2 B (c; d 2 A) est invariant par S2 si et
seulement si d(x1 � x2) = d(a1 � 2x1) = 0 si et seulement si da1 = 2d = 0.
On proc�ede ensuite par r�ecurrence sur n. On �ecrit B = A�E o�u E est le A-module engendr�e
par les �el�ements 6= 1 de la base B(f). On note E0 le sous module de E form�e par les �el�ements
�xes sous Sn. Pour n > 2 on consid�ere l’anneau A1 = A[X1]/hf(X1)i = A[x1], le poly-
nôme F (T ) = f2(T; x1) 2 A1(T ) et l’alg�ebre de d�ecomposition universelle B1 = AduA1;F ,
dans laquelle nous notons x2; : : : ; xn les variables (X2; : : : ;Xn avant de passer au quotient).
On v�eri�e que B ’ B1: une simple constatation si on utilise la d�e�nition des alg�ebres
de d�ecomposition universelle via les modules de Cauchy. On identi�e B et B1 et on �ecrit
B1 = A1 � E0

1 correspondant �a la base B(F ) form�ee par les monomes xd22 � � � x
dn�1

n�1 avec
di < n� i pour chaque i. Pour passer de l’�ecriure d’un �el�ement g 2 B sur la base B(F ) (B
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vu comme A1-module) �a son �ecriture sur la base B(f) (B vu comme A-module), il su�t
d’�ecrire chaque coordonn�ee, qui est un �el�ement de A1 sur la A-base de A1 form�ee par les
monomes 1; x1; : : : ; x

n�1
1 .

Notons aussi que di(f) = (�1)n�1F (�x1)di(F ) par un calcul direct et passons �a la r�ecur-
rence proprement dite.
Nous supposons que AnnA(h2;di(f)i) = 0. On en d�eduit que AnnA1(h2;di(F )i) = 0, car si
b = �0 +�1x1 + � � �+�n�1x

n�1
1 2 A1 annule di(F ), il annule di(f) = (�1)n�1F (�x1)di(F ),

donc chacun des �i annule di(f). De même chacun des �i annule 2. Donc b = 0.
Soit alors y 2 E0, �ecrivons y = g(x2; : : : xn) avec g 2 A[X2; : : : ;Xn�1] et degXi

g � n � i
pour i = 2; : : : ; n � 1. Autrement dit nous voyons y comme un �el�ement de AduA1;F .
Puisque y est invariant par Sn�1, on en d�eduit par hypoth�ese de r�ecurrence que g 2 A1,
c’est une (( constante )) qu’on �ecrit h(x1) avec deg(h) < n. Il reste �a voir que g 2 A. Si
h(X) = c0 + c1X + � � �+ cn�1X

n�1 on �ecrit h(x1) = h(x2). On note que h(x1) est l’�ecriture
r�eduite de g sur la base canonique B(f). Concernant h(x2), pour obtenir l’�ecriture r�eduite,
nous devons remplacer dans le terme cn�1x

n�1
2 , xn�1

2 par son �ecriture sur la base canonique,
qui r�esulte de f2(x1; x2) = 0. Cette r�e�ecriture fait apparâ�tre le terme �cn�1x

n�2
1 x2, et ceci

implique (par l’�egalit�e des �ecritures h(x1) et h(x2) sur la base B(f)) que cn�1 = 0. Mais
alors h(x2) est une �ecriture r�eduite et donc tous les ci pour i > 0 sont nuls.

Note 4.4. Le cas disc f r�egulier est bien connu. On le trouve avec une preuve voisine
de celle ci-dessus dans la th�ese de Lionel Ducos [7]. Par ailleurs Ekedahl et Laskov ont
trait�e le cas o�u 2 est r�egulier dans [9]. Dans le cas n = 2 l’�etude faite ci-dessus montre
que d�es que AnnA(h2;di fi) 6= 0, Fix(S2) = A � AnnA(h2;di fi)x1 contient strictement
A. Un calcul dans le cas n = 3 donne la même r�eciproque: on trouve un �el�ement v =
x2

1x2 + a1x
2
1 + (a2

1 + a2)x1 + a2x2 6= 0 tel que Fix(S3) = A �AnnA(h2;di fi) v. Par contre
pour n � 4, la situation se complique.

5 S�eparabilit�e de AduA;f

Dans cette section on suppose que disc f est un �el�ement inversible de A.
Le lemme suivant comme moyen de prouver constructivement le th�eor�eme 5.2 a �et�e

sugg�er�e par Thierry Coquand.

Lemme 5.1. Soit � : A ! C une alg�ebre dans laquelle (( f se factorise compl�etement )),
c’est-�a-dire �(f) =

Qn
i=1(T � ui). Pour tout � 2 Sn notons �� : B ! C l’unique homo-

morphisme de A-alg�ebres qui envoie chaque xi sur u�i. Soit y 2 B tel que ��(y) = 0 pour
tout � 2 Sn, alors les coordonn�ees de y sur la base naturelle B(f) d�ecrite dans le lemme 1.3
sont dans Ker�.

D�emonstration. Nous donnons la preuve pour n = 4 et laissons le soin au lecteur de r�ediger
une preuve formelle par r�ecurrence .
On commence par remarquer que les xi � xj sont inversibles pour i 6= j et par suite les
ui�uj sont inversibles pour i 6= j. La base naturelle est form�ee par 24 �el�ements xm1

1 xm2
2 xm3

3

avec 0 � mi � 4� i. Notons y = a(x1; x2) + x3c(x1; x2) avec a et c des polynômes formels
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de degr�e � 3 en X1 et � 2 en X2. Notons a et c les images des polynômes formels a et c
dans C par �. Notre but est de montrer que a et c sont des polynômes identiquement nuls.
En consid�erant pour � d’une part l’identit�e et d’autre part la transposition qui �echange 3
et 4, on obtient dans C:

a(u1; u2) + u3c(u1; u2) = 0 = a(u1; u2) + u4c(u1; u2)

Puisque u3 � u4 est inversible, on en d�eduit a(u1; u2) = 0 = c(u1; u2).
La preuve qu’on vient de faire fonctionne aussi si on permute arbitrairement les xi (on
change alors de base naturelle), de sorte que a(ui; uj) = 0 = c(ui; uj) chaque fois que i 6= j.
On va montrer que a est identiquement nul, la même preuve s’appliquant �a c. On consid�ere
a(u1;X2): ce polynôme de degr�e � 2 admet les trois racines u2, u3, u4 et puisque les ui�uj
sont inversibles la formule d’interpolation de Lagrange montre que a(u1;X2) est nul comme
polynôme en X2. Chacun de ses trois coef�cients est un polynôme de degr�e � 3 en X1

qu’on �evalue en u1 (on obtient ainsi 12 coordonn�ees de y sur la base naturelle, les 12 autres
correspondant au polynôme c). Notons e(X1) l’un de ces trois polynômes, lu dans A[X1].
La preuve que nous avons faite, montrant que e(u1) = 0 fonctionne aussi si on permute
arbitrairement les xi. Donc e(ui) = 0 pour tous les i. Encore une fois nous appliquons la
formule d’interpolation de Lagrange et nous voyons que e(X1) est identiquement nul.

Th�eor�eme 5.2. 1. Le nilradical de B est l’id�eal engendr�e par le nilradical de A. En
particulier, si A est r�eduite, B est r�eduite.

2. Pour toute alg�ebre r�eduite A
��! D, B
A D ’ AduD;�(f) est r�eduite.

D�emonstration. Il su�t de montrer le point 1. Soit N le nilradical de B. Appliquons le
lemme pr�ec�edent avec C = B=N et y 2 B qui est nilpotent. L’�el�ement y reste nilpotent si
on le transforme par un �el�ement de Sn. Le lemme s’applique: les coordonn�ees de y sur la
base naturelle sont toutes dans N \A.

Le th�eor�eme suivant s’applique en particulier pour l’alg�ebre de d�ecomposition uni-
verselle B.

Th�eor�eme 5.3. (diagonalisation d’un quotient de Galois d’une alg�ebre de d�ecomposition
universelle)
Soit e un idempotent galoisien de B, G son stabilisateur et B1 = B/h1� ei . On note
yi = �(xi) la classe de xi dans B1. Soit � : B1 ! C un homomorphisme d’anneaux. On
note ui = �(yi). On consid�ere C1 = B1
AC. Pour tout � 2 G notons �� : C1 ! C l’unique
homomorphisme de C-alg�ebres qui envoie chaque yi 
 1C sur u�i. Soit � : C1 ! CjGj

l’homomorphisme de C-alg�ebres d�e�ni par z 7! (��(z))�2G.

1. � est un isomorphisme: C diagonalise B1.

2. En particulier B1 
A B1 est isomorphe canoniquement �a B
jGj
1 : B1 se diagonalise

elle-même.
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D�emonstration. Les deux alg�ebres sont des C-modules projectifs de rang constant jGj et
� est une application C-lin�eaire dont il su�t de d�emontrer la surjectivit�e. Dans C1 nous
notons yi �a la place de yi 
 1C et ui �a la place de 1B1 
 ui. La surjectivit�e r�esulte par
le th�eor�eme chinois de ce que les Ker�� sont deux �a deux comaximaux: Ker�� contient
yi � u�i, Ker�� contient yi � u�i, donc Ker�� + Ker�� contient les u�i � u�i, et il y a au
moins un indice i pour lequel �i 6= �i ce qui donne u�i � u�i inversible.

6 Structure triangulaire des id�eaux galoisiens

Nous d�emontrons dans cette section un r�esultat donn�e dans [1] et [8] en le g�en�eralisant un
peu: notre th�eor�eme 6.1. Notre m�ethode de preuve est di��erente car elle ne s’appuie pas
sur l’existence d’une cloture alg�ebrique, et le cadre est plus g�en�eral puisque nous avons �a la
base un anneau commutatif presque arbitraire �a la place d’un corps.

Ce r�esultat a�rme que la structure de l’id�eal J (f), qui est une structure (( triangulaire ))

(au sens de Lazard) lorsqu’on consid�ere les modules de Cauchy comme g�en�erateurs, se
retrouve pour tous les id�eaux galoisiens de l’alg�ebre de d�ecomposition universelle dans le
cas d’un polynôme s�eparable.

Les anneaux que nous consid�erons sont les anneaux A qui v�eri�ent la propri�et�e suivante:
l’anneau total des fractions de A, Frac A, est z�ero-dimensionnel. C’est notamment le cas
des anneaux int�egres, des anneaux z�ero-dimensionnels et des anneaux n�th�eriens.

Nous aurons besoin des r�esultats suivants que nous utilisons librement dans la preuve
du th�eor�eme.

� Si (A;C; G) une alg�ebre galoisienne, C est un A-module projectif de rang jGj, et A
est facteur direct dans C.

� Si A est z�ero-dimensionnel, tout module projectif de rang constant est libre.

� Si A est z�ero-dimensionnel, et si N � An est libre, il existe M � An libre tel que
An = M �N (th�eor�eme de la base incompl�ete).

Th�eor�eme 6.1. Soit (A;C; G) une alg�ebre galoisienne avec

� C = A[y1; : : : ; yn],

� G op�ere sur fy1; : : : ; yng et

� les yi � yj inversibles pour i 6= j.

On suppose que l’anneau total des fractions de A, Frac A, est z�ero-dimensionnel. On note
G = G0, Gi = f� 2 G ; �(yk) = yk; 8k � ig; (i = 1 : : : ; n), et

ri(T ) =
Y

�2Gi�1=Gi

(T � �(yi))

o�u Gi�1=Gi d�esigne un syst�eme de repr�esentants des classes �a gauche. Alors:
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� A[y1; : : : ; yi] = Fix(Gi) et Gi = Stp(A[y1; : : : ; yi]):

� ri(T ) est un polynôme unitaire de degr�e (Gi�1 : Gi) �a coef�cients dans A[(yk)k<i]; on
note Ri(X1; : : : ;Xi) un polynôme unitaire de degr�e (Gi�1 : Gi) de A[X1; : : : ;Xi] tel
que Ri(y1; : : : ; yi�1;Xi) = ri(Xi).

� L’id�eal ai = a \A[X1; : : : ;Xi] est engendr�e par R1(X1); : : : ; Ri(X1; : : : ;Xi).

En cons�equence chacune des alg�ebres A[y1; : : : ; yi] est �a la fois un A[y1; : : : ; yi�1]-module
libre de rang (Gi�1 : Gi) et un A-module libre de rang (G : Gi), et chacun des id�eaux ai est
un id�eal triangulaire (au sens de Lazard) de A[X1; : : : ;Xi].

D�emonstration. Le groupe G1 est un groupe s�eparant d’automorphismes de l’anneau C.
On note A1 l’anneau des points �xes de G1. On sait que C est un A1-module projectif de
rang constant jG1j et que A[y1] � A1. En outre A1 est facteur direct dans C, donc est un
A-module projectif de rang constant jGj=jG1j: Les coef�cients de r1(T ) sont �xes par G,
donc dans A, parce que les �(y1) pour � 2 G=G1 parcourent l’orbite de y1 sous G. En outre
deg r1 = (G : G1), de sorte que A[X1]/hr1(X1)i est libre de rang (G : G1). L’id�eal a1 est
form�e par tous les R 2 A[X1] qui annulent y1. Un tel polynôme R v�eri�e R(�(y1)) = 0 pour
tout � 2 G=G1 parce que ses coef�cients sont dans A et que � �xe tous les �el�ements de A.
Donc R est multiple des (T � �(y1)). Or les id�eaux hT � yii sont deux �a deux comaximaux
(parce que les yi � yj sont inversibles), et l’intersection d’id�eaux deux �a deux comaximaux
est �egale �a leur produit, donc R est multiple de r1. Ainsi a1 = hr1(X1)i et A[y1] est libre
de rang (G : G1).
On a donc la situation suivante:

� A1 est un A-module projectif de rang constant jGj=jG1j;

� A[y1] est libre de rang jGj=jG1j;

� A[y1] � A1.

Supposons maintenant l’anneau A z�ero-dimensionnel. Alors A1 est libre sur A, et A[y1] =
A1 par le th�eor�eme de la base incompl�ete. Donc A[y1] = A1 = Fix(G1) et (A[y1];C; G1) est
une alg�ebre galoisienne. Alors C = A1[y2; : : : ; yn] avec G1 qui op�ere sur fy2; : : : ; yng et les
yi � yj inversibles. Tout le raisonnement pr�ec�edent fonctionne �a l’identique en rempla�cant
A par A1, G par G1, y1 par y2 et G1 par G2. On termine donc par r�ecurrence.

Passons au cas g�en�eral. Nous avons de nouveau A[y1] ’ A[X1]/hr1(X1)i et A[y1] �
A1 = Fix(G1). Notons S l’ensemble des �el�ements r�eguliers de A et F = Frac A = S�1A:
Remarquons que puisqu’un �el�ement r�egulier de A est r�egulier dans C on a C � S�1C =
C 
A F. Le cas z�ero-dimensionnel implique que S�1A1 = S�1A[y1], et notre objectif
est de montrer l’�egalit�e A1 = A[y1]. Soit donc z 2 A1 et s 2 S tel que sz 2 A[y1]:
sz = c0 + c1y1 + � � � + cd1�1y

d1�1
1 . Posons sk =

P
�2G=G1

�(y1)k. Ce sont les sommes de
Newton pour le polynôme r1 = R1, donc des �el�ements de A. On a

szyk1 = c0y
k
1 + c1y

k+1
1 + � � � + cd1�1y

k+d1�1
1 :
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donc pour un � 2 G=G1, si �(y1) = y‘:

s�(zyk1 ) = c0y
k
‘ + c1y

k+1
‘ + � � �+ cd1�1y

k+d1�1
‘ :

Comme zyk1 2 A1 on a
P

�2G=G1
�(zyk1 ) �xe par G donc dans A et s

P
�2G=G1

�(zy1)k =
c0sk + � � � + cd1�1sk+d1�1 2 sA. Sous forme matricielle:

2
6664

s0 s1 s2 � � � sd1�1

s1 s2 � � � sd1
...

...
sd1�1 � � � � � � � � � s2d1�2

3
7775

2
6664

c0

c1
...

cd1�1

3
7775 2 sA

d1�1

or le d�eterminant de la matrice carr�ee au premier membre est �egal au discriminant de r1

donc est inversible. Ainsi les cj sont tous multiples de s.
Nous terminons en v�eri�ant que A[y1] v�eri�e bien l’hypoth�ese du th�eor�eme, ce qui

permet de faire fonctionner la r�ecurrence. En e�et, puisque A[y1] est libre sur A les �el�e-
ments r�eguliers de A sont r�eguliers dans A[y1] et l’anneau total des fractions de A[y1]
contient F[y1] ’ F[X1]/hr1(X1)i , lequel est z�ero-dimensionnel, donc �egal �a son anneau
total des fractions.

