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ABSTRACT
The solutions of the matrix equation S exp S = A are stud-
ied. This is motivated by the study of systems of delay
differential equations y′(t) = Ay(t−1), which occur in some
models of practical interest, especially in mathematical bi-
ology. This paper concentrates on the distinction between
evaluating a matrix function and solving a matrix equation.
As is well-known in the theory of computing matrix func-
tions, there can be difficult, exceptional cases. This paper
examines some of these; specifically, it shows that the ma-
trix Lambert W function evaluated at the matrix A does
not represent all possible solutions of S exp S = A.

Keywords
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1. INTRODUCTION
The authors of [6] examined a number of strategies for

using computer algebra to solve scalar linear constant-coeff-
icient delay differential equations with constant delays. In
this paper, we look at some problems arising in nonlinear
matrix equations and matrix functions that are motivated
by the extension of the work of [6] to the matrix case. We
begin with a simple problem: consider trying to find a dif-
ferentiable function y(t) such that

y′(t) = Ay(t− 1)

where A is an n-by-n matrix of complex numbers, and y(t)
is specified on an initial vector history

y(t) = f(t) = [f1(t), f2(t), . . . , fn(t)]

on the interval −1 ≤ t ≤ 0.
As in [6], this is a special problem, useful for some models

in mathematical biology – especially – and elsewhere. Pow-
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erful numerical techniques exist for solving general delay dif-
ferential equations, see for example [11]. The ultimate aim of
the present work, in contrast, is to look for special-purpose
techniques that may be more efficient for these ‘niche’ prob-
lems, or give greater insight. The approach used here is to
note that the ansatz

y(t) = exp(tS)C

for some constant n-vector C (later to be used as one term
in a Fourier-like series solution of the delay differential equa-
tion) leads to some interesting matrix computations, such as
the computation of any and all S such that

S = A exp(−S) . (1.1)

This is equivalent to solving the equation S exp(S) = A.
The solution of this equation is analogous to computing

the Lambert W function of a matrix, because if a ∈ C is a
complex scalar the solution of s exp(s) = a is s = Wk(a),
where k is the branch. For details on the Lambert W func-
tion, see [3]. Matrix functions are sometimes easy, but not
always: consider, for example, the matrix square root. In [7],
for example, the well-known result that not every matrix
even has a square root is discussed. Even the matrix expo-
nential can be very difficult [10]. The Lambert W function is
more akin, however, to the matrix logarithm function, and
we may therefore expect that some of the lessons learned
in computing the matrix logarithm may be of use [2]. We
barely scratch the surface of numerical computation for this
problem, concentrating mainly on the theoretical aspects,
and we will return to the problem of numerical computation
in a future paper.

We first establish whether such an S exists at all.

2. MATRIX FUNCTIONS AND EQUATIONS
Before we begin, we recall some definitions. For a more

comprehensive discussion, see [8].

Definition 1. If

F (z) =
∑

k≥0

akzk

is a convergent power series in |z| < r, then the matrix
function F (A) is defined to be

F (A) =
∑

k≥0

akAk , (2.1)

which converges whenever ‖A‖ < r.



Recalling that any square matrix A has the Schur decom-
position A = Q−1JQ, where Q is unitary and the diago-
nal entries of J are the eigenvalues of A, we may without
loss of generality assume A to be upper triangular, since
F (Q−1AQ) = Q−1F (A)Q. For theoretical work, it is some-
times convenient to transform A to Jordan canonical form,
though this is not generally advisable for inexact data. In
upper triangular form, the diagonal entries of F (A) are sim-
ply F (aii), and the upper triangle of F (A) can be computed
by the block recurrences of Parlett [4].

A more useful, though equivalent, definition is to use poly-
nomial interpolation:

Definition 2. Let A have distinct eigenvalues λi, with each
having multiplicity ni. Let r(x) be the (unique) Hermite in-
terpolating polynomial that satisfies

r(k)(λi) = F (k)(λi) for k = 0, 1, . . . ni − 1 ,

where F (k) and r(k) denote differentiation. Then

F (A) = r(A) . (2.2)

It is this definition that is used in Maple’s MatrixFunctions
command [5]. Specifically, it can be used with F = Wk, and
thus define a matrix W function. This relies on the fact
that F (A) is (by the series definition, and the use of the
minimal polynomial of A) itself a polynomial in A, though
the coefficients of the polynomial of course depend on A.

We therefore define the primary matrix function Wk(A)
to be the result of this interpolation definition with the
singly branched scalar function Wk(x). This function is well-
defined away from the branch points x = −1/e if k = 0 and
k = −1, and x = 0 if k 6= 0.

In contrast, a (nonlinear) matrix equation is just that, an
equation with an unknown matrix S appearing in it that
needs to be solved for. Well-known examples include the
matrix quadratic equation, which comes in several forms,
the simplest of which is perhaps S2 − A = 0. While some
matrix equations can be solved by matrix functions, it is not
true that all can be.

Matrix functions can also be multivalued (see [8]). This
happens, for example, when a multibranched function is
used on an upper triangular matrix A and different branches
are used on the diagonal entries. It is possible to solve
S exp S = A by mixing branches on the diagonal, as we
will see, and this is another difference between solving the
equation and computing the function that will be discussed
briefly here, but the main purpose of this paper is to explore
some yet greater complications.

3. THE SCALAR CASE
In the case n = 1 we have s exp(s) = a, or s = Wk(a)

where Wk(z) is the kth branch of the Lambert W func-
tion [3]. If a = −1/e, then there is a double root W0(a) =
W−1(a) = −1, together with a countable infinity of simple
complex values Wk(a) for k 6= 0, 1; if a 6= −1/e then there
are a countable infinity of simple roots only. The struc-
ture and asymptotic behaviour of these roots (equivalently,
eigenvalues, or values of the Lambert W function) are by
now very well known: see e.g. [1]. In the paper [6] we see
these values used to solve the scalar delay differential equa-
tion. We thus regard this problem as being solved in the

n = 1 case. If n = 1, then the solution to s exp s = a is
exactly s = Wk(a).

Remark If a = 0, then all branches of Wk(a) = −∞
except k = 0 where W0(0) = 0; in this case the delay differ-
ential equation reduces to the ordinary differential equation
y′(t) = 0 and is of little further interest. Some interest re-
mains in this case when n > 1, however, as we will see.

4. SOME GENERAL RESULTS
We are concerned from now on to discover the relations

between the matrix function Wk(A) defined above, and the
solutions of equation (1.1). As with the functional defini-
tion (2.1), we can limit our discussion of upper-triangular
matrices A.

Lemma 1. Without loss of generality, we may take A to
be upper triangular in equation (1.1).

Proof. If S exp(S) = A, and A = QJQ−1 where J is up-
per triangular, then Q−1SQQ−1 exp(S)Q = J and if we put
T = Q−1SQ we see that T exp(T ) = J , and thus any so-
lution S of the original equation is similar to a solution of
the same equation where the input J is upper triangular.
Conversely, any solution T of the upper-triangular equa-
tion gives a solution S = QTQ−1 of the original equation.
Therefore, finding all solutions to T exp(T ) = J gives us all
solutions to S exp(S) = A. —\

Henceforth we assume that A is upper triangular. One
question that we can then ask is, if S = A exp(−S) and A is
upper triangular, must S also be upper triangular? We first
establish another lemma.

Lemma 2. If S exp(S) = A, then S commutes with A.

Proof S exp(S) = A and hence

A = S exp(S)S = S2 exp(S) = SA .

We now specialize to the case n = 2, because quite a lot
of the n > 1 case can be elucidated by looking first at n = 2.

5. THE TWO-BY-TWO CASE

Theorem 1. If n = 2, S = A exp(−S), and A is upper
triangular, then either S is upper triangular, or A is not only
upper triangular but also a multiple of the identity matrix.

Proof Since S commutes with A, each entry of SA − AS
is zero. This gives the following equations: using the usual
convention for the entries of A and S, we have a12s21 = 0
(twice), s21(a11 − a22) = 0, and (a22 − a11)s12 + (s11 −
s22)a12 = 0. If s21 = 0 then we are done, and S is upper tri-
angular. Suppose instead that s21 6= 0. Then our equations
force a12 = 0, and hence A must be diagonal. Moreover,
the second equation requires (since s21 6= 0 by hypothesis),
a11 = a22. Hence A is a multiple of the identity.

The exceptional case where A is a multiple of the identity
matrix is interesting.