Le th�eor�eme 6.1 s’applique pour l’alg�ebre de d�ecomposition universelle dans la situation
suivante:
On suppose le polynôme f s�eparable. On consid�ere un idempotent galoisien e = 1 � s et
l’id�eal galoisien correspondant b = hsi. On pose

C = B=b = A[X1; : : : ;Xn]=a = A[y1; : : : ; yn]

avec:

� yi est la classe de xi modulo b ou de Xi modulo a;

� a = J (f) + hSi si S 2 A[X1; : : : ;Xn] et s = S(x1; : : : ; xn):

On note G = G0 = St(e) = St(b) � Sn, on le consid�ere comme un groupe de A-automor-
phismes de C.

On sait alors que (A;C; G) est une alg�ebre galoisienne. En e�et A = Fix(G) et un �el�e-
ment � de G distinct de l’identit�e ne �xe pas tous les yi et donc l’un des yi��(yi) engendre
l’id�eal h1i de C car les yi � yj sont inversibles pour i 6= j.

7 Corps des racines

Dans cette section, nous rempla�cons l’anneau A par un corps discret K et nous expliquons
comment l’alg�ebre de d�ecomposition universelle permet d’obtenir le corps des racines d’un
polynôme, ou au moins un substitut constructif de ce dernier.

Une K-alg�ebre est dite �nie si c’est un K-espace vectoriel de type �ni (en math�ema-
tiques constructives cela n’implique pas qu’on connaisse une base de l’espace vectoriel),
strictement �nie si c’est un K-espace vectoriel de dimension �nie.

Rappelons que les quotients de l’alg�ebre de d�ecomposition universelle B = AduK;f sont
des K-alg�ebres �nies et toute K-alg�ebre �nie est un annneau z�ero-dimensionnel.
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7.1 f arbitraire

En math�ematiques classiques un corps des racines pour un polynôme unitaire f sur un corps
discret K est obtenu en quotientant l’alg�ebre de d�ecomposition universelle AduK;f par un
id�eal

p
h1� ei o�u e est un idempotent ind�ecomposable (qui existe d’apr�es le th�eor�eme 3.4,

ou bien simplement en consid�erant un id�eal non nul dont la dimension comme K-espace
vectoriel est minimale).

En math�ematiques constructives on ne dispose pas toujours d’un tel idempotent. Le
th�eor�eme suivant explique comment contourner la di�cult�e que pose la non existence du
corps des racines en math�ematiques constructives.

Th�eor�eme 7.1. Soit (zi)i2I une famille �nie d’�el�ements de B = AduK;f . Il existe un idem-
potent galoisien e1 de B tel que chaque �(zi) est nul ou inversible dans l’alg�ebre quotient

B1 = B
.p
h1� e1i (� est la projection canonique B! B1).

D�emonstration. Puisque B est z�ero-dimensionnel on peut pour chaque i 2 I calculer un
idempotent gi 2 B tel que zi est inversible modulo 1� gi et nilpotent modulo gi. Appliqu�e
�a la famille des gi le th�eor�eme 3.4 donne un idempotent galoisien e1, tel que pour chaque i,
1 � e1 divise gi ou 1 � gi. Donc dans l’alg�ebre quotient B1 = B/h1� e1i chaque �(zi) est
nilpotent ou inversible.

Le th�eor�eme d’unicit�e du corps des racines admet la version constructive suivante, qui
d�ecoule du th�eor�eme 3.4:

Th�eor�eme 7.2. Soient deux K-alg�ebres strictement �nies A1 et A2 non nulles pour lesquelles
f se d�ecompose en produit de facteurs lin�eaires dans C1 = A1

�p
0 et C2 = A2

�p
0 . On

suppose en outre que C1 et C2 sont engendr�ees par les z�eros correspondants de f . Alors il

existe une K-alg�ebre C = B
.p
h1� ei (e idempotent galoisien) avec les mêmes propri�et�es,

et deux entiers ri tels que C1 ’ Cr1 et C2 ’ Cr2 .

7.2 f s�eparable

Ici nous donnons une preuve constructive d’un r�esultat classique.
Notez que le rsultat fondamental suivant est obtenu sans utiliser le corps des racines

(une approximation convenable de ce corps su�t).

Th�eor�eme 7.3. Soit K un corps discret et f 2 K[X] un polynôme s�eparable. Alors l’alg�e-
bre de d�ecomposition universelle B = AduK;f est s�eparable (i.e., tout �el�ement annule un
polynôme s�eparable de K[T ]).

D�emonstration. Si K est de caract�eristique nulle, un polynôme est s�eparable si et seulement
si il est sans facteur carr�e. Le fait que B est r�eduite implique alors que le polynôme minimal
de tout �el�ement de B est s�eparable.
Dans le cas g�en�eral, la preuve est un peu plus compliqu�ee. Soit z 2 B. Appliqu�e �a la famille
des �(z) � �(z) (� 6= � dans Sn) le th�eor�eme 7.1 donne un idempotent galoisien e1 tel que
dans l’alg�ebre quotient B1 = B/h1� e1i chaque �1(�(z) � �(z)) est nul ou inversible (�1
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est la projection canonique B ! B1). On rappelle que d’apr�es les th�eor�emes 2.3 et 4.3, le
stabilisateur G de e1 op�ere sur B1 et les points �xes pour cette action sont exactement les
�el�ements de K (identi��e �a �1(K)). Soit alors fz1; : : : ; ztg un ensemble de Sn-conjugu�es de z
tels que f�1(z1); : : : ; �1(zt)g soit l’orbite de �1(z) pour l’action de G. On consid�ere le poly-
nôme P1(T ) =

Qt
i=1(T � �1(zi)). Ses coef�cients sont �x�es par G donc P1 2 K[T ]. Et c’est

un polynôme s�eparable par construction (comme polynôme dans B1[T ] son discriminant
est inversible). Ainsi �1(z) annule le polynôme s�eparable P1(T ) 2 K[T ], c’est-�a-dire encore
P1(z) 2 h1� e1i. Si fe1; : : : ; ekg est l’orbite de e1 sous Sn, on aura pour i = 1; : : : ; k un
polynôme s�eparable Pi 2 K[T ] avec Pi(z) 2 h1� eii. Finalement le ppcm P des Pi est
lui-même un polynôme s�eparable de K[T ] et P (z) 2 Ti h1� eii = h0i.

Algorithme 7.4. Calcul d’un id�eal galoisien et de son stabilisateur.

Entr�ee : (C; G): quotient de Galois de (B;Sn), y: �el�ement ni nul ni inversible de C; S = St(y).
Sortie : c: id�eal galoisien contenant y, et tel que tout conjugu�e de y sous G est nul ou inversible
dans C=c; H: le sous groupe stabilisateur de c.
Variables locales : a: id�eal de C; �: dans G; L: liste d’�el�ements de G.

D�ebut

c < y >; L [ ];
pour � dans G=S faire

# G=S d�esigne un syst�eme de repr�esentants des classes �a gauche modulo S
a c+ < �(y) >;
si a 6= 1 alors c a; L L � [�] �n si ;

�n pour

H  le sous-groupe de G form�e par les � tels que: 8� 2 L; �� 2 S�2L �S.
Fin.

L’alg�ebre B = AduK;f est r�eduite quand le polynôme f est s�eparable, donc tout id�eal de
type �ni est engendr�e par un idempotent. Ce r�esultat implique qu’�a partir d’un �el�ement ni
nul ni inversible y de B on peut calculer un id�eal galoisien c tel que y 2 c et tout conjugu�e
de y sous Sn est nul ou inversible dans B=c: c est un id�eal strict engendr�e par y et le plus
grand nombre possible de conjugu�es de y.

En outre, le r�esultat reste le même si nous consid�erons une alg�ebre galoisienne (K;C; G)
qui est un quotient de Galois de (K;B;Sn).

Notons que l’algorithme 7.4 calcule un id�eal galoisien c engendr�e par un idempotent
galoisien e1 qui serait construit par l’algorithme 3.5 �a partir d’un idempotent e tel que
(1� e)C = yC. Ainsi (C=c;H) est une nouvelle approximation du corps de racines de f et
de son groupe de Galois, meilleure que la pr�ec�edente approximation (C; G).
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An introspective algorithm for the integer determinant

Jean-Guillaume Dumas Anna Urba�nska

Abstract

We present an algorithm computing the determinant of an integer matrix A. The
algorithm is introspective in the sense that it uses several distinct algorithms that run
in a concurrent manner. During the course of the algorithm partial results coming from
distinct methods can be combined. Then, depending on the current running time of each
method, the algorithm can emphasize a particular variant. With the use of very fast
modular routines for linear algebra, our implementation is an order of magnitude faster
than other existing implementations. Moreover, we prove that the expected complexity
of our algorithm is only O

�
n3(log(n) + log(kAk))2 log(n)

�
bit operations, where kAk is

the largest entry in absolute value of the matrix.

1 Introduction

One has many alternatives to compute the determinant of an integer matrix. Over a �eld,
the computation of the determinant is tied to that of matrix multiplication via block recur-
sive matrix factorizations [12]. On the one hand, over the integers, a na��ve approach would
induce a coe�cient growth that would render the algorithm not even polynomial. On the
other hand, over �nite �elds, one can nowadays reach the speed of numerical routines [9].
The classical approach is thus to reduce the computation modulo some primes of constant
size and to recover the integer determinant from the modular computations. For this, at
least two variants are possible: Chinese remaindering and p-adic lifting. The �rst variant
requires either a good a priori bound on the size of the determinant or an early termination
probabilistic argument [10, x4.2]. It thus achieves an output dependant bit complexity of
O (n! log(jdet(A)j)) where ! is the exponent of matrix multiplication (3 for the classical
algorithm, and 2:375477 for the Coppersmith-Winograd method). Of course, with the co-
e�cient growth, the determinant size can be as large as 
(n log(n)) (Hadamard’s bound)
thus giving a large worst case complexity.
Now the second variant uses system solving and p-adic lifting [4] to get an approximation
of this determinant with a O

�
n3(log(n) + log(kAk))2

�
bit complexity [16]. Indeed, every

integer matrix is unimodularly equivalent to a diagonal matrix S = diagfs1; : : : ; sng with
sijsi+1. This means that there exist integer matrices U; V with detU;detV = �1, such
that A = USV . The si are called the invariant factors of A. Then, solving a system with
a random right hand side will reveal sn as the common denominator of the solution vector
entries with high probability.
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The idea of [1] is thus to combine both approaches, i.e. to approximate the determinant by
p-adic lifting and recover only the remaining part (det(A)=sn) via Chinese remaindering.
Then G. Villard remarked that at most O(

p
n) invariant factors can be distinct and that,

in general, only the last O(log(n)) of those are nontrivial [11]. This remark, together
with a preconditioned p-adic solving computing the i-th invariant factor enable them to
produce a O�(n2+!=2) worst case algorithm, where O� hides some logarithmic factors,
and an algorithm with an expected O(n3(log(n) + log(kAk))2 log2(n)) complexity. Note
that the actual best worst case complexity algorithm is O�(n2:697263 log(kAk)), which is
O�(n3:2 log(kAk)) without fast matrix multiplication, by [14]. Unfortunately, these last
two worst case complexity algorithms, though asymptotically better, are not the fastest for
the generic case or for the actual matrix sizes. The best expected complexity algorithm is a
Las Vegas algorithm of Storjohann [18] which uses an expected number of O�(n! log kAk)
bit operations. In section 5 we compare the performance of this algorithm to ours, based
on experimental results of [19].
In this paper, we propose a new way to extend the idea of [17, 20] to get the last consecutive
invariant factors with high probability in section 3.2. Then we combine this with the scheme
of [1]. This combination, is made in an adaptive way. This means that the algorithm will
choose the adequate variant at run-time, depending on discovered properties of its input.
More precisely, in section 4, we propose an algorithm which uses timings of its �rst part to
choose the best termination. This particular kind of adaptation was somewhat introduced in
[15] as introspective ; we use here the more speci�c de�nition of [3]. This enables us to prove
in section 4.1 an expected complexity of O

�
n3(log(n) + log(kAk))2 log(n)

�
bit operations,

gaining a log(n) factor and improving the constants from [11]. Moreover, we are able to
detect the worst cases during the course of the algorithm thus enabling us to switch to the
asymptotically fastest method. In general this last switch is not required and we show in
section 5 that when used with the very fast modular routines of [7, 9] and the LinBox library
[8], our algorithm can be an order of magnitude faster than other existing implementations.

2 Base Algorithms and Procedures

In this section we present the procedures in more detail and describe their probabilistic
behavior. We start by a brief description of the properties of the Chinese Remaindering loop
(CRA) with early termination (ET) (see [5]), then proceed with the LargestInvariantFactor
algorithm to compute sn (see [1, 11, 17]). We end the section with a summary of ideas of
Abbott et al. [1], Eberly et al. and Saunders et al. [17].

2.1 Output dependant Chinese Remaindering Loop (CRA)

CRA is a procedure based on the Chinese remainder theorem. Determinants are computed
modulo several primes pi. Then the determinant is reconstructed modulo p0 � � � pn�1 in
the symmetric range via the Chinese reconstruction. The integer value of the determinant
is thus computed as soon as the product of the pi exceeds 2jdet(A)j. We know that the
product is big enough if it exceeds some upper bound on this value or, probabilistically,
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if the reconstructed value remains identical for several successive additions of modular
determinants. The principle of early termination (ET) is thus to stop the reconstruction
before reaching the upper bound, as soon as the determinant remains the same for several
steps [5].
Algorithm 2.1 is an outline of a procedure to compute the determinant using CRA loops
with early termination, correctly with probability 1� �. We start with a lemma.

Lemma 2.1. Suppose that primes pi greater than l > 4 are randomly sampled form a set
P , and let rn be the value of the determinant modulo p0 � � � pn computed in the symmetric
range. Then

(i) rn = det(A), if n > N =

(
dlogl(jdet(A)j)e if det(A) 6= 0

0 whenever det(A) = 0
;

(ii) if rn 6= det(A) then there are at most R =dlogl(
j det(A)�rnj

p0���pn
)e primes pn+1 such that

rn = det(A) mod p0 � � � pnpn+1;

(iii) if rn = rn+1 = � � � = rn+k then Prob(rn 6= det(A)) < � if only k > dlog(1=�)= log( P 0
logl(H))e,

where P 0 = jP j � dlog(H)= log(l)e and H is an upper bound for the determinant (e.g.
H can be the Hadamard’s bound: jdet(A)j 6 (

p
nkAk)n).

Proof. For (i), notice that �bp0���pn

2 c 6 rn < dp0���pn

2 e. Then rn = det(A) as soon as
bp0���pn

2 c > jdet(A)j. With l being the lower bound for pi this reduces to n > dlogl jdet(A)je
in the case when det(A) 6= 0.
For (ii), we observe that det(A) = rn +Kp0 : : : pn and it su�ces to estimate the number of
primes greater or equal l that divide K.

For (iii) we notice that k primes dividingK can be chosen with probability
�R
k

�
=
�jP j � n+ 1

k

�
,

which can be bounded by ( R
P 0 )

k Since R 6 dlogl(
2H
2 )e we get the result.

To compute the modular determinant in algorithm 2.1 we use the LU factorization and we
refer to it as LU iteration. Early termination is particularly useful in the case when the
computed determinant is much smaller than the a priori bound. The running time of this
procedure is output dependant.

2.2 Largest Invariant Factor

A method to compute sn for integer matrices was �rst stated by V. Pan [16] and later in
the form of the LargestInvariantFactor procedure (LIF) in [1, 11, 5, 17]. The idea is to
obtain a divisor of sn by computing a rational solution of the linear systems Ax = b. If b
is chosen at random from a su�ciently large set, then the computed divisor can be as close
as possible to sn with high probability. Indeed, with A = USV , we can equivalently solve
SV x = U�1b for y = V x, and then solve for x. As U and V are unimodular, the least
common multiple of the denominators of x and y, d(x) and d(y) satis�es d(x) = d(y)jsn.
Thus, solving Ax = b via p-adic lifting [4], enables us to get sn with high probability at the
cost of O(n3(log(n) + log(kAk))2) independently of the size of sn.
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Algorithm 2.1 Early Terminated CRA

Require: An integer matrix A.
Require: 0 < � < 1.
Require: A set P of random primes greater than l.
Ensure: The integer determinant of A, correct with probability at least 1� �.