Lemma 3. If A is a multiple of the identity matrix, and
there are any solutions different from a multiple of the iden-
tity, then there are a continuum of distinct solutions.

Proof If A = λI = S exp(S), and S 6= βI for any β, then
for any nonsingular P we have PAP−1 = PS exp(S)P−1 =
U exp(U) where U = PSP−1. If S is not a multiple of the
identity, then U will be distinct from S for almost every
choice of P .



Lemma 4. If A = diag(−1/e,−1/e), a particular multi-
ple of the identity matrix, then there are a continuum of
distinct, nondiagonal matrices S with S exp S = A.

Proof. Consider the nontrivial 2 by 2 Jordan block J with
eigenvalues −1. Then an easy computation shows

JeJ = e−1

[ −1 0
0 −1

]
.

By the previous lemma, then, if S = PJP−1 for any non-
singular P we have S exp(S) = J exp J = diag(−1/e,−1/e)
as stated, because P diag(a, a)P−1 is just diag(a, a) again;
but note that S is not diagonal or even necessarily upper
triangular. For example, taking a random matrix P ,

P =

[ −56 −50

−8 30

]

then S is given by

S =

[ − 51
65

− 98
65

2
65

− 79
65

]

and the reader may verify that S exp(S) = diag(−1/e,−1/e).
Thus there are sometimes not just countably many solu-

tions to S exp(S) = A, but even a continuum of solutions.

Theorem 2. If n = 2, and A is upper triangular and
has distinct eigenvalues, then there are a countably infinite
number, and only a countably infinite number, of upper tri-
angular matrices S with S = A exp(−S); moreover, these
are all the solutions.

Proof. Since the eigenvalues of A are distinct, then the fol-
lowing computation suffices. We know from Theorem 1 that
any S satisfying S = A exp(−S) would be upper triangular
(because A could not be a multiple of the identity matrix if
its eigenvalues were distinct). So it suffices to construct all
such S. We have

S =

[
s11 s12

0 s22

]

and

exp(S) =


 es1,1

s1,2(−e
s2,2+e

s1,1)
−s2,2+s1,1

0 es2,2




by direct computation, and the denominator of the {1, 2}
entry of exp(S) is not zero because S exp(S)−A is

 s1,1e

s1,1 − a1,1
s1,1s1,2(−e

s2,2+e
s1,1)

−s2,2+s1,1
+ s1,2e

s2,2 − a1,2

0 s2,2e
s2,2 − a2,2




and we see that s11 is a value of Wk(a11) while s22 is a value
of W`(a22), and if s11 = s22 we would have s11 exp(s11) =
a11 being equal to s22 exp(s22) = a22, which is impossible.

A rearrangement of the {1, 2} entry of S exp(S)−A gives

(s1,1e
s1,1 − s2,2e

s2,2) s1,2

−s2,2 + s1,1
− a1,2

and we may further simplify this by using s11 exp(s11) = a11

and s22 exp(s22) = a22 to get

s12 =
a1,2 (−s2,2 + s1,1)

a1,1 − a2,2

uniquely, given any choice of values for s11 = Wk1(a11) and
s22 = Wk2(a22). [This also follows, indeed more easily, from
the commutativity of A and S.] Therefore there is a bi-
infinite family of matrices S such that S exp(S) = A, in the
case that A is upper triangular with distinct eigenvalues.
These are all the solutions. —\.

One now wonders if there are matrices A for which there
are no such S with S exp S = A. But it turns out that the
worst matrices are not as bad as the square root case, where
some matrices have no square roots. Here, it appears that
we may always find at least one solution to S exp S = A.

Theorem In the 2 by 2 case, there is always a solution
to S exp(S) = A, when A is upper triangular.

Proof. By the previous theorems, the only remaining
case is where the Jordan Canonical Form of A is nontrivial:

A =

[
λ 1
0 λ

]
.

If S existed such that S exp(S) = A, then if the Jordan
Canonical form of J = PSP−1 was diagonal, then J exp(J) =
PAP−1 would also be diagonal; but the JCF of A is not di-
agonal. Hence the JCF of S, if S exists, must be nontrivial.
Let [

µ 1

0 µ

]
,

and so

J exp(J) =

[
µ eµ eµ (µ + 1)

0 µ eµ

]

Now, the eigenvalues of PAP−1 are of course λ (twice), and
hence the eigenvalues of J exp(J) are λ. But the 2,1 entry
of J exp(J) is just (µ + 1) exp(µ). For this to be nonzero
(required because PAP−1 cannot be diagonal) requires that
µ = Wk(λ) not be equal to −1, which means that either
λ 6= −1/e (in which case we are done, and may take the
diagonal entries of J to be any µ = Wk(λ)), or that k 6= 0
and k 6= −1 (and as a corollary, Wk(λ) is therefore not real).
We have that PAP−1 is det(P ) times




(p1,1p2,2 − p1,2p2,1)λ
−p1,1p2,1a

p2
1,1a

−p2
2,1a

(p1,1p2,2 − p1,2p2,1)λ
+p1,1p2,1a




and therefore if this is to equal J exp(J) we must have
p21 = 0, µ exp(µ) = λ, and the 1,2 entry of PAP−1 must be
p11a/p22.

By scaling we may take p22 = 1 (we may always replace
PAP−1 by PαAα−1P−1 for any nonzero scalar α, hence we
may take p22 = 1). Choose any k but 0 or −1, and take
µ = Wk(λ). [If λ 6= −1/e then we may even choose k = 0 or
k = −1.) Then put p11 = exp(µ)(1+µ)/a, which is not zero
and hence P is not singular. We have S = P−1JP satisfying
S exp(S) = A. Direct computation shows that p12 does not
matter, and we have

S =

[
µ a

eµ(µ+1)

0 µ

]

giving S exp(S) = A.
Remark The case λ = −1/e is very special: even though

there are a countable infinity of (nontriangular) solutions if



A is a multiple of the identity, there do not appear to be any
solutions corresponding to k = 0 or k = −1, as there are for
matrices A that have distinct eigenvalues, or nontrivial JCF
with eigenvalues different from −1/e. This means that for
real matrices A in this case there are no real solutions. This
difficult case extends (in a nontrivial way, as we shall see)
to larger Jordan blocks with the same eigenvalue, −1/e.

The remaining case when

A =

[
0 a

0 0

]

can be handled by direct computation: it is easy to verify
that A exp(A) = A and moreover S = A provides the only
solution, because there is only one solution to µ exp(µ) = 0,
namely µ = 0.

Remark. For our original motivating example, ẏ(t) =
Ay(t− 1), this degenerate case represents another difficulty
for the anzatz y = exp(St)C. It turns out that the behaviour
of exp(St) = exp(At) = I + At is adequate dynamically,
but there is not enough freedom available in the choice of
constants C to match the initial history data—because all
the other components Wk(0) = −∞ and thus the constants
for those branches are not relevant. This means that this
anszatz is unlikely to prove useful numerically in the case
when the eigenvalues of A are both very small.

To summarize: if A has multiple nonzero eigenvalues, then
there are a continuum of solutions to S exp(S) = A. If A
has a double zero eigenvalue, then there is only one solution.
Otherwise, there are a countable infinity of solutions, in fact
a bi-infinite family indexed by independent branch choices
for the diagonal entries of S.

Remark on numerical computation.
If

A =

[ −1/e + iε 1
0 −1/e− iε

]

where ε > 0, then W−1(A), W0(A) and W1(A) all exist,
but they may be difficult to compute. We have that, for
example, W0(A) =



−1 +

√
2
√

i
e−1

√
ε e1/2

√
ε

0 −1 +
√

2
√

−i
e−1

√
ε




to O(1) and similarly for the others. One should compare
the well-known difficulties with the computation of the ma-
trix square root for matrices near to one that has no square
root [5]. Here, since the (1, 2) entry is O(1/

√
ε) as ε → 0,

and we get closer to the branch point where W0(x) and
W−1(x) fail to have derivatives, we anticipate the same kind
of numerical problems as occur in the computation of the
matrix square root.

Remark The secular case of ẏ(t) = Ay(t − 1), that is
when two eigenvalues of A coalesce at −1/e giving rise to
a solution of the form y(t) = t exp(−t), may occur in the
solution of systems of DDE as it does for ordinary differential
equations and for the scalar case of DDE [6]. As in the scalar
case, we must add a secular term to the solution; as in the
scalar case, this suffices to get an accurate solution.

6. THE THREE BY THREE CASE
Here, let us try to find S such that S = A exp(−S), where

S and A are taken to be upper triangular, and 3-by-3. Let
us also assume that the eigenvalues aii are all distinct.