1: H = (
p
nkAk)n; P 0 = jP j � dlog(H)= log(l)e; i = 0; // Hadamard’s bound

2: repeat

3: Get a prime pi from the set P ; P = P � fpig
4: Compute det(A) mod pi; //via LU factorization of A modulo pi.
5: Reconstruct ri, the determinant modulo p0 � � � pi; // by Chinese remaindering

6: k = maxft : ri�t = � � � = rig; R = dlogl
H+jrij

p0p1:::pi�k
e

7: i++;
8: until

R(R�1):::(R�k+1)
(jP j�n)(jP j�n�1):::(jP j�n�k+1) < � or

Q
pi > 2H + 1

The algorithm takes as input parameters � and r which are used to control the probability
of correctness. r is the number of successive solvings and � is the size of the set from which
the values of a random vector b are chosen. With each system solving, the output ~sn of the
algorithm is updated as the lcm of the current solution denominator d(x) and the result
obtained so far.
The following theorem characterizes the probabilistic behavior of the LIF procedure.

Theorem 2.2. Let A be a n � n matrix, H its Hadamard’s bound, r and � be de�ned as
above. Then the output ~sn of Algorithm LargestInvariantFactor of [1] is characterized by
the following properties.

i) Let r = 1, p be a prime, l > 1, then P(pljsn(A)
~sn

) 6 1
� d

�
pl e;

ii) if r = 2, � = d(n+ 1)He then E
�

log(sn(A)
~sn

)
�

= O(1);

iii) if r = 2, � = 6 + d2 log(log(H))e then sn = ~sn with probability at least 1/3;

iv) if r = d2 log(log(H))e, � > 2 then E
�

log(sn(A)
~sn

)
�

= O(1);

v) if r = log(log(H)) + log(1
� ), 2 j � and � > 2 then sn(A) = ~sn with probability at least

1� �;

Proof. The proofs of (i), (ii) and (iv) are in [1]. The proof of (iii) is in [11]. To prove (v) we
slightly modify the proof of (iv) in the following manner. From (i) we notice that for every
prime p dividing sn, the probability that it divides the missed part of sn(A) satis�es:

P(p j sn

~sn
) 6 (

1

2
)r:
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As there are at most log(H) such primes, we get

P(sn = ~sn) > 1� log(H)(1=2)r > 1� log(H)2� log(log(H))�log( 1
�

) = 1� log(H)
1

log(H)
�:

2.3 Abbott-Bronstein-Mulders, Saunders-Wan and Eberly-Giesbrecht-
Villard ideas

Now, the idea of [1] is to combine both the Chinese remainder and the LIF approach. Indeed,
one can �rst compute sn and then reconstruct only the remaining factors of the determinant
by reconstructing det(A)=sn. The complexity of this algorithm is O

�
n3 log(j det(A)=sn(A) j)

�

which is unfortunately O�(n4) in the worst case. However, nothing is known about the al-
gorithm expected complexity.
Now Saunders and Wan [17, 20] proposed a way to compute not only sn but also sn�1

(which they call a bonus) in order to reduce the size of the remaining factors d=(snsn�1).
The complexity doesn’t change.
Then, Eberly, Giesbrecht and Villard have shown that the expected number of non trivial
invariant factors is small, namely less than d3log�(n)e + 29 in general if the entries of
the matrix are chosen in a set of � consecutive integers [11]. As they also give a way to
compute any si(A) which leads to an algorithm with expected complexity O(n3(log(n) +
log(kAk))2 log(n)) log�(n)).
Our idea is to extend the method of Saunders and Wan to get the last O(log� n) invariant
factors of A slightly faster than by [11]. Then, we are able to remove one of the log(n)
factors of the expected complexity. Moreover, we will show in the following sections that
this enables us to build an adaptive algorithm solving a minimal number of systems.
We should also mention, that it should be possible to change a log(n) factor in the expected
complexity of [11] to a log log(n) employing the bound for the expected number of invariant
factors twice. Indeed their extra log(n) factor comes from the algorithm where n non trivial
invariant factors are to be computed. But in the expected case, as they have only log(n) of
those, this extra factor could be consequently reduced.

3 Computing the product of O(log(n)) last invariant factors

3.1 On the number of invariant factors

The result in [11] says that a n�n matrix with entries chosen randomly and uniformly from
a set of size � has the expected number of invariant factors bounded by d3 log(n)e+ 29. In
search for a sharpening of this result we prove the following theorems.

Theorem 3.1. Let p be a prime. The expected number of non-trivial invariant factors
divisible by p is at most 6.
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Theorem 3.2. The expected number of nontrivial invariant factors is at most log�(n) +
log�(log�(n) + 1) + 9.

Both proofs can be found in the appendix A.

3.2 Extended Bonus Idea

In his thesis [20], Z. Wan introduces an idea of computing the penultimate invariant factor
(i.e. sn�1) of A while computing sn using 2 system solvings. The additional cost is com-
paratively small, therefore sn�1 is referred to as a bonus. Here, we extend this idea to the
computation of the (n� k)th factor with (k + 1) solvings.
Let x(j) be the rational solution to the equation Ax(j) = b(j), where b(j) is a random vector.
Then x(j) coordinates have a common denominator ~sn and we let n(j) denote the vector of
numerators of x(j). Then x(j) = 1

~sn
n(j) and gcd(n(j); ~sn) = 1.

Let B denote the n�(k+1) matrix [b(j)]j=1;:::;k+1. Following Wan, we notice that sn(A)A�1

is an integer matrix, the Smith form of which is equal to

diag(
sn(A)

sn(A)
;
sn(A)

sn�1(A)
; : : : ;

sn(A)

s1(A)
):

Therefore, we may compute sn�k(A) when knowing sk+1

�
sn(A)A�1

�
. The trick is that

the computation of A�1 is not required: we can perturb A�1 by right multiplying it by B.
Then, sk+1(sn(A)A�1B) is a multiple of sk+1(sn(A)A�1). Instead of sn(A)A�1B we would
prefer to use ~snA

�1B which is already computed and equal to N , where N = [n(j)]j=1;:::;k+1

is the matrix of numerators. The relation between A and N is as follows.

Lemma 3.3. Let ~s�1
n N , gcd(~sn; N) = 1 be a solution to the equation AX = B, where B is

n� k and the entries of B are uniformly and randomly chosen from the set f0; 1; : : : �� 1g.
Then

~sn

gcd(si+1(N); ~sn)
jsn�i(A); i = 1; 2 : : : ; k:

Proof. The Smith forms of sn(A)A�1B and N are connected by the relation sn(A)
~sn

si(N) =

si(sn(A)A�1B), i = 1; : : : ; (k + 1). Therefore the quotient sn(A)
sk+1(sn(A)A�1B)

equals ~sn
sk+1(N) ,

and by taking ~sn
gcd(sk+1(N);~sn) one obtain an (integer) factor of sn�k(A). Moreover, the

under-approximation is solely due to the choice of B.

Remark 3.4. Taking gcd(sk+1(N); ~sn) is necessary as ~sn
sk+1(N) may be a rational number.

Particularly, it happens when s1(N) = gcd(Nij) > 1, and in this case, since gcd(~sn; N) = 1,
the impact of s1(N) on sn�k is neglected. Moreover, this allows us to consider pj~sn in all
probability consideration throughout the paper.

In fact we are interested in computing the product �k = snsn�1 � � � sn�k(A) of the invariant
factors of A. Then, following the idea of Abbott [1], we would like to reduce the computation

of the determinant to the computation of det(A)
~�k

, where ~�k is a factor of �k we have obtained.
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We can compute ~�k as ~sk+1
n = gcd(s1s2 � � � sk+1(N); ~sk+1

n ). The product of the (k + 1) �rst
invariant factors of a matrix is equal to the gcd of all its (k + 1) � (k + 1) minors. In our
approach, it su�ces to compute bn=(k+1)c of those. In the following lemmas we show that
by repeating the choice of matrix B twice, we will omit only a �nite number of bits in �k.
We start with a technical lemma, the proof of which is in Appendix B.

Lemma 3.5. For n�n matrix A with entries chosen randomly and uniformly from the set
f0; 1 : : : S � 1g, the probability that pl < S divides the determinant det(A) is at most 3

pl for

p 6= 2; 3; 5 and 4
pl for p = 2; 3; 5 and S > 81.

In the next lemma we discuss the impact of choosing only a few minors in s1 : : : sk+1(N)
calculation. Here, ordp(x) denotes the higher power of p dividing x.

Lemma 3.6. Let N and B be as de�ned in lemma 3.3. Suppose that B is a random
matrix with entries chosen uniformly form the set f0; 1; : : : S � 1g; S > max(H; 81) and
k = O(log(n)). Let N = [N1j : : : N�jN 0]T where Ni are (k + 1) � (k + 1) matrices, � =
bn=(k + 1)c. Then

1X

l=1

X

plj~sn

Prob
�

ordp(
gcdi=1:::�(det(Ni))

gcd(minors(N))
) = l

�
l log(p) 2 O(1): (1)

Proof. The bound S on kBk is chosen in the way that following remark 3.4 we can only
consider p 6 S. Therefore from Lemma 3.5 we get that for l > 1

Prob(pljdet(Ni)) 6
�

pl
;

where � = 3 for p > 5 and � = 4 for p = 2; 3; 5.
Now the sum (1), which represents the size of the over-approximation due to partial gcd
computation can be bounded by

1X

l=1

X

plj~sn

Prob
�

ordp(
gcdi=1:::�(det(Ni))

gcd(minors(N))
) = l

�
l log(p) 6

1X

l=1

X

plj~sn

Prob
�
plj gcd

i=1:::�
(det(Ni))

�
log(p)

6 log 2(2 +

1X

l=3

(
4

2l
)�) + log 3(1 +

1X

l=2

(
4

3l
)�) + log 5(1 +

1X

l=2

(
4

5l
)�) +

X

p>5

1X

l=1

log(p)(
3

pl
)�

6 3 + 4 + 6 + 1 = 14

With � being about n
O(log(n)) , the expected size of overestimation due to partial gcd calcu-

lation is O(1).
To consider the impact of the choice of B on our method we start with a remark, which is
a small modi�cation of [20, Lem. 5.17].

Remark 3.7. For every matrix M there exist a full rank k � n, k 6 n, matrix V , such that
ordp(s1���sk(MB)

s1���sk(M) ) is less or equal ordp(det(V B)).
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Lemma 3.8. Let A be an n� n integer matrix, S > max(H; 81) and Bi, i = 1; 2 be n� k
matrices with the entries uniformly and randomly chosen from the set f0; 1; : : : Sg. Then
for M = sn(A)A�1

log
��k(A)

sk
n

gcd(s2 � � � sk+1(MB1); s2 � � � sk+1(MB2))
�
2 O(1):

Proof. From Remark 3.7 and Lemma 3.5, we have Prob(Bi : ordp(s1���sk(MBi)
s1���sk(M) ) 6 l) 6 �

pl ;
with � = 3 for p > 5 and � = 4 for p = 2; 3; 5. Now the expected size of the under-estimation
is less than or equal to

log(2)(1 +
1X

l=2

(
4

2l
)2) + log(3)(1 +

1X

l=2

(
4

3l
)2) + log(5)(1 +

1X

l=2

(
4

5l
)2) +

X

5<p6H

1X

l=1

log(p)(
3

pl
)2

6 3 + 4 + 6 +

Z 1

6
log(x)

9

x2 � 1
dx;

which is O(1).
It is worth noting that the above mentioned schemes could lead to an algorithm to com-
pute several last (or �rst) invariant factors with possibly better probabilistic behavior and
expected complexity than that of [11].

4 Introspective Algorithm

Now we should incorporate algorithm 2.1 and the ideas presented in sections 2.2 and 3.2
in the form of an introspective algorithm. Indeed, we give a recipe for an auto-adaptive
program that implements several algorithms of diverse space and time complexities for
solving a particular problem. The best path is chosen at run time, from a self-evaluation of
the dynamic behavior (e.g. timings) while processing a given instance of the problem. This
kind of auto-adaptation is called introspective in [3].
In the following, CRA loop refers here to algorithm 2.1, slightly modi�ed to compute
det(A)=K. If we re-run the CRA loop, we use modular determinant results already com-
puted to recover det(A)=K mod p.

Theorem 4.1. Algorithm 4.1 correctly computes the determinant with probability 1� �.

Proof. Termination is possible only by the early terminated CRA loop or by the determinant
algorithm used in the last step. The choice of k from theorem 2.1(iii) and the choice of the
determinant algorithm from [13, 19] ensures that 1� � probability is obtained.

4.1 Complexity

The following theorem gives the complexity of the algorithm.



An introspective algorithm for the integer determinant 193

Algorithm 4.1 Extended Bonus Determinant Algorithm

Require: An integer n� n matrix A.
Require: 0 < � < 1, an error tolerance.
Require: A stream S of random integers uniformly chosen from the set f0; 1 : : : ;max(d(n+

1)He; 81)g, H - Hadamard’s bound for A.
Require: A set P of random primes greater than l.
Ensure: The integer determinant of A, correct with probability at least 1� �.

1: k = log(1=�)=dlog( P 0
logl(H))e; see Lem. 2.1(iii)

2: for i = 1 to k do

3: run the CRA loop for det(A) ; //see Alg. 2.1
4: if early terminated then Return determinant end if

5: end for

6: imax = log�(n) + log�(log�(n) + 1) + 9); //see Theorem 3.2
7: for j = 1; 2 do

8: i = 0; ~��1 = 1;K = 1;
9: while i < imax do

10: Generate bi a random vector of dimension n from the stream S;
11: Compute ~sn by solving Axi = bi; //see Section 2.2
12: if i = 0 then i = 1;~�0 = ~sn;
13: else

14: N := ~snX, where X = [xl]l=0;:::i; //see Section 3.2;
15: ~�i = 0;
16: for l = 1; : : : bn=ic do

17: ~�i = gcd(~�i;det(Nl)), where Nl is the lth minor of N ;
18: end for

19: i=i+1;
20: end if

21: K = lcm(~�i�1;K); ~�i�1 = K;
22: Resume CRA looping on d = det(A)=K; for at most the time of one system solving;
23: if early terminated then Return d �K; end if

24: if ~�i�1 = ~�i�2 then

25: Resume CRA looping on d = det(A)=K; for at most the time of (imax�i) system
solvings;

26: if early terminated then Return d �K;
27: else i = imax; end if

28: end if

29: end while

30: end for

31: run an asymptotically better integer determinant algorithm;
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Theorem 4.2. The expected complexity of Algorithm 4.1 is

O� �n! log(1=�) + n3(log n+ log(kAk))2 log(n)
�

where O� hides some log(log(n)) factors. The pessimistic complexity depends on the algo-
rithm used in the last step.

Proof. To analyze the complexity of the algorithm we would consider the complexity of
each step. With k de�ned as in the algorithm, the complexity of initial CRA iteration is
O (n! log(1=�)). The system solving in the LIF algorithm is performed 2imax times with
log(kBk) = O(n log(n)), which results with a complexity of O(imaxn

3(log(n) + log(kAk)2).
Considering the time limit, this is also the time of all CRA loop iterations. To compute

~�i by means of the CRA determinant algorithm, we need O
�
bn=ici4(log(i) + n(log(n) +

log(kAk) + log(kBk))
�

bit operations, which for i = 2; : : : ; imax with imax being O(log(n))

is O�(n2) and thus negligible.
With the expected number of invariant factors bounded by imax (see Thm.3.2), it is expected
that the algorithm will return the result before the end of the while loop, provided that
the under-estimation of ~�imax is not too big. But by updating ~sn O(log(n)) times and
updating the product ~�imax twice, it is expected that the overall under-estimation will be
O(1) (see Theorem 2.2(ii) and Lemma 3.8), thus it is possible to recover it by several CRA
loop iterations.