By Maple, we have that the diagonal entries are given by

s11 = a11e
−s11 (6.1)

s22 = a22e
−s22 (6.2)

s33 = a33e
−s33 (6.3)

whence sii = Wki(aii) as expected. Examining the 1,2 entry
of S −A exp(−S) we find

[
s22 − a11 exp(−s22)

s22 − s11

]
s12 − a12e

−s22 . (6.4)

This linear equation makes sense only if s11 6= s22, and
moreover has a nonzero coefficient for s12 if and only if s22

is not W`(a11) for some `; this is tantamount to insisting
that a22 6= a11, or distinctness in the eigenvalues. [It should
be clear that a limiting argument will allow reconstruction
of s12 in the case of multiple eigenvalues; we do not consider
that case here, but note that there is a genuine difficulty
if the multiple root is aii = −1/e, as is explained in the
previous section considering the 2-by-2 case.]

Examining the 2,3 entry of S−A exp(−S) we find a similar
equation,

[
s33 − a22 exp(−s33)

s33 − s22

]
s23 − a23e

−s33 . (6.5)

Again this is well defined if s33 6= s22 and determines s23

uniquely if s33 is not another branch m of W , namely not
Wm(a22).

Finally, examining the 1, 3 entry of S−A exp(−S) we find

[
s33 − a11 exp(−s33)

s33 − s11

]
s13

+
many terms

(s33 − s22)(s11 − s22)(s33 − s11)
.

(6.6)

Again this is uniquely solvable under the hypotheses we are
using.

Indeed at this point the process for general size matrices
becomes clear: if we solve for the diagonal entries in terms
of W , then each superdiagonal gives a set of linear equa-
tions to solve for the unknowns on that superdiagonal; if
the diagonal entries of S are all distinct, this process gives
a unique solution. The first use of this diagonal recurrence
process for computing matrix functions appears to be by
Parlett (see the remarks in Horn & Johnson [9]).

Once the S matrix is computed (for a given set of branch
choices), then we may construct a sum

y(t) =
∑

exp (Skt) Ck , (6.7)

where each Sk represents a solution with different branch
choices, and identify the coefficients of the vectors Ck by
either the residue process or the least-squares process of the
previous sections. This is tedious to do by hand, but per-
fectly feasible to do automatically.



7. THE GENERAL CASE
Several results are possible in the general case.

Lemma 5. If A is a multiple if the identity matrix, there
is a continuum of solutions to S exp S = A. If A = λI, then
these are of the form

S = P diag(Wk1(λ), Wk2(λ), . . . , Wkn(λ))P−1 ,

where P is arbitrary.

Proof. By direct calculation

S exp S = PλIP−1 = λI .

—\
As in the n = 2 case, we have that if S exp S = A then S

commutes with A. Also as in the n = 2 case, we may take A
to be upper triangular. It is convenient to take this further,
as follows.

Lemma 6. Without loss of generality, we may take A in
Jordan Canonical Form.

Proof. Mutatis mutandis, the same as the proof of Lemma 1.
Now we establish a further sequence of lemmata.

Lemma 7. If A is a single (nonderogatory) Jordan block,
then S must be upper triangular if it exists.

Proof. We proceed by induction. We have already estab-
lished the base of the induction by establishing the case of
upper triangularity of S for n = 2 (and the case n = 1
is trivial). Now we assume that the lemma is true for any
(nonderogatory) Jordan block of size n = k. Consider a
block of size k + 1:

Jk+1 =

[
λ eT

1

0 Jk

]
, (7.1)

where eT
1 = [1, 0, 0, ...0] (just k entries). Partition S confor-

mally as

S =

[
s11 S12

S21 S22

]
. (7.2)

By the fact that SJk+1 = Jk+1S we must have the following
four equalities (comparing each of the four partitions):

λs11 = s11λ + eT
1 S21 (7.3)

JkS21 = λS21 (7.4)

λS12 + eT
1 S22 = s11e

T
1 + S12Jk (7.5)

JkS22 = S21e
T
1 + S22Jk . (7.6)

Equation (7.4) tells us that the vector S21 is an eigenvector
of Jk, or else the zero vector. But there is only one such
eigenvector, namely αe1. Then equation (7.5) tells us that
λs11 = λs11+α, and hence we must have α = 0. Then equa-
tion (7.6) tells us that S22Jk = JkS22, and we conclude that
S22 must be upper triangular by the inductive hypothesis,
and since S21 = 0 we have shown that S is upper triangular.

—\

Lemma 8. If A consists of 2 decoupled Jordan blocks with
the same eigenvalue, that is, A is derogatory, then S need
not be upper triangular.

Proof. As in the proof of the previous lemma, except that
eT
1 is replaced with the zero vector. This prevents us from

concluding that S21 must be zero; it may in fact be an eigen-
vector αe1 of Jk. Moreover, we have seen in the n = 2 case
that this actually happens: the exceptional situation was
when A was a multiple of the identity matrix, which is of
course derogatory. —\

Remark. More is in fact true. We may identify S21 as
being upper triangular and Toeplitz, and S12 as upper tri-
angular padded with zeros to the left. This comes from the
generalization of the eigenvector argument. For example, if
we take a 5 by 5 example, consisting of one 2 by 2 Jordan
block and one 3 by 3 Jordan block, that is A has the shape




λ 1 0 0 0

0 λ 0 0 0

0 0 λ 1 0

0 0 0 λ 1

0 0 0 0 λ




then S must have the following shape:




f(λ) µ1 0 β µ2

0 f(λ) 0 0 β
α µ3 g(λ) µ4 µ5

0 α 0 g(λ) µ4

0 0 0 0 g(λ)




Lemma 9. If A is a Jordan block, then the solution of
S exp(S) = A is upper triangular and the diagonal entries
of S are sii = Wki(λ). More, the upper triangular part of S
may be determined by Parlett’s recurrence relations

sij = aij
sii − sjj

aii − ajj
+

j−1∑

k=i+1

sikakj − aikskj

aii − ajj

if different branches are taken, or by Taylor series if sii =
sjj for contiguous blocks.

Theorem 3. If S exp S = A defines S, then for some
fixed A = λI S need not be a polynomial in A. Therefore S
cannot be a matrix function in the classical sense.

Proof. We simply observe the continuum of solutions ex-
ample S = P diag Wk1(λ), Wk2(λ)P . There is obviously no
set of polynomial coefficients s0(A), s1(A), . . ., sn(A) such
that S = p(A) =

∑n
k=0 skAk = p(λ)I because any such

polynomial is itself diagonal, whereas S is not.
Finally, we note that if S is not constrained to be upper

triangular, then the problem of taking the matrix exponen-
tial (when the entries of S are symbols) as part of any pro-
cedure for solving S exp S = A becomes rather complicated.
Consider the 5 by 5 example above; even with such a modest
example, the nonlinear equations that arise in S exp S = A
are daunting for hand calculation, and the complexity grows
rapidly enough with dimension that symbolic methods are
in all likelihood not going to be useful for dimensions much
larger than 5. Special-purpose numerical schemes for tak-
ing the matrix exponential may need to be devised in order
to carry out any numerical scheme for solving S exp S = A
efficiently and stably.



8. CONCLUDING REMARKS
We have shown that in some cases — when A is deroga-

tory with eigenvalue −1/e for example — that the solution
of S exp S = A is not W (A), where this is understood to
mean the matrix function, but rather something more com-
plicated. For our original motivating example, these com-
plications often play no direct role, because ẏ = Ay(t− 1) is
decoupled in that case and smaller systems may be solved
(with W ) independently. However, in the case when A is
known only approximately, it seems very likely that the
presence of these ‘degenerate’ conditions will make numer-
ical solution of S exp S difficult, and possibly obviate any
advantage of this approach.

The standard definition of a function of a matrix function
allows Maple to compute LambertW(k, A). The theme of
this paper has been that this is insufficient for solving the
associated matrix equation. This suggests that a separate
Maple routine is required to solve matrix equations.

Finally, numerical work in solving nonlinear matrix equa-
tions such as S exp S = A has several potential difficulties:
near-nonexistence of certain solutions near double branch
points; continua of solutions in the derogatory case; and
vanishingly small impact of nonlinear eigenvalues when the
eigenvalues of A are small. These difficulties should be borne
in mind when investigating the solution of more complicated
nonlinear matrix equations such as S = A exp(−S) + B
which may arise in the solution of (not much) more com-
plicated delay differential equations.
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