5 Experiments and Further Adaptivity

The described algorithm is implemented in the LinBox exact linear algebra library [8]. In a
preliminary version imax is set to 2 or 1 and the switch in the last step is not implemented.
This is however enough to evaluate the performance of the algorithm and to introduce
further adaptive innovations.
Comparing the data from table 5 we notice that the algorithm with imax = 1 (which is in fact
a slightly modi�ed version of Abbott’s algorithm [1]) runs better for small n. Those timings
have been evaluated on a set of matrices which have the same Smith form as diagf1; 2; ::; ng
and the number of invariant factors of about n

2 . For every matrix, with each step, the
size of sn�i decreases whilst the cost of its computation increases. This accounts for better
performance of Abbott’s algorithm, which computes only sn, in the case of small n. For
bigger n calculating sn�1 starts to pay out. The same situation repeats at each step.
The switch between winners can be explained by the fact that in some situations, obtaining
sn�i by LU -factorization (which costs log(sn�i)

log(l) the time of LU) outperforms system solving.
Then, this also holds for all consecutive factors and the algorithm basing on CRA wins. The
condition can be checked a posteriori by approximating the time of LUs needed to compute
the actual factor. We can therefore construct a condition that would allow us to turn to
the CRA loop in the appropriate moment. This can be done by changing the condition in
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n imax = 1 imax = 2 n imax = 1 imax = 2

100 0.17 0.22 300 5.65 5.53
120 0.29 0.33 350 9.76 9.64
140 0.48 0.55 400 14.99 14.50
160 0.73 0.78 600 57.21 54.96
180 1.07 1.16 800 154.74 147.53
200 1.49 1.51 1000 328.93 309.61
250 2.92 3.00 2000 3711.26 3442.29

Table 1: Comparison of the performance of Algorithm 4.1 with imax set to 1 and 2 on
engineered matrices.

line 24 (~�i�1 = ~�i�2) to

log(
~�i�1

~�i�2
) 6

time(solving)

time(LU)
log(l);

if the primes used in the CRA loop are greater than l. This would result with a perfor-
mance close to the best and yet 
exible. If, to some extend, sn�i could be approximated a
priori, this condition could be checked before its calculation. This would require a partial
factorization of sn�i+1 and probability considerations as in the appendix A and [11].
For a generic case of random dense matrices our observation is that the bound for the
number of invariant factors is quite crude. Therefore the algorithm 4.1 is constructed in
the way that minimizes the number of system solving to at most twice the actual number
of invariant factors for a given matrix. Under the assumption that the approximations ~sn

and ~�i are su�cient, this leads to a quick solution.
Indeed for random matrices, the algorithm nearly always stopped with early termination
after one system solving. This together with fast underlying arithmetics of FFLAS [7]
accounted for the superiority of our algorithm as seen in �gure 5 where comparison of
timings for di�erent algorithms is presented.

6 Conclusions

In this paper we presented an algorithm computing the determinant of an integer matrix
which expected time complexity is O

�
n3(log(n) + log(jjAjj))2 log(n)

�
. Our algorithm uses

an introspective approach so that its actual running time is only O
�
n3(log(n) + log(jjAjj))2k

�

if the number k of invariant factors is smaller than a priori expected. Moreover, the adap-
tive approach allows us to switch to the algorithm with best worst case complexity if it
happens that the number of nontrivial invariant factors is unexpectedly large. This adap-
tivity, together with very fast modular routines, allows us to produce an algorithm, to our
knowledge, faster by at least an order of magnitude than other implementations.
Ways to further improve the running time are to reduce the number of iterations in the
solvings or to group them in order to get some block iterations as is done e.g. in [2]. A
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Figure 1: Comparison of our algorithm with other existing implementation. Tested on ran-
dom dense matrices of the order 400 to 10000, with entries f-8,-7,. . . ,7,8g Using fast modular
routines puts our algorithm several times ahead of the others. Scaling is logarithmic.

modi�cation to be tested, is to try to reconstruct sn with only some entries of the solution
vector x = n=d. Parallelization can also be considered to further modify the algorithm.
Of course, all the LU iterations in one CRA step can be done in parallel. An equivalently
e�cient way is to perform several p-adic liftings in parallel, but with less iterations [6].
There the issue is to perform an optimally distributed early termination.
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A Proofs of theorems 3.1 and 3.2

In order to prove theorems stated in section 3.1, we will start with the following lemma.

Lemma A.1. For � > 11 the sum over primes p:
X

8<p<�

(
1

�
d�
p
e)j can be bounded by (1

2)j .

Proof. We will consider primes from the interval �
2k+1 6 p < �

2k , k = 0; 1; : : :maxfdlog(�)e�
3; 2g separately. For the kth interval d�

p e equals 2k+1. In each interval there are at most

d�
4 e odd numbers and at most �

4 primes. The reasoning goes as follows: if in the interval
there are more than 3 odd numbers, at least one of them is divided by 3 and so does not
count. For this to happen it is enough that � > 12. We may therefore calculate:

X

8<p<�

(
1

�
d�
p
e)j

6

dlog(�)e�3X

k=0

�

2k+2
(
2k+1

�
)j

6
1

2�j�1
(2dlog(�)e�2)j�1

6 (
1

2
)j :

Remark A.2. For � = 2l we may consider primes p > 4.

Remark A.3. If we exclude f2,3,5,7,8,16g, we get the same bound for
X

k2N

X

8<pk<�

(
1

�
d �
pk
e)j .

Proof.[Theorem 3.1] The idea of the proof is similar to that of [11]. Let A be a random
matrix with entries chosen uniformly and randomly from the set f0; 1; 2 : : : � � 1g. Let
MDepi(p) denote an event that the submatrix Ai, including the �rst i columns of A mod
p has rank at most i� 2 over Zp.
We are now going to �nd P(MDepi(p) j :MDepi�1(p)). Since the event MDepi�1(p) did
not occur, Ai�1 has p-rank (i � 2) or (i � 1). For MDepi it must be (i � 2), thus, there
exists a set of (i� 2) rows Ri�2 which has the full rank. Consider any row vj that is left. If
vj is a combination of Ri�2 the last (ith) entry of vj is determined mod p. For � > p this
means that the probability that vj is a combination of Ri�2 is at most ��1. For p < � this
probability is 1

�d�
p e which is always less than or equal to 2

p+1 . As there are n� i+ 2 vectors
outside Ri�2, the probability that none of them is linearly independent with Ri�2 over Zp

is at most ( 2
p+1)n�i+2 for p < � and ( 1

� )n�i+2 for p > �.
Since P(MDepi(p) j :MDepi�1(p)) > P(MDepi(p)^:MDepi�1(p)), we have P(MDepi(p)) 6

P(
Si

j=1(MDepj(p) ^ :MDepj�1(p))) which can be bounded by ( 2
p+1)n�i+2 p+1

p�1 for p < �

and ( 1
�)n�i+2 �

��1 for p > �.
Let the number of invariant factors divided by p be greater than j. The rank of A mod p is
then at most n�j over Zp. This in consequence means that for j > 1 the submatrix An�j+2
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has the rank at most n� j, so the event MDepn�j+2(p) is ful�lled. Therefore matrix A has
at least j invariant factors divided by p with probability at most

(
2

p+ 1
)j p+ 1

p� 1
; p < �

(
1

�
)j �

�� 1
; p > �: (2)

Now the expected number of invariant factor divided by p is not greater than

3 + 3

j=nX

j=3

(
2

3
)j = 3 + 9(

2

3
)3 6 6; p = 2;

1 +

j=nX

j=1

(
2

p+ 1
)j p+ 1

p� 1
= 1 +

2(p + 1)

(p � 1)2
6 3; 2 < p < �;

1 +
�

(�� 1)2
< 2; p > � > 2: (3)

Proof.[Theorem 3.2] In addition
to MDepi(p) introduced earlier, let Depi denote an event that the �rst i columns of A are
linearly independent and MDepi, an event that either of MDepi(p) occurred. Recall that
P(Dep1 _MDep1(p)) 6 ��n; and P(Depi j :(Depi�1 _MDepi�1(p))) 6 ��n+i�1:
To bound P(MDepi j :(Depi�1 _MDepi�1(p))) we sum the results for all primes. For
p < �, i 6 n� 1 the sum can be bounded by

(
2

3
)n�i+2 +

X

�>p>8

(
1

�
d�
p
e)n�i+2

6 (
2

3
)n�i+2 + (

1

2
)n�i+2;

thanks to the lemma A.1.
For primes p > � we should estimate the number of primes dividing the (i � 1)th minor.
By the Hadamard’s bound (notice that Depi�1 does not hold), the minors are bounded in

absolute value by ((i� 1)�2)
i�1
2 . Therefore the number of primes p > � dividing the minor

is at most i�1
2 (log�(i� 1) + 2)): Summarizing,

P((MDepi ^Depi) j:(Depi�1 _MDepi�1(p)))

6 (
1

�
)n�i+1 + (

2

3
)n�i+2 + (

1

2
)n�i+2 +

i� 1

2
(log�(i� 1) + 2) (

1

�
)n�i+2

for 2 6 i 6 n� 1.
By the same argument as in the previous proof

P(MDepn�j+2) 6 ��n + (
1

�
)j�1 �

�� 1
+ 3(

2

3
)j + 2(

1

2
)j +

n� j + 1

2
(log�(n� i+ 1) + 2) (

1

�
)j �

�� 1
:

(4)
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Similarly, the probability that the number of invariant factors at least j is greater than
P(MDepn�j+2).
To calculate the expected number of invariant factors we �rst consider the case

n� j + 1

2

�
log�(n� j + 1) + 2

�
(
1

�
)j �

�� 1
< 1:

It su�ces that n(log�(n) + 1) 6 �j; and therefore log�(n) + log�(log�(n) + 1) 6 j. Conse-
quently, the expected number of invariant factors is

dlog�(n)+log�(log�(n)+1)eX

j=1

1 +

nX

j=dlog�(n)+log�(log�(n)+1)e+1

�
��n + (

1

�
)j�1 �

�� 1
+ 3(

2

3
)j+

+ 2(
1

2
)j +

n� j + 1

2
(log�(n� j + 1) + 2))(

1

�
)j �

�� 1

�
= dlog�(n) + log�(log�(n) + 1)e+

+ 1 +
�+ 1

(�� 1)2
+ 4 + 1 6 log�(n) + log�(log�(n) + 1) + 9:

B Modular determinant

Lemma B.1. For n � n matrix A with entries chosen randomly and uniformly from the
set f0; 1 : : : S � 1g, the probability that pl < S divides the determinant det(A) is at most 3

pl

for p 6= 2; 3; 5 and 4
pl for p = 2; 3; 5 and S > 81.

Proof. To check whether ordp(det(A)) > l we will consider a process of diagonalization for
A mod pl as described in Algorithm LRE of [5]. It consists of diagonalization and reduction
steps. At ith diagonalization step, if an invertible entry is found, it is placed in the (i; i)
pivot position and the ith row and column are zeroed. If no invertible entry is found, we
proceed with a reduction step i.e. we consider the remaining (n � i + 1; n � i + 1) minor
divided by p. The problem now reduces to determining whether ordp of an (n�i+1; n�i+1)
matrix is greater than l � n+ i� 1.
In the probabilistic consideration we need to determine the distribution of entries mod pi

after each reduction step. First, for A with entries chosen uniformly and randomly from
the set f0; 1 : : : Sg, the probability that an entry is determined mod pi; i 6 l, is less than
or equal to �i(0) = 1

S d S
pi e. After k reductions and m diagonalization steps we consider

i 6 l � 2k (each reduction is performed on a matrix of order at least 2 and reduces the
determinant by at least p2) and a conditional probability of choosing the entries of a matrix

Am
k determined mod pi with a probability at most �i(k) = 1

Nk
dNk

pi e, where Nk =
l
� d S

p e

...

�

p

m

(the division is repeated k times). Since k is less than or equal to dl=2e� 1 and l 6 logp(S),
we have Nk > S

pk >
p
S and �i 6 2

pi throughout the diagonalization process.
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We will estimate the probability inductively. The estimations are performed for p > 5.
First, for l = 1, we recall the result of [20, p.62] that

P (p j det(A)) 6

nX

i=1

�1 6
3

p
:

Then for n = 2; l = 2,

P (p2 j det(A)) 6 (1 � P (p j aij8i;j))�2 + P (p j aij8i;j) 6 �2 + (�1)22
6

3

p2
:

Again for n = 2; 1 < l < n this becomes

P (pl j det(A)) 6 (1� P (p j aij8i;j))�l + P (p j aij8i;j)P (pl�2 j det(A1)):

Notice, that we sum over all possible diagonalization/reduction steps combinations. �i

bounds the probability of choosing the last diagonal entry determined mod pi. A1 is equal
to A=p. By induction for p > 5, P (pl j det(A)) can be bounded by 2

pl + (2
p)4 3

pl�2 6 3
pl .

Now we will consider n > 2. Again we can sum over all possible diagonalization/reduction
steps combinations and the resulting bound for the probability is

P (pl j det(A)) 6

lX

i=n

(1� P (p j aij8i;j6n)) : : : (1� P (p j an�i+1
ij 8i;j6i+1))�i2

1

+
2X

i=l�1

(1� P (p j aij8i;j6n)) : : : (1� P (p j an�i+1
ij 8i;j6i+1))�i2

1 P (pl�i j det(Ai
1))

+ (1� P (p j aij8i;j6n)) : : : (1� P (p j an�1
ij 8i;j62))�l

for l 6 n and similarly for l > n

P (pl; A) 6

2X

i=n

(1� P (p j aij8i;j6n)) : : : (1� P (p j an�i+1
ij 8i;j6i+1))�i2

1 P (pl�i j det(Ai
1))

+ (1� P (p j an�i+1
ij 8i;j6n)) : : : (1 � P (p j an�1

ij 8i;j62))�l:

Again, we can use the induction to get

P (pl j det(A)) 6
� lX

i=2

(
2

p
)i2 3

pl�i

�
+

2

pl
6

1X

i=0

(
3 � 24

pl+2
(
25

p4
)i) +

2

pl
6

3 � 24p4

pl+2(p4 � 25)
+

2

pl
6

3

pl

for p > 5. For p = 2; 3; 5 by similar calculations we can prove that, provided that Nk > 9,
P (pl; A) 6 4

pl . The condition on Nk is satis�ed as soon as
p
S > 9 i.e. S > 81.
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Newton’s method for the common eigenvector problem

Abdellatif El Ghazi Said El Hajji Luc Giraud Serge Gratton

Abstract

In [1] we have proved the sensitivity of computing the common eigenvector of two
matrices, and we’ve designed a new approach to solve this problem based on the notion
of the backward error.

In this paper we will use Newton’s method to compute a common eigenvector for
two matrices, taking the backward error as a stopping criteria, note that a recent
optimization-based approach has been proposed for eigenvalue and generalized eigen-
value computations [3].

We mention that no assumptions are made on the matrices A and B.

Introduction

Let A and B be complex n�n matrices, a nonzero complex vector x is a common eigenvector
of A and B if there exist complex numbers � and � such that:

�
Ax = �x
Bx = �x

(P )

It’s known that whenever the matrices A and B commute, they has at least one common
eigenvector. Also if the matrices A and B can be simultaneously brought to an upper
triangular form i.e : if there exists a nonsingular matrix P and triangular matrices R and
S such that: �

P�1AP = R
P�1BP = S

Then the �rst column of P is a common eigenvector of A and B.
In 1984 D. Shemesh [2] gave a computable criterion for two square matrices to possess

a common eigenvector:

Theorem 0.1 (Dan Shemesh). Two square matrices A and B have a common eigenvector
if and only if

L =

n�1\

k;l=1

Ker[Ak; Bl] 6= f0g

The Shemesh theoretical condition is not easy to bring into use in practice for two
reasons:
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First, it relies on an algorithm to compute the powers of matrices A and B, (the sen-
sitivity of computing the matrix powers is detailed by N.Higham in [4]), then compute the
intersection of the null-space of the matrices [Ak; Bl]. These algorithms are closely related
to the problem of the rank determination, that involves a lot of thresholds, whose deter-
mination is delicate and crucial to ensure the backward stability of the algorithm,( more
about stability can be found in [6, 7]).

Second, the condition enables to decide when a common eigenvector exists, but does
not provide an algorithm for computing it.

So rise the necessity to build a numerical algorithm to compute the common eigenvector
when it exist.

1 Ill-poseness of the problem

In [1] we’ve shown that it is not easy to �nd a common eigenvector of a pair of matrices in
the presence of round-o� errors since the related perturbations are likely to transform a pair
of matrices having a common eigenvector into a pair which does not enjoy this property.

We’ve proved the topological reason beyond this in the theorem :

Theorem 1.1. [1]:
The set of matrices which does not have any eigenvector in common is dense in the set of
all pairs of matrices i.e.

�S = Mn(IC)2

where

S = f(A;B) 2Mn(IC)2=A and B does not have a common eigenvectorg
Then we’ve de�ned a new concept of approximate common eigenvector based on the

notion of the backward error de�ned by :

De�nition 1.2. Let ~x be an approximation of the solution of the problem (P ), the backward
error � associated with ~x, noted �(~x), is given by:

�(~x) = min
~�;~�

minf� :

�
(A+ �A)~x = ~�~x

(B + �B)~x = ~�~x
g

where

� =

s
k�Ak2
kAk2 +

k�Bk2
kBk2 :

Furthermore, we have proved an explicit expression of the backward error �(~x).

Theorem 1.3. [1] The backward error is given by:

�(~x) =

vuutkA~x� (~xTA~x)
k~xk2 ~xk2

kAk2k~xk2 +
kB~x� (~xTB~x)

k~xk2 ~xk2
kBk2k~xk2 :

In the next section, we will use Newton’s method to �nd an approximation to the
common eigenvector , we’ll use the backward error as a stopping criteria.
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2 Gauss-Newton’s method.

�x is a common eigenvector of A and B if

�
A�x = ��x
B�x = ��x

Since an eigenvector is not unique, we can suppose that �x verify for a given y :

yT �x = 1

then � = yTA�x and � = yTB�x
Set

F : ICn �! IC2n+1

x 7�!

2
4
Ax� (yTAx)x
Bx� (yTBx)x

yTx� 1

3
5

We have F (�x) = 0.
In the neighborhood of the current iterate xc, F can be expanded in Taylor series

F (xc + p) = F (xc) + J(xc):p +O(p2)

J is the gradient of F .

J(x) =

2
4

(I � xyT )A� (yTAx)I
(I � xyT )B � (yTBx)I

yT

3
5

By neglecting terms of order p2 and higher and choosing a step p such that

F (xc + p) = 0

we obtain J(xc):p = �F (xc), the correction p are then added to the solution, we get the
algorithm:

step 0 : choose x0

step 1 : repeat until convergence
step 1.1 : solve J(xk)pk = �F (xk).
step 1.2 : update xk+1 = xk + pk

Newton’s method is attractive because under appropriate conditions it converges rapidly
from any su�ciently good initial guess. In particular, if the Jacobian is nonsingular at the
solution, local quadratic convergence can be proved [5,Theorem 5.2.1 page 90]. The Kan-
torovich Theorem yields a weaker bound on the convergence rate but makes no assumption
on the nonsingularity of Jacobian at the solution [5,Theorem 5.3.1 page 92].



206 El Ghazi et al. Transgressive Computing

2.1 The damped Gauss-Newton.(DGN)

To accept the Newton step p we require that it decrease kFk, this is the same requirement
we would impose if we were trying to minimize

f =
1

2
F T :F =

1

2
kFk2

To get a more useful method we take instead

xk+1 = xk + �kpk

Where �k is a parameter to be �xed so f(xk + �kpk) decrease su�ciently.
The Newton step p is a descent direction for f since:

rfT :p = F T :J:p = �F T :F < 0

The resulting method, is called the damped Gauss-Newton method.

2.1.1 Backtracking:

The common procedure of choosing �k is to try the full Newton step i.e choose �k =
1 because once we are close enough to the solution we will get quadratic convergence.
However, we check at each iteration that the proposed step reduces f . If not, we backtrack
along the Newton direction until we have an acceptable step. Because the Newton step is
a descent direction for f, we are guaranteed to �nd an acceptable step by backtracking.

The criterion f(xk+1) < f(xk) can fail to converge in one of two ways:

� f is decreasing too slowly relative to the step lengths

� The steps are too small, relative to the initial rate of decrease of f

To �x the �rst problem we require that the average rate of decrease of f to be at lest some
fraction a 2]0; 1[ of the initial rate of decrease in that direction:

f(xk+1) � f(xk) + arfT :(xk+1 � xk) (1)

The second problem can be �xed by requiring the rate of decrease of f at xk+1 be larger
than some fraction b 2]a; 1[ of the rate of decrease of f at xk:

rf(xk)
T :(xk+1 � xk) � brf(xk+1)T :(xk+1 � xk) (2)

Then we choose for �k the largest number in the sequence 1, 1
2 , 1

4 , 1
8 :::: such that (1) and (2)

hold. In practice we haven’t to check condition (2) because backtracking avoid excessively
small steps. We get the algorithm:

step 0 : choose x0 and set x0 = x0

yT :x0
, choose a 2]0; 1[
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step 1 : �k = 1 and repeat until convergence
step 1.1 : solve J(xc)pc = �F (xc)
step 1.2 : update xk+1 = xk + �kpk.
step 1.3 : If (1) holds set xk = xk+1, and go to step 1 else �k = 1

2�k, and go
to step 1.1

2.1.2 Exact Line searches

We can choose �k so that xk+1 exactly minimizes f in the direction pk:

�k = min
�
f(xk + �pk)

or

f(x+ �p) =
1

2
kF (x+ �p)k2

with

F (x+ �p) =

2
4
A(x+ �p)� (yTA(x+ �p))(x+ �p)
B(x+ �p)� (yTB(x+ �p))(x+ �p)

yT (x+ �p)� 1

3
5

Let
u1 = �(yTAp)p
u2 = �(yTBp)p
v1 = Ap� (yTAx)p� (yTAp)x
v2 = Bp� (yTBx)p� (yTBp)x
v3 = yT p
w1 = Ax� (yTAx)x
w2 = Bx� (yTBx)x
w3 = yTx� 1

then

F (x+ �p) =

2
4
u1�

2 + v1�+ w1

u2�
2 + v2�+ w2

v3�+ w3

3
5

Let
a4 = 1

2(ku1k2 + ku2k2)
a3 = Re(uT1 v1) +Re(uT2 v2)
a2 = 1

2(kv1k2 + kv2k2 + 2Re(uT1 w1) + 2Re(uT2 w2) + v2
3)

a1 = Re(vT1 w1) +Re(vT2 w2) + w3v3

a0 = 1
2(kw1k2 + kw2k2 + w2

3)

then
f(x+ �p) = a4�

4 + a3�
3 + a2�

2 + a1�+ a0

and
df

d�
(x+ �p) = 4a4�

3 + 3a3�
2 + 2a2�+ a1



208 El Ghazi et al. Transgressive Computing

It’s root are the eigenvalues of the companion matrix:

C =

0
@

0 0 �1
4
a1
a4

1 0 �1
2
a2
a4

0 1 3
4
a3
a4

1
A

Then �k is the eigenvalue of C that minimize f . We get the algorithm:

step 0 : choose x0 and set x0 = x0

yT :x0
,

step 1 : repeat until convergence
step 1.1 : solve J(xk)pk = �F (xk)
step 1.2 : compute a1; a2; a3; a4, and the matrix C.
step 1.3 : compute the eigenvalues of C, and �k
step 1.4 : update xk+1 = xk + �kpk.

3 Newton’s method.

As the function f is special and easy to have it’s second derivative, we can use (directly)
the Newton’s method, and take

f(xc + p) ’ f(xc) +rf(xc)
T p+

1

2
pTr2f(xc)p

Since f = 1
2F

T (x)F (x)

rf = J(x)TF (x)

and

r2f(x) = J(x)TJ(x) +

2n+1X

i=1

Fi(x)r2Fi(x)

where
Fi(x) = eTi F (x); ei = (0; :::; 0; 1; 0; :::; 0)T

and the minimizer of f is given by

xk+1 = xk � [J(xk)
TJ(xk) +

2n+1X

i=1

Fi(x)r2Fi(xk)]
�1J(x)TF (xk)

with
2n+1X

i=1

Fi(x)r2Fi(x) =

2n+1X

i=1

(eTi F (x))(eTi r2F (x)) =

nX

i=1

eTi (Ax�(yTAx)x):eTi r2(Ax�(yTAx)x)+

nX

j=1

eTj (Bx�(yTBx)x)eTi r2(Bx�(yTBx)x)+

(yTx� 1)r2(yTx� 1)
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Or

eTi r2(Ax� (yTAx)x) = eTi r(A� (yTAx)I � xyTA) = eTi r(�(yTAx)I � xyTA) =

r(�(yTAx)eTi � eTi xyTA) = r(�xTAT yeTi � xT eiyTA) = �ATyeTi � eiyTA
Then
nX

i=1

eTi (Ax� (yTAx)x):eTi r2(Ax� (yTAx)x) =

nX

i=1

eTi (Ax� (yTAx)x)(�AT yeTi � eiyTA) =

�
nX

i=1

[AT yeTi (Ax� (yTAx)x)eTi + eTi ei(Ax� (yTAx)x)yTA] =

�AT y(Ax� (yTAx)x)T � (Ax� (yTAx)x)yTA

And
(yTx� 1)r2(yTx� 1) = 0

We get
2n+1X

i=1

Fi(x)r2Fi(x)

= �(AT y(Ax�(yTAx)x)T+(Ax�(yTAx)x)yTA+BT y(Bx�(yTBx)x)T+(Bx�(yTBx)x)yTB)

and we get the algorithm :

step 0 : choose x0 and set x0 = x0

yT :x0
,

step 1 : repeat until convergence
step 1.1 : compute J(xk), �k = yTAxk and �k = yTBx
step 1.2 : compute eA = Axk � �kxk,eB = Bxk � �kxk, and set

Df(xk) = [JTJ �AT yeTA + eAy
TA+BT yeTB + eBy

TB]

step 1.3 : compute p = DF�1JTF , and update xk+1 = xk + p.

3.1 Test examples

For a given vector u, we build a couple of matrices A and B having u as a common
eigenvector. To avoid to have a common eigenvector with multiplicity 1, we’ll associate the
common eigenvector u with a Jordan block.

� JA =

0
BBBBBBBBB@

Jordan blockz }| {2
666664

� 1 0 � � � 0
0 � 1 0
...

. . .
. . .

0 � 1
0 0 �

3
777775

0

0 [Random matrix]

1
CCCCCCCCCA
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� With the same technique with di�erent parameter we build JB

� Complete u to build a basis of IRn and set QA the corresponding matrix.

� Set v = (1; 2; ::::n)T or any vector linearly independent with u, and complete < u; v >
to get a basis for IRn and set QB the corresponding matrix.

� Set A = QA:JA:Q
T
A.

� SetB = QB :JB :Q
T
B .

Then A and B have u as a common eigenvector.

3.1.1 Numerical experiments

We note by ei the ith element of the canonical basis of IRn and x = rand(n; 1)0 is a Matlab
notation to design a randomize vector of size n.
The example below summarize what we’ve got for many test with di�erent matrices and
di�erent sizes. we generate two square 20 � 20 matrices with a common eigenvector u =
(1; 1:::; 1)T each component of u is equal to one. with an inial guess x = rand(n; 1)0 we
found:

DGN with backtraking DGN with exact line search Newton

iteration 7 6 6

the approximation u u u
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Latin squares associated to principal autotopisms of long

cycles. Application in Cryptography

Ra�ul M. Falc�on Ganfornina

Abstract

Fixed a principal isotopism � = (�; �; �) 2 S3
n, where Sn is the symmetric group of

the setN = f0; 1; :::; n�1g, we are going to study in this paper the number �(�) of Latin
squares which have � as a principal autotopism. As an application in Cryptography,
we use it in the construction of secret sharing schemes based in F-critical sets of Latin
squares.

Keyword: Latin square, Autotopism group, Critical set, Secret sharing scheme.

1 Introduction

A quasigroup [1] is a nonempty set G endowed with a product �, such that if any two of
the three symbols a; b; c in the equation a � b = c are given as elements of G, the third is
uniquely determined as an element of G. It is equivalent to say that G is endowed with left
= and right n division. Two quasigroups (G; �) and (H; �) are isotopic [4] if there are three
bijections �; �; 
 from H to G, such that:


(a � b) = �(a) � �(b); for all a; b 2 H:

The triple � = (�; �; 
) is called an isotopism from (G; �) to (H; �). IfG = H and � = � = 
,
the isotopism is indeed an isomorphism. If 
 = �, the identity map on G, � is called a
principal isotopism. If G = H and � � �, � is called an autotopism. Finally, � = (�; �; �) is
called the trivial autotopism.

If we consider the multiplication table of a quasigroup, we obtain a Latin square. A
Latin square, L, of order n, is a n� n array with elements chosen from a set of n symbols
N = fx1; :::; xng, such that each symbol occurs precisely once in each row and each column.
A Latin subrectangle of L is a rectangular subarray R of L such that exactly the same
symbols occur in each row of R. The set of Latin squares of order n is denoted by LS(n).
A partial Latin square, P , of order n, is a n � n array with elements chosen from a set of
n symbols, such that each symbol occurs at most once in each row and in each column.
The set of partial Latin squares of order n is denoted as PLS(n). It is said that a �xed
P 2 PLS(n) can be uniquely completed to a Latin square L 2 LS(n) if L is the unique
Latin square such that P � L and it is denoted P 2 UC(L). If besides any proper subset
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of P can be completed to two distinct Latin squares it is said that P is a critical set of
L and it is denoted P 2 CS(L). A critical set of L is said minimal if it has the smallest
size of all possible critical sets of L. Critical sets were introduced in the last 70’s of the
past century [15], [6]. Applications of them in Cryptography were obtained by Seberry [18]
in 1990. Later on, it has been proved that critical sets allow to construct secret sharing
schemes [5]. In [10] it can be observed some of these applications to Cryptography.

The cardinality of LS(n) for all n 2 N, N(n; n), is still an open problem, although it
is known that this cardinality grows exponentially. Studies of N(n; n) with n � 11 can be
found in [20], [2] or [14]. We will consider from now on N = f0; 1; :::; n�1g. So, if L = (lij),
the orthogonal array representation of L is the set of n2 triples f(i; j; lij ) : 0 � i; j � n� 1g.
An isotopism of a Latin square L is a triple � = (�; �; 
) 2 In = Sn � Sn � Sn, where
Sn is the symmetric group on N and so, �; � and 
 are respectively, permutations of rows,
columns and symbols of L. The resulting square L� is also a Latin square and it is said to be
isotopic to L. In particular, if L = (lij), then L� = f(i; j; 
�1

�
l�(i)�(j)

�
: 0 � i; j � n� 1g.

The set of all Latin squares isotopic to L is called its isotopy class. An isotopism which
maps L to itself is an autotopism. The stabilizer subgroup of L in In is its autotopism
group, U(L) = f� 2 In : L� = Lg. Given P 2 PLS(n), contained in L, and F � U(L), it
is de�ned the extended autotopy PF =

S
�2FP

� 2 PLS(n).
Cardinalities of isotopy classes and autotopism groups have been already studied, for

example in [17], [7] or, more recently, in [13] and [14]. In these two last papers, authors
have used autotopism group sizes (computed by B.D. McKay’s nauty [11]) to give counts of
Latin squares of order up to 11. Indeed, as a �rst step to obtain it, they have studied the
possible autotopisms of a given Latin square. To do it, they have de�ned the cycle structure
of a permutation 
 as the sequence (n1; n2; :::), where ni is the number of cycles of length i
in 
. So, they have proved the following:

Theorem 1.1. (McKay, Meynert and Myrvold [13]) Let L 2 LS(n). Every non-
trivial � = (�; �; 
) 2 U(L) veri�es one of the following assertions:

a) �; �; 
 have the same cycle structure with at least one and at most bn=2c �xed points,

b) One of �; �; 
 has at least one �xed point and the other two have the same cycle
structure without �xed points,

c) None of �; �; 
 has �xed points. �

Also in these papers, they have studied the reciprocal question. That is, given an
isotopism � = (�; �; 
) 2 In, how many Latin squares there exist such that � is an
autotopism of all of them. However, they are not interested in the number of Latin squares
but in the number of isotopy classes. Besides, they only study [13] some concrete cases of
autotopisms:

a) For some prime p, �; � and 
 have order p with the same number m of �xed points,
where 1 � m � bn=2c.
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b) For some prime p dividing n, � and � have order p and no �xed points, and 
 has
order 1 or p. If p = 2 and n � 2 (mod 4), 
 has at least two �xed points.

To obtain the previous number, they use computer programs which incorporate two
methods of approach to generation: the orderly approach method [9], [16] and the canonical
construction path method [12]. In particular, this last one allows to construct a Latin square
one row block at a time, where a row block consists of the rows which correspond to a cycle
of �.

Nevertheless, a study of the number of Latin squares associated to any autotopism is even
necessary. Indeed, this question will allow to study better the problem of the smallest size of
F-critical sets [8]: Fixed L 2 LS(n), P 2 PLS(n) contained in L and F � U(L), it is de�ned
F(P ) = P<F>, where < F > is the subgroup of U(L) generated by F. Then, P is uniquely
F-completable to L, which is denoted as P 2 UCF(L), if F(P ) 2 UC(L). Furthermore, P is
a F-critical set if P 2 UCF(L) and Q 62 UCF(L) for all Q � P . Analogous to critical sets,
it is expected that F-critical sets will have applications in Cryptography, specially as secret
sharing schemes.

In this paper we will start this study with a particular case of autotopisms, the principal
ones, which have been partially studied in [13], although only to get the number of isotopy
class. The paper is structured as follows. In the next section, �xed a principal isotopism
� = (�; �; �) 2 In, we will study the number �(�) of Latin squares which have � as a
principal autotopism. First, we will prove that � and � must have the same cycle structure
with all their cycles of the same length and without �xed points. Then, we will study the
cases in which this length is n

k , with k 2 f1; 2; 3; 4g. We will use the canonical construction
path to generate the associated Latin squares. So, in the general case, we will see that:

�(�) = n! �
�n
k

!
�k(k�1)

� 
(�);

where 
(�) is the number of di�erent ways in which we can choose a determined set of row
blocks. Finally, the paper �nishes in the third section with a study in Cryptography about
the possible use of a set F of autotopisms of a Latin square L as shares of a secret sharing
scheme. To get it, we will keep in mind the concept of F-critical set of L.

2 Principal autotopisms of Latin squares

Fixed n 2 N and � 2 In, we will denote by �(�) the number of Latin squares of order n
such that � is an autotopism of all of them, and by LS(�) the set of such Latin squares.
That is, �(�) = jLS(�)j and L 2 LS(�) if and only if � 2 U(L). In this paper, we are
interested in the value of �(�) if � is a principal isotopism, that is, if � = (�; �; �), where �
is the identity map in N = f0; 1; :::; n�1g. It is clear that (�; �; �) 2 U(L) for all L 2 LS(n).
So, �((�; �; �)) = N(n; n), the number of Latin squares of orden n. Therefore, we must
study when � is a non-trivial principal autotopism of a Latin square.

Let us see a result which allows to �x the structure of � in the more general case in
which � is one of the permutations of �:
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Proposition 2.1. Let � = (�; �; 
) 2 In be a non-trivial isotopism. If one of the permu-
tations �; � or 
 is equal to �, then �(�) > 0 only if the other two permutations have the
same cycle structure with all their cycles of the same length and without �xed points.

Proof.
We are in the case (b) of Theorem 1.1. So, if the other two permutations have not

the same cycle structure or have �xed points, then �(�) = 0. Let us study the di�erent
possibilities:

a) If � = �, let us consider that � and 
 have the same cycle structure without �xed
points. Let us take b; c 2 N = f0; 1; :::; n� 1g such that b appears in a cycle of length
�� of �, (bx2x3:::x��

), and c appears in a cycle of length �
 of 
, (cy2y3:::y�
 ). We
can suppose that �� > �
 . If L = (lij) 2 LS(n) is such that � 2 U(L), there must
exist a 2 N such that lab = c. So, lab = c = lax�
+1

, which is a contradiction with
being L 2 LS(n).

b) If � = �, we reason analogously to (a).

c) If 
 = �, let us consider that � and � have the same cycle structure without �xed
points. Let us take a; b 2 N such that a appears in a cycle of length �� of �,
(ax2x3:::x��), and b appears in a cycle of length �� of �, (by2y3:::y��

). We can
suppose that �� < ��. If L = (lij) 2 LS(n) is such that � 2 U(L), then lab = lay��+1

,
which is a contradiction with being L 2 LS(n).

Keeping in mind the previous proposition, we will be interested from now on in principal
autotopisms � = (�; �; �), such that � and � have the same cycle structure with all their
cycles of the same length and without �xed points. Given such a �, we are interested in
the exact value of �(�). To see it, we start with cycles of length n and later on, we will
decrease this length.

2.1 Cycles of length n

If � and � are both cycles of length n, we obtain the following result:

Proposition 2.2. Let � = (�; �; �) 2 In be such that � and � are both cycles of length n.
Then, �(�) = n!.

Proof.
Let � = (a0a1:::an�1) and � = (b0b1:::bn�1) be two cycles of length n of N . We can

obtain a Latin square L = (lij) such that � 2 U(L). To do it, for all i 2 N , let us take
l0i 2 N , such that l0j 6= l0k for all j 6= k. We can supppose that a0 = 0. Now, �xed i 2 N ,
we take ti 2 N such that bti = i. So, lajbti+j (mod n)

= l0i, for all j 2 N . In this way, we can
de�ne the Latin square L. Furthermore, by swapping the elements l0i in N , we can obtain
n! distinct Latin squares and it cannot exist other one such that has � as an autotopism.

Let us see an example:
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Example 2.3. Let us consider n = 3 and N = f0; 1; 2g. There are 36 elements of I3 with
the form (�; �; �). However, from Proposition 2.1, only �ve of them are autotopisms of some
Latin square of order 3. They are:

�1 = (�; �; �); �2 = ((012); (012); �); �3 = ((012); (021); �)
�4 = ((021); (012); �); �5 = ((021); (021); �)

Besides, it can be seen that:

LS(�1) = LS(3)

LS(�2) = LS(�5) =

8
<
:

0
@
a b c
c a b
b c a

1
A 2 LS(3) : a; b; c 2 N

9
=
;

LS(�3) = LS(�4) =

8
<
:

0
@
a b c
b c a
c a b

1
A 2 LS(3) : a; b; c 2 N

9
=
;

So, �(�1) = 12 and �(�i) = 6, if i 2 f2; 3; 4; 5g. Let us observe that LS(�2)\LS(�3) =
; and that LS(�2) [ LS(�3) = LS(3). C

2.2 Cycles of length n
2

Now, if n > 2 is even and if � and � are both cycles of length n
2 , we obtain the following

result:

Proposition 2.4. Let � = (�; �; �) 2 In, where n > 2 is even, be such that � and � are

both the composition of two cycles of length n
2 . Then, �(�) = n! �

�
n
2 !
�2

.

Proof.
Let us suppose that:

� = (a0a1:::an
2

�1)(an
2
an

2
+1:::an�1); � = (b0b1:::bn

2
�1)(bn

2
bn

2
+1:::bn�1):

By using the canonical construction path [12], we can obtain a Latin square L = (lij) such
that � 2 U(L). To do it, similarly to Proposition 2.2, we take la0i 2 N for all i 2 N ,
such that la0j 6= la0k for all j 6= k. Now, �xed i 2 N , we take ti 2 N such that bti = i.
So, lajbti+j (mod n

2 )
= la0i, for all j 2 f0; 1; :::; n2 � 1g. In this way, we can de�ne a Latin

subrectangle R of L of n
2 rows and n columns. Indeed, R is a row block, because its rows

correspond to the cycle (a0a1:::an
2

�1). Besides, by swapping the elements l0i in N , we can
obtain n! di�erent Latin subrectangles of L, all of them associated by construction to the
same rows.

Now, we do the same process with an
2

in the place of a0, although when we choose the
elements lan

2
i 2 N , we must keep in mindR, as Lmust be a Latin square. That is, it must be

lan
2
i 2 fla0 n

2
; la0(n

2
+1); :::; la0ng for all i 2 f0; 1; :::; n2 � 1g and lan

2
i 2 fla01; la02; :::; la0( n

2
�1)g
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for all i 2 fn2 ; n2 + 1; :::; ng. Therefore, in this way we can obtain �nally n! �
�
n
2 !
�2

di�erent
Latin squares which have � as an autotopism.

Let us see an example:

Example 2.5. Let us consider n = 4 and N = f0; 1; 2; 3g. If � = (�; �; �) 2 I4 is a
principal isotopy such that � and � are both products of two cycles of length 2, � must be
one of the followings:

�1 = ((01)(23); (01)(23); �); �2 = ((01)(23); (02)(13); �);
�3 = ((01)(23); (03)(12); �); �4 = ((02)(13); (01)(23); �);
�5 = ((02)(13); (02)(13); �); �6 = ((02)(13); (03)(12); �);
�7 = ((03)(12); (01)(23); �); �8 = ((03)(12); (02)(13); �);

�9 = ((03)(12); (03)(12); �).

By swapping the values of a; b; c; d; e; f; g in N , we have that:

LS(�1) =

8
>><
>>:

0
BB@

a b c d
b a d c
e f g h
f e h g

1
CCA 2 LS(4)

9
>>=
>>;

LS(�2) =

8
>><
>>:

0
BB@

a b c d
c d a b
e f g h
g h e f

1
CCA 2 LS(4)

9
>>=
>>;

LS(�3) =

8
>><
>>:

0
BB@

a b c d
d c b a
e f g h
h g f e

1
CCA 2 LS(4)

9
>>=
>>;

LS(�4) =

8
>><
>>:

0
BB@

a b c d
e f g h
b a d c
f e h g

1
CCA 2 LS(4)

9
>>=
>>;

LS(�5) =

8
>><
>>:

0
BB@

a b c d
e f g h
c d a b
g h e f

1
CCA 2 LS(4)

9
>>=
>>;

LS(�6) =

8
>><
>>:

0
BB@

a b c d
e f g h
d c b a
h g f e

1
CCA 2 LS(4)

9
>>=
>>;

LS(�7) =

8
>><
>>:

0
BB@

a b c d
e f g h
f e h g
b a d c

1
CCA 2 LS(4)

9
>>=
>>;

LS(�8) =

8
>><
>>:

0
BB@

a b c d
e f g h
g h e f
c d a b

1
CCA 2 LS(4)

9
>>=
>>;

LS(�9) =

8
>><
>>:

0
BB@

a b c d
e f g h
h g f e
d c b a

1
CCA 2 LS(4)

9
>>=
>>;

So, jLS(�i)j = �(�i) = 4! � (2!)2 = 96. By the other way, let us observe that LS(�i) \
LS(�j) = ;, except for:
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(i; j) LS(�i) \ LS(�j) (i; j) LS(�i) \ LS(�j)

(1; 5)
(1; 9)
(5; 9)

8
>><
>>:

0
BB@

a b c d
b a d c
c d a b
d c b a

1
CCA 2 LS(4)

9
>>=
>>;

(1; 6)
(1; 8)
(6; 8)

8
>><
>>:

0
BB@

a b c d
b a d c
d c b a
c d a b

1
CCA 2 LS(4)

9
>>=
>>;

(2; 4)
(2; 9)
(4; 9)

8
>><
>>:

0
BB@

a b c d
c d a b
b a d c
d c b a

1
CCA 2 LS(4)

9
>>=
>>;

(2; 6)
(2; 7)
(6; 7)

8
>><
>>:

0
BB@

a b c d
c d a b
d c b a
b a d c

1
CCA 2 LS(4)

9
>>=
>>;

(3; 4)
(3; 8)
(4; 8)

8
>><
>>:

0
BB@

a b c d
d c b a
b a d c
c d a b

1
CCA 2 LS(4)

9
>>=
>>;

(3; 5)
(3; 7)
(5; 7)

8
>><
>>:

0
BB@

a b c d
d c b a
c d a b
b a d c

1
CCA 2 LS(4)

9
>>=
>>;

Where a; b; c; d 2 N . Therefore, as all the previous intersection contains 4! Latin squares

and �(�i) = 4�4! for all i 2 f0; 1; :::; 9g, it can be seen that
���
S9
i=1 LS(�i)

��� = 6�4!+9�2�4! =

24 � 4! = 576 = jLS(4)j. C

2.3 Cycles of length n
3

Let us suppose now that � and � are both cycles of length n
3 :

Proposition 2.6. Let � = (�; �; �) 2 In, where n > 3 is a multiple of 3, be such that �
and � are both the composition of three cycles of length n

3 . So:

�(�) = n! �
�n

3
!
�6
�
n=3X

k=0

�
n=3
k

�3

:

Proof.
Let us suppose that:

� = (a0a1:::an
3

�1)(an
3
an

3
+1:::a 2n

3
�1)(a 2n

3
a 2n

3
+1:::an�1);

� = (b0b1:::bn
3

�1)(bn
3
bn

3
+1:::b 2n

3
�1)(b 2n

3
b 2n

3
+1:::bn�1):

To obtain a Latin square L = (lij) such that � 2 U(L), it is useful to consider the
sets Si;j = flai� n

3
bj� n

3
; lai� n

3
bj� n

3 +1
; :::; lai� n

3
b(j+1)� n

3 �1
g and Si =

S
j S

i;j, where i; j 2 f0; 1; 2g.
Let us observe that, analogously to the previous results, if, �xed i 2 f0; 1; 2g, we know the
n
3 elements of Si, we can de�ne a Latin subrectangle Ri of L of n

3 rows and n columns.
Indeed, each Ri is the conveniently ordered (that is, unless principal isotopism) following
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n
3 � n array: 0

BBBB@

lai� n
3
b0 lai� n

3
b1 : : : lai� n

3
bn�1

lai� n
3 +1b0 lai� n

3 +1b1 : : : lai� n
3 +1bn�1

...
...

. . .
...

la(i+1)� n
3 �1b0 la(i+1)� n

3 �1b1 : : : la(i+1)� n
3 �1bn�1

1
CCCCA

Therefore, if we exactly know the elements of S0; S1 and S2, we will obtain L. Indeed,
the product of the di�erent ways in which we can �x these three sets is the number of
di�erent Latin squares which have � as a principal autotopism.

We can start with S0, which can be �xed of n! di�erent ways. Now, to obtain S1, we �x
in a �rst step the elements of S1;0. This set will contain k elements of S0;1 and n

3�k elements

of S0;2, where k can vary between 0 and n
3 . That is, we can �x S1;0 of n

3 ! �Pn=3
k=0

�
n=3
k

�2

ways. Besides, for each of the previous ways, the k elements of S0;2 which have not been
chosen for S1;0 must be in S1;1 and the n

3 � k elements of S0;1 which have not been chosen
for S1;0 must be in S1;2. To complete these sets we must choose k elements of S0;0 which
will correspond to S1;1, corresponding the rest of the elements of S0;0 to S1;2. So, S1 can

be chosen of
�
n
3 !
�3 �Pn=3

k=0

�
n=3
k

�3

di�erent ways.

Finally, to obtain S2, let us observe that according to the previous process, we know
which elements correspond to each S2;j and we only must assign each of them to the
corresponding la

k� 2n
3
bl

. So, we can �x S2 of
�
n
3 !
�3

di�erent ways. Therefore, we �nally

obtain that:

�(�) = n! �
�n

3
!
�3
�
n=3X

k=0

�
n=3
k

�3

�
�n

3
!
�3

= n! �
�n

3
!
�6
�
n=3X

k=0

�
n=3
k

�3

:

Let us see an example:

Example 2.7. Let us consider n = 6 and N = f0; 1; 2; 3; 4; 5g. There are 152 = 225
principal isotopisms (�; �; �) 2 I6, with � and � being a composition of three cycles of
length 2. We will work, for example, with the following principal isotopisms:

�1 = f((01)(23)(45); (02)(35)(14); �)g;

�2 = f((02)(14)(35); (01)(23)(45); �)g:
So:

LS(�1) =

8
>>>>>><
>>>>>>:

0
BBBBBB@

a b c d e f
c e a f b d
g h i j k l
i k g l h j
m o p q r s
p r m s o q

1
CCCCCCA
2 LS(6)

9
>>>>>>=
>>>>>>;

a;b;:::;r;s2N

;
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LS(�2) =

8
>>>>>><

>>>>>>:

0
BBBBBB@

a b c d e f
g h i j k l
b a d c f e
m o p q r s
h g j i l k
o m q p s r

1
CCCCCCA
2 LS(6)

9
>>>>>>=

>>>>>>;
a;b;:::;r;s2N

From Proposition 2.6, �(�1) = �(�2) = 6! � (2!)6 �P2
k=0

�
2
k

�3

= 460800. Besides:

LS(�1) \ LS(�2) =

8
>>>>>><

>>>>>>:

0
BBBBBB@

a b c d e f
c e a f b d
b a d c f e
d f b e a c
e c f a d b
f d e b c a

1
CCCCCCA
2 LS(6)

9
>>>>>>=

>>>>>>;
a;b;:::;k;l2N

;

being jLS(�1) \ LS(�2)j = 6! = 720. C

2.4 Cycles of length n
4

Let us now suppose that � and � are both the composition of four cycles of length n
4 :

� = (a0a1:::an
4

�1)(an
4
an

4
+1:::a 2n

4
�1)(a 2n

4
a 2n

4
+1:::a 3n

4
�1)(a 3n

4
a 3n

4
+1:::an�1);

� = (b0b1:::bn
4

�1)(bn
4
bn

4
+1:::b 2n

4
�1)(b 2n

4
b 2n

4
+1:::b 3n

4
�1)(b 3n

4
b 3n

4
+1:::bn�1):

To obtain �(�), we will now indicate a possible algorithm to follow. So, to get a
Latin square L 2 LS(n) which has � as a principal autotopism, we can de�ne, �xed
i; j 2 f0; 1; 2; 3g and analogously to the proof of Proposition 2.6, the sets Si;j = flai� n

4
bj� n

4
;

lai� n
4
bj� n

4 +1
; :::; lai� n

4
b(j+1)� n

4 �1
g and Si =

S
j S

i;j. Fixed the elements lst corresponding to each

Si, we can obtain a subrectangle Ri of L, in a similar way as we have just done it in the
mentioned proof. Therefore, to get L, we must �x all the sets Si and to do it, we can follow
the next algorithm: �rst, we �x S0, which can be obtained of n! di�erent ways. Then, we
are going to �x the sets Si with i from 1 to 3, in this order. To obtain each Si we must �x
the sets Si;j, with j from 0 to 3, also in this order.

Let us observe that, once we have �xed the elements of S0;j for all j 2 f0; 1; 2; 3g,
whenever we want to �x the elements of a set Si;j, with i 6= 0, we must choose xt elements
of S0;t with t 2 f0; 1; 2; 3g n fjg, in such a way that

P
t xt = n

4 . Besides, all these elements
must be adequately chosen to obtain �nally a Latin square. So, to simplify the notation,
we are going to de�ne for each i 2 f1; 2; 3g and j 2 f0; 1; 2; 3g:

si;j =
�
si;j0 ; si;j1 ; si;j2 ; si;j3

�
2
n

0; 1; :::;
n

4

o4
;

such that:
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i) si;jj = 0, for all i 2 f1; 2; 3g and j 2 f0; 1; 2; 3g,

ii)
P3

t=0 s
i;j
t = n

4 , for all i 2 f1; 2; 3g and j 2 f0; 1; 2; 3g,

iii)
P3

j=0 s
i;j
t = n

4 , for all i 2 f1; 2; 3g and t 2 f0; 1; 2; 3g,

iv)
P3

i=1 s
i;j
t = n

4 , for all j 2 f0; 1; 2; 3g and t 2 f0; 1; 2; 3g n fjg.

Then, �xed a subset A � S0, we will say that we choose si;j = (si;j0 ; si;j1 ; si;j2 ; si;j3 )

elements of S0 nA to �x the elements which belong to Si;j, if we choose si;j0 ones of S0;0 nA,

si;j1 ones of S0;1 n A, si;j2 ones of S0;2 n A and si;j3 ones of S0;3 n A. Let us observe that the
previous conditions (i) to (iv) are therefore necessary to get a Latin square starting from
all the so �xed Si;j .

Therefore, the canonical construction path method in this case follows the next algo-
rithm:

Algorithm 2.8.

i) S0 can be �xed of n! di�erent ways.

ii) To determine S1;0 we must choose (0; s1;0
1 ; s1;0

2 ; n4 � s
1;0
1 � s1;0

2 ) elements of S0, where

s1;0
1 + s1;0

2 � n
4 .

Fixed s1;0
1 and s1;0

2 :

iii) To determine S1;1 we must choose (s1;1
0 ; 0; s1;1

2 ; n4 � s
1;1
0 � s1;1

2 ) elements of S0 n S1;0,

where s1;1
2 � n

4 � s
1;0
2 and n

4 � s
1;0
1 � s

1;0
2 � s1;1

0 + s1;1
2 � n

4 .

iv) To determine S2;0 we must choose (0; s2;0
1 ; s2;0

2 ; n4 � s
2;0
1 � s2;0

2 ) elements of S0 n S1;0,

where s2;0
1 � n

4 � s
1;0
1 , s2;0

2 � n
4 � s

1;0
2 and n

4 � s
1;0
1 � s1;0

2 � s2;0
1 + s2;0

2 � n
4 .

Fixed s1;1
0 and s1;1

2 :

v) The rest of the s1;0
1 + s1;0

2 + s1;1
0 + s1;1

2 � n
4 elements of S0;3 which we have not yet

used to �x S1;0 and S1;1 must be in S1;2. Besides, we must choose s1;2
0 elements

of S0;0 n S1;1 and n
2 � s1;0

1 � s1;0
2 � s1;1

0 � s1;1
2 � s1;2

0 elements of S0;1 n S1;0, where
n
4 � s

1;0
2 � s1;1

0 � s1;1
2 � s1;2

0 � n
4 � s

1;1
0 and s1;0

1 + s1;0
2 + s1;1

0 + s1;1
2 � n

4 + s1;2
0 � n

4 .

Fixed s2;0
1 and s2;0

2 :

vi) To determine S2;1 we must choose (s2;1
0 ; 0; s2;1

2 ; n4 � s
2;1
0 � s

2;1
2 ) elements of S0 n fS1;1 [

S2;0g, where s2;1
0 � n

4 � s
1;1
0 , s2;1

2 � n
4 � s

1;1
2 � s2;0

2 and n
2 � s

2;0
1 � s2;0

2 � s1;1
0 � s1;1

2 �
s2;1

0 + s2;1
2 � n

4 . Besides:
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a) As to �x S2;1 and S1;2, we would have used s2;1
0 + s1;2

0 elements of S0;0, to exist

S2;2 we must also impose that s2;1
0 + s1;2

0 � n
4 .

b) As to �x S2;0 and S1;2, we would have used s2;0
1 + n

2 �s
1;0
1 �s1;0

2 �s1;1
0 �s1;1

2 �s1;2
0

elements of S0;1, to exist S2;2 we must also impose that s2;0
1 + n

2 � s
1;0
1 � s1;0

2 �
s1;1

0 � s
1;1
2 � s

1;2
0 � n

4 .

c) As to �x S2;0, S2;1 and S1;2, we would have used n
4 � (s2;0

1 + s2;0
2 + s2;1

0 + s2;1
2 �

s1;0
1 � s1;0

2 � s1;1
0 � s1;1

2 ) elements of S0;3, to exist S2;2 we must impose that

0 � s2;0
1 + s2;0

2 + s2;1
0 + s2;1

2 � s1;0
1 � s1;0

2 � s1;1
0 � s1;1

2 � n
4 .

Finally, �xed s2;1
0 and s2;1

2 :

vii) The rest of the s2;0
1 +s2;0

2 +s2;1
0 +s2;1

2 �s
1;0
1 �s

1;0
2 �s

1;1
0 �s

1;1
2 elements of S0;3 which we

have not yet used to �x S2;0, S2;1 and S1;2 must be in S2;2. Besides, we must choose s2;2
0

elements of S0;0nfS1;2[S2;1g and n
4�s

2;0
1 �s2;0

2 �s2;1
0 �s2;1

2 +s1;0
1 +s1;0

2 +s1;1
0 +s1;1

2 �s2;2
0

elements of S0;1 nfS2;0[S1;2g, where n
2 �s

2;0
2 �s2;1

0 �s2;1
2 �s1;2

0 � s2;2
0 � n

4 �s
1;2
0 �s2;1

0

and s2;0
1 + s2;0

2 + s2;1
0 + s2;1

2 � s1;0
1 � s1;0

2 � s1;1
0 � s1;1

2 + s2;2
0 � n

4 .

After this process, the elements of the sets S1;3; S2;3; S3;0; S3;1; S3;2 and S3;3 are all
determined. So, we can obtain a Latin square L which has � as a principal autotopism.
To get it, we must only �x in each Si;j the elements which correspond with each lai� n

4
bj� n

4 +t

with t 2 f0; 1; :::; n � 1g. It can be done, once we know which elements are in Si;j, of n
4 !

di�erent ways.

So, if we denote by 
(�) the number of di�erent ways in which we can choose the
elements that are included in all the subsets Si;j with i 2 f1; 2; 3g and j 2 f0; 1; 2; 3g, by
following the previous algorithm, we obtain �nally the following:

Proposition 2.9. Let � = (�; �; �) 2 In, where n > 4 is a multiple of 4, be such that �
and � are both the composition of four cycles of length n

4 . So:

�(�) = n! �
�n

4
!
�12
� 
(�)

�

In the next table, we can see some values of 
(�), obtained by computing the previous
algorithm with Mapler:

n 8 12 16 20 24 28


(�) 535 60582 10144679 1829667628 362014297870 75689842399097

Let us see an example:
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Example 2.10. Let us consider n = 8 and N = f0; 1; 2; 3; 4; 5; 6; 7g and let us take the
following principal isotopisms:

�1 = f((01)(23)(45)(67); (01)(24)(35)(67); �)g;
�2 = f((02)(13)(46)(57); (02)(14)(36)(57); �)g;
�3 = f((04)(15)(26)(37); (03)(15)(26)(47); �)g:

So:

LS(�1) =

8
>>>>>>>>>><

>>>>>>>>>>:

0
BBBBBBBBBB@

a b c d e f g h
b a e f c d h g
i j k l m o p q
j i m o k l q p
r s t u v w x y
s r v w t u y x
z A B C D E F G
A z D E B C G F

1
CCCCCCCCCCA

2 LS(8)

9
>>>>>>>>>>=

>>>>>>>>>>;
a;b;:::;y;z;A;B;:::;F;G2N

;

LS(�2) =

8
>>>>>>>>>><

>>>>>>>>>>:

0
BBBBBBBBBB@

a b c d e f g h
i j k l m o p q
c e a g b h d f
k m i p j q l o
r s t u v w x y
z A B C D E F G
t v r x s y u w
B D z F A G C E

1
CCCCCCCCCCA

2 LS(8)

9
>>>>>>>>>>=

>>>>>>>>>>;
a;b;:::;y;z;A;B;:::;F;G2N

;

LS(�3) =

8
>>>>>>>>>><
>>>>>>>>>>:

0
BBBBBBBBBB@

a b c d e f g h
i j k l m o p q
r s t u v w x y
z A B C D E F G
d f g a h b c e
l o p i q j k m
u w x r y s t v
C E F z G A B D

1
CCCCCCCCCCA

2 LS(8)

9
>>>>>>>>>>=
>>>>>>>>>>;

a;b;:::;y;z;A;B;:::;F;G2N

:

From Proposition 2.9, �(�1) = �(�2) = �(�3) = 8! � (4!)12 � 535 = 88355635200.
Besides:

LS(�1) \ LS(�2) \ LS(�3) =

8
>>>>>>>>>><
>>>>>>>>>>:

0
BBBBBBBBBB@

a b c d e f g h
b a e f c d h g
c e a g b h d f
e c b h a g f d
d f g a h b c e
f d h b g a e c
g h d c f e a b
h g f e d c b a

1
CCCCCCCCCCA

2 LS(8)

9
>>>>>>>>>>=
>>>>>>>>>>;

a;b;c;d;e;f;g;h2N

;

being jLS(�1) \ LS(�2) \ LS(�3)j = 8! = 40320. C
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2.5 Cycles of length n
k

Let us �nally study the general case. So, �xed n 2 N and N = f0; 1; :::; n � 1g, let us
suppose that � and � are both the composition of k cycles of length n

k :

� = (a0a1:::an
k

�1)(an
k
an

k
+1:::a 2n

k
�1):::(a (k�1)n

k

a (k�1)n
k

+1
:::an�1);

� = (b0b1:::bn
k

�1)(bn
k
bn

k
+1:::b 2n

k
�1):::(b (k�1)n

k

b (k�1)n
k

+1
:::bn�1):

To obtain �(�), we can follow a similar algorithm to the previously indicated. So, to
get a Latin square L 2 LS(n) which has � as a principal autotopism, we can de�ne:

Si;j = flai� n
k
bj� n

k
; lai� n

k
bj� n

k
+1
; :::; lai� n

k
b(j+1)� n

k
�1
g; Si =

k�1[

j=0

Si;j; for all i; j 2 f0; 1; :::; k�1g:

Then, it is easy to prove the following:

Theorem 2.11. Fixed k 2 N, let � = (�; �; �) 2 In, where n > k is a multiple of k, be
such that � and � are both the composition of k cycles of length n

k . Then:

�(�) = n! �
�n
k

!
�k(k�1)

� 
(�);

where 
(�) is 1, if k = 1, and the number of di�erent ways in which we can choose the
elements that are included in the corresponding subsets Si;j, if k > 1. �

In the next table we can see the values of 
(�) and �(�), if 2 � n � 9:

n k 
(�) �(�) N(n; n)

2 1 1 2 2
3 1 6 12 12

4
1
2

1
1

24
96

576

5 1 1 120 161280

6
1
2
3

1
1
10

720
25920
460800

812851200

7 1 1 5040 61479419904000

8
1
2
4

1
1

535

40320
23224320

88355635200
108776032459082956800

9
1
3

1
56

362880
948109639680

5524751496156892842531225600

2.6 Concluding remarks

Although we have studied in this section the case in which � is a principal autotopism,
an analogous study can be done with the other two possibilities given in Proposition 2.1,
that is, � = (�; �; 
) or � = (�; �; 
), although in the �rst one, the canonical construction
path must be done with columns blocks in place of row blocks. So, this algorithm and as a
consequence, Theorem 2.11, proves indeed that the necessary condition of Proposition 2.1
is also su�cient.
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3 Application in Cryptography: F-critical sets

A secret sharing scheme [3], [19] is a method of sharing a secret key K, by giving n pieces
of information called shares to n participants, in such a way that K can be reconstructed
from certain authorized groups of shares and it cannot be done from unauthorized groups
of them. The access structure � is the set of all the previous authorized groups. A key
management scheme consists of a number of secret sharing schemes, all of them with a
common participant, which can have more than one share. In a multilevel scheme the
participants are ranked in m ranks, in such a way that li of them are in the rank ri for
i 2 f1; :::;mg, where

Pm
i=1 li = n and the secret key can be recovered from the shares of the

li participants of rank ri.
There are di�erent mathematical models of secret sharing schemes: geometric con�gu-

rations, polynomial interpolation, block designs, matroids, vector spaces, graphs, etc. One
of this model uses critical sets in Latin squares: We �x a Latin square L = (lij) 2 LS(n)
which will be the secret key, although its order n is made public. Each share is then a triple
(i; j; lij) 2 L and the set of all the used triples is denoted by S. So, if some participants
get a critical set of L by sharing its corresponding triples, they will obtain as consequence
the secret key L. The access structure is then � = fP 2 PLS(n) : P � SS(i; j; lij) �
L and 9C 2 CS(L) such that C � Pg. In this model all the participants have shares of
the same \weight". By the other way, a multilevel scheme can also be analogously given,
by placing all the participants in di�erent levels, in such a way that it exists only a critical
set in each level. If one participant is in more than one level, then we have an example of
a key management scheme.

There are models in which shares are not of the same weight, that is, models in which
some shares can o�er more information than other ones. It is useful for example in hierar-
chical models in which there exists some need to provide di�erent levels of con�dentiality
for data. So, in the previous example, we can obtain a hierarchical model if we give to
each participant a di�erent number of triples as share. An other possibility would be to
consider di�erent types of shares. In this sense, we can study the use of autotopisms of a
Latin square as shares of a secret sharing scheme. To do it, let us observe that, as we have
seen in previous sections, each autotopism can be associated to a di�erent number of Latin
squares. So, the information about L which gives each autotopism is not the same. To give
a possible measure of this di�erence, we give the following:

De�nition 3.1. Let � 2 In. We de�ne the weight of � in LS(n) as:

!(�) =

(
0 , if �(�) = 0;

1
�(�) , if �(�) 6= 0:

:

By the other way, a set of autotopisms can never de�ne an unique Latin square, because
autotopisms are associated to symmetries of Latin squares and so, given a Latin square L
associated to a set F of autotopisms, every Latin square L0 isotopic to L by an isotopism
of type (Id; Id; 
) is also associated to F. So, if we want to de�ne a secret sharing scheme
by using autotopisms as shares, we must also use one or more triples of the corresponding
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Latin square to �nally get the secret key. Indeed, �xed a subgroup F of U(L) it will be
necessary to use the triples of a F-critical set of L. In this sense, it is interesting to extend
in a similar way the previous concept of weight to these triples. To do it, as, �xed a triple
T = (i; j; k) 2 N3, there are N(n;n)

n Latin squares of order n which contain T , it is enough
to de�ne the weight of T in LS(n) as !(T ) = n

N(n;n) .
It can be interesting to extend these concepts to sets of isotopisms and partial Latin

squares (as sets of triples), because, in this way, it could be studied the possible relations
of interest to cooperate among participants in such a model. Leaving it for a future study,
we have therefore interested in the following protocol:

� We �x a Latin square L of order n. The number n is made public, but L is kept secret
as the key.

� A set S which is the union of a number of triples and autotopisms of L is de�ned.

� Each element of S is privately distributed to an unique participant.

� When a group of participants whose shares constitute a subset F of U(L) and a F-
critical set come together, they can reconstruct L and hence, the secret key.

To �nish this paper, let us see an example of this protocol:

Example 3.2. Let us consider L =

0
BBBBBB@

0 1 2 3 4 5
1 2 0 4 5 3
2 0 1 5 3 4
3 4 5 0 1 2
4 5 3 1 2 0
5 3 4 2 0 1

1
CCCCCCA
2 LS(6); and the shares:

�1 = ((012)(345); Id; (021)(354)); �2 = (Id; (012)(345); (021)(354));

�3 = ((03)(14)(25); (03)(14)(25); Id); �4 = (Id; (03)(14)(25); (03)(14)(25));

T1 = (0; 4; 4); T2 = (1; 1; 2); T3 = (1; 5; 3); T4 = (2; 2; 1);

T5 = (2; 4; 3); T6 = (3; 1; 4); T7 = (3; 2; 5); T8 = (3; 3; 0);

T9 = (4; 0; 4); T10 = (5; 3; 2); T11 = (5; 5; 1):

So, we have that:

!(�1) = !(�2) =
1

25920
; !(�3) = !(�4) =

1

460800
;

!(Ti) =
6

812851200
=

1

135475200
; for all i 2 f1; 2; :::; 11g:

We can therefore see that �1 and �2 are the shares which give more information about
L. By the other way, there are a lot of possible combinations to reconstruct L, by taking
together a subset A of F = f�1;�2;�3;�4g and a subset B of T = fT1; T2; :::; T11g. So, for
example, if m is the total number of shared shares, we have the following minimal subsets
of the corresponding access structure � of this secret sharing scheme:
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m A B m A B

11 � T 6 �1 [�2 fT1; T2; T6; T8g
11 �4 T n fT9g 6 �1 [�4 fT2; T3; T7; T9g
10 �3 T n fT1; T11g 6 �2 [�3 fT3; T6; T8; T10g
10 �3 [�4 T n fT1; T9; T11g 6 �1 [�3 [�4 fT2; T4; T8g
9 �1 T n fT5; T7; T10g 5 �1 [�2 [�3 fT1; T2g
9 �2 T n fT1; T7; T10g 5 �2 [�3 [�4 fT1; T2g
7 �1 [�3 fT2; T3; T4; T6; T9g 5 �1 [�2 [�4 fT2; T4g
7 �2 [�4 fT1; T2; T4; T6; T9g 5 F fT1g

C
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Algorithms for the splitting of formal series; applications to

alien di�erential calculus

Fr�ed�eric Fauvet Fran�coise Richard-Jung Jean Thomann

Abstract

We present algorithms which involve both the splitting of formal series solutions
to linear ordinary di�erential equations with polynomial coe�cients into a �nite sum
of subseries which themselves will be solutions of linear ODEs, and the simpli�cation
of the recurrence relations satis�ed by their coe�cients.When coping with series that
are solutions of a given di�erential equation at an irregular { singular point of rank
k � 2, it enables us to reduce the computations to series solutions of an ODE with an
irregularity of rank one. In particular, we are able to conduct e�ective calculations with
�Ecalle’s alien derivations for these series. We apply our techniques to some \accelerating
functions" of �Ecalle.

Introduction

The question of decomposing (\splitting") a given formal series which is a solution of some
linear di�erential equation into a �nite sum of series which are also solutions of some dif-
ferential equation is a classical one and is encountered e. g. in formal calculations for
dynamical systems or in the quest for obtaining e�ective estimates for some generating
functions. However, even if the theoretical framework for this simple question is well known
(Ore extensions, holonomic functions, e�ective D-modules, etc) the explicit calculations that
one might wish to conduct with computer algebra systems are in practice very explosive,
even for simple examples. In this paper we describe a pragmatic approach to this problem:
we introduce algorithms that imply new procedures, which rely and articulate with existing
ones. The calculations have been performed in Maple. These procedures have been �rst
tested on \academic examples", for which they improved signi�cantly upon the existing
techniques. Then, we have applied them to series that appear in the complete solution of
some linear di�erential equations with polynomial coe�cients which present a particular
mathematical interest.

In the neighborhood of an irregular singular point, say at z � 1, a linear di�erential
equation with analytic coe�cients has a basis of solutions of the form:

y(z) = eQ(u)u�f(u) (1)

In that expression:
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� u = z
1
� (� is an integer, � 2 Cjj )

� Q is a polynomial in u with a vanishing constant coe�cient

� f is a formal series in u�1, with possibly logarithms, more precisely:
f(u) 2 Cjj [[u�1]][log u]

The (optimal) rami�ed variable u, the polynomial Q and the exponent � are formal in-
variants (in the sense that they depend on the class of the equation modulo a transformation
with formal coe�cients) of the equation, for which algebraic algorithms have been designed
and implemented during the last two decades ( [5], [14]). The formal series f , whose coe�-
cients are computable through recurrence relations are generically divergent but the growth
of these coe�cients is no worse that some Gevrey order ([16]) and resummation techniques
are at hand to get approximate solutions of the given equation, with errors that are ex-
ponentially small. When the Newton polygon ([16, 15]) of such an equation has just one
slope, equal to one, the series can be resummed by applying the Borel{Laplace transforms;
when it has one slope equal to k, we have to apply the Borel transform to a function of the
new variable zk. In the case of a multiplicity of slopes the series will be multisummable
([11, 15, 10]) and they can be treated by applying the same mechanism, but with a {�nite {
succession of stages (there are several critical times, in �Ecalle’s language), using convolution
operators that involve some special functions : �Ecalle’s \accelerating functions".

In the present paper, we present calculations for situations of a single slope, equal to
k � 2. We are able to compute e�ectively the action of alien derivations on these series,
generalizing the ones made in [8] for equation of rank one (and single level). In rank � 2,
such formal{numerical calculations are completely new and in fact, let alone numerical
computations such as ours, almost no examples of calculations on resurgent functions of
\level k" (meaning divergent series, which are resurgent as functions of some zk), or worse
with a multiplicity of levels, can be found in the litterature (see however [10], [2]). Note,
that although we cope with relatively simple examples, results of this sort are not anecdotic:
even in the case of linear ODEs with polynomial coe�cients, it is only in the last 25 years,
thanks to Ramis’ works and �Ecalle’s theory of acceleration of resurgent functions that
the asymptotics of such solutions have completely been elucidated. The great majority of
so called classical functions fall within this class. The paper is organized as follows : in
section 1, we introduce very brie
y the context that is relevant for the examples we work on :
irregular{singular points of linear ODEs, Stokes phenomenon, Ramis’ theorem in di�erential
Galois theory, �Ecalle’s alien derivations and accelerating functions. The algorithms for the
splitting of series are introduced and described in section 3 and, in section 4, we explicit
the calculations we have performed for the accelerating functions C3 and C4.
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1 Stokes phenomenon, di�erential Galois groups, accelerat-
ing functions

1.1 Stokes phenomenon; alien derivations

The formal series contained in a basis of formal solutions such as in (1) are generically
divergent, but they are asymptotic, in some sectors, to some analytic solutions. The com-
parision of these analytic \resummations" of the series on various sectors gives rise, for a
�nite number of critical directions, to the Stokes phenomenon ([16]).
An important object attached to such an equation is its (local) Galois di�erential group,
for which we refer to [15]. J. -P. Ramis proved that it is characterized by the \exponen-
tial torus", the \formal monodromy" (which are formal invariants that we don’t describe
here, referring to [11], [16]), and the Stokes matrices. Now, the \important part" in the
Galois di�erential group comes from the Stokes matrices, which are di�cult to calculate
and involve transcendental constants. These matrices are unipotent, their logarithms are
nilpotent matrices that correspond to operators that are derivations acting on the space of
series we are working on. These derivations, in turn, can be decomposed into elementary
components : the so called alien derivations of �Ecalle, which can be de�ned independantly
of Galois considerations. Alien derivations are operators, introduced by Jean �Ecalle ([6]),
acting on some spaces of holomorphic functions; they are in fact derivations relatively to
a convolution product. A series f solution to an ODE, at an irregular singular point for
which the Newton polygon has a single slope, equal to one, will have a convergent Borel
transform ’ = B̂(f) and this germ ’ of analytic function can in fact be continued along
any broken line from the origin, and we de�ne resurgent functions and alien operators in
this context. This property of analytic continuation along any broken line 
 starting from
the origin of Cjj , going around a �nite number of singularities possibly met on 
 leads to the
general de�nition of resurgent functions. Let us introduce them in the most simple setting,
which is already enough to treat many natural but non trivial examples. The whole point
is that our procedures for the splitting of series enable us to decompose a divergent series
into a �nite sum of series which, as functions of some new variable zk, are resurgent in the
sense explained below.

De�nition 1.1. An analytic germ, continuable as above, is called a simple resurgent func-
tion if the behaviour of its analytic continuation at any singularity ! is of the form

1

2i�
log(� � !)s(� � !) + r(� � !)

where r, s are regular germs.
We denote by R the space of simple resurgent functions.

Let ! a non zero complex number and d� the half line through !. We are going to de�ne
an operator:

�! : R �! R
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For series belonging toR and if ! is the only singularity on d�, �! amounts to extracting
the singular part s at the singularity !, up to a factor 2i� (and thus acts as 0, if there is
no singularity at the point !):

�! f(�) = s(�)

which is also equal to the variation of 2i�f , namely the di�erence between the continuation
by the right and by the left of 2i�f at the singular point !. For the general case, the
de�nition of �! involves an average of the singular parts obtained at ! relatively to the
way we go around the singularities that are met between , when performing the analytic
continuation the origin and !.

Alien derivations �! thus constitute a family of linear operators, indexed by points !
of the complex plane but they are also derivations of the convolutive algebras of resur-
gent functions and moreover they satisfy a simple commutation relation with the ordinary
derivation @ = d

dz , namely: [@;�!] = !�!. For all this we refer to [8] and of course to
the original papers of Ecalle. We denote by the same symbol the operators that are the
pullbacks in the space of formal series Cjj [[z�1]] or of more general algebras of rami�ed formal
series, which are indispensable in applications, by (the extended){ inverse Borel transform.

For solutions of linear ODEs, the generic case involves only, for each critical time, one
singularity as in De�nition 1.1 on each singular direction and this will be the situation for
the examples described in detail below.

Now, these derivations and also the can be seen as acting on a formal basis of solutions
to an equation such as the one above. It acts in the following way, where we denote by
Y (z) =

Pn
i=1 ui exp (�iz)fi(z) the general solution of the equation, supposed non resonant,

and where the A�i��j
are constants (see [8] or [6]) :

��i��j
fi = A�i��j

fj or, in a compact form: ��i��j
Y = A�i��j

ui
@

@uj
Y:

There is only a �nite number of �! (for ! = �i � �j) that can act non{trivially on Y
and that action is expressed as the action of an ordinary (meaning non alien!) di�erential
operator in the variables ui, on the formal integral Y , constituting a simple example of
resurgence equation called by �Ecalle a bridge equation, as it throws a bridge between alien
and ordinary di�erential calculus. We thus get a Lie algebra of Galois derivations acting on
the vector space of solutions. In fact, they \belong" to the Lie algebra of the di�erential
Galois group of the equation (later on we shall call it the Lie{Galois algebra, to be short),
and constitute the most important { and most di�cult to determine { part of that algebra.

1.2 Accelerating functions

�Ecalle’s accelerating functions can be de�ned by an integral formula:

C�(t) =

Z



exp (u� tu 1

� )du where 
 is a Hankel contour:
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The accelerating functions are used to de�ne convolution operators to sum divergent series
with several critical times; they come together with decelerating functions and it was ob-
served by Anne Duval 15 years ago (see [12], in which the results mentionned in the present
section can be found. See also [7]) that these (decelerating) functions fall within the class
of so-called Faxen integrals and are particular cases of G-functions of Meijer. As such, they
can be written in explicit, though complicated, expansions involving the Gamma function.
Each C� is an entire function, with an expansion at the origin :

C�(t) = 2i
X

n�0

sin
n�

�

�(1 + n=�)

�(1 + n)
tn with 1=� + 1=� = 1:

An accelerating function with a rational � satis�es a simple linear di�erential equation
with polynomial coe�cients, namely Cq=p is a solution of A = 0, where A is the following
operator:

Dq � (�1)q�p
pY

j=1

(
p

q
tD + j) where D = d

dt :

In fact the operator A admits a simple order one left factor, which entails that Cq=p
belongs to the kernel of the following operator, of order q � 1 :

q

q�1Y

j=1

(� � j)� (�1)q�pptq
p�1Y

j=1

(
p

q
� + j) where � is the Euler operator t ddt :

Such an equation has a single slope at 1: the formal series solutions at z � 1 will be
\k {summable", and resurgent with respect to some variable zk.

The family of accelerating functions (Cq=p) constitutes an interesting object of study per
se, and it was already remarked in [12] that it deserves a thorough study. We show below
how our algorithms for the splitting of series make possible calculations that pave the way
for the determination of the di�erential Galois groups of the equations above, of low degree.

2 Simpli�cation tools for recurrence equations

2.1 Ore polynomials and series equality

Let R be a ring and � : R! R be an injective endomorphism of R.
Let � be a pseudo-derivation w.r.t. �, that is a map from R to R satisfying:

�(a + b) = �a+ �b; �(ab) = �(a)�b + �ab for any a; b 2 R:

De�nition 2.1. The left skew polynomial ring given by � and � is the ring (R[x];+; :) of
polynomials in x over R with the usual polynomial addition, and multiplication given by:

xa = �(a)x+ �a for any a 2 R:

This ring is denoted R[x;�; �] and its elements are called skew polynomials or Ore polyno-
mials.
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We refer to [4] for this de�nition and the �rst properties of this ring, and to [3] for the
arithmetic and algorithmic point of view, when R is a �eld (in particular, greatest common
right divisor, extended right Euclidean algorithm).

In the following, we will deal with R = Cjj [n], � the automorphism of R over Cjj that takes
n to n+ 1, and R[x; �; 0] the ring of linear ordinary recurrence operators (with polynomial
coe�cients). In this ring, the multiplication is given by:

xa = �(a)x; for any a 2 R:

We are interested in formal series
X

n�0

anx
n, such that the coe�cients (an)n�0 are de�ned

by a �nite di�erence equation with polynomial coe�cients. That means that the coe�cients
of the series are de�ned by:

� a0; a1; : : : ; am�1, the �rst m terms (also called initial conditions), ai 2 Cjj ;

� and a recurrence equation

P0(n)an + � � �+ Pr(n)an+r = 0;8n � m� r;

with P0; : : : ; Pr 2 Cjj [n] and Pr(�) 6= 0;8� � m� r (1).

An equivalent manner of writing the condition (1) is to de�ne

� = maxf� 2 IN; Pr(�) = 0g
= �1 if Pr(�) 6= 0;8� 2 IN;

and to suppose that m > �+ r.
In the following, this series will be represented by the initial conditions a0; : : : ; a�+r and the
skew polynomial:

x�+1(P0 + P1x+ � � � + Prx
r) = (��+1(P0) + � � �+ ��+1(Pr)x

r)x�+1:

Our objective is to simplify the skew polynomial de�ning the previous series: reduce its
degree, simplify the coe�cients Pi (in particular reduce their degree in n).

2.2 Redundant initial conditions

Proposition 2.2. Let a be the series de�ned by a0; : : : ; am�1 and the skew polynomial
P = (P0 + P1x+ � � �+ Prx

r)xm�r, with Pr(�) 6= 0;8� 2 IN.
Suppose that m > r, Pr(�1) 6= 0 and P0(�1)am�r�1 +P1(�1)am�r+ � � �+Pr(�1)am�1 = 0.
Let b be the series de�ned by b0 = a0; : : : ; bm�2 = am�2; Q = ��1(P0) + ��1(P1)x + � � � +
��1(Pr)x

r)xm�r�1: Then a = b.
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