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Abstract

We explore the use of a computer algebra system to solve some very simple

linear delay differential equations (DDEs). Though simple, some of these

DDEs are useful of themselves, and may also be of use as test problems for

more general methods. The solutions methods included in this paper are of

interest because they are widely used in studies involving the solution of DDEs

and can be easily automated using tools provided by computer algebra. In

this paper we give detailed descriptions of the classical method of steps, the

Laplace Transform method and a novel Least Squares method, followed by

some discussion on the limitions and successes of each.
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1. Introduction

The theory and computational practice of delay differential equations (DDEs) is

quite well-developed, with many papers, textbooks and software packages available.

See for example [16, 11, 3] for pointers to introductions, surveys and tutorials.

In this paper we examine three DDE solution methods in the context of “niche”

problems with the help of computer algebra. The solution methods include the method

of steps, the classical Laplace Transform method and a Least Squares method, and are
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implemented for very simple linear delay differential equations. Computer algebra is of

interest here as the tools needed to implement these solution methods are immediately

available. Here, Maple is employed for all computations.

The aim of this paper is to highlight the successes and faults of each of the above

solution methods enabling us to obtain a deeper understanding of the methods and of

simple DDEs. The work presented here has allowed us to determine some limitations

and (perhaps surprising) successes of each method and has enabled us to observe some

interesting mathematical phenomena that occur in solutions to DDEs.

An overview of the paper is as follows. First, we outline the definitions and notation

that are used throughout. Second, we give a short discussion of the elementary “step-

by-step” method (usually discarded as too tedious for hand computation even when

possible), which can be automated in a computer algebra system in a useful way.

Next, we introduce the classical method of Laplace Transforms, which leads to a “non-

harmonic” Fourier series solution for linear problems with constant delays. This is

followed by a discussion of the Least Squares solution method. This method is a rela-

tively novel solution process, analogous to a spectral method, involving the Lambert W

function [7] and a numerical Least-Squares method. This becomes convenient in a

computer algebra system that has both these capabilities. We note that this method

has been used in a recent study by Asl and Ulsoy [1], who developed a solution method

that incorporates the Lambert W function into an approximation of the solution of a

linear DDE with constant delays. They also extended this method to solve a system of

DDEs of the same type. The Least Squares methods has also been previously studied

by Corless, and extensions to this study are given as an exercise in [5]. However, [1]

neglected to study the case of a double root that arises in the solution of DDEs and

solutions to the exercise given in [5] have not previously been published. We end by

comparing the Method of Steps, the Laplace Transform method and the Least Squares

method to dde23 and its successor ddesd [16, 15].

In an upcoming paper [8], we discuss extensions of the Least Squares approach

to very simple linear systems, highlighting some subtleties of the computation of the

characteristic values in this case.

It must be noted here that the techniques of these papers will handle only very

special niche problems. Other solution methods such as the powerful, efficient and
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easy-to-use routine ddesd [15] can handle much more general problems. The simple

niche problems that we study, however, are prevalent in many different fields of applied

science, such as automatic control [1] or neural networks with delays in mathematical

biology, and thus the solutions of these DDEs are useful in themselves.

A further benefit of this paper is to help the reader acquire a greater understanding

of and appreciation for the power and reliability of numerical methods. The analyses

and experiments in this paper have certainly helped the authors in this way.

1.1. Definitions and Notation

We consider DDEs, namely differential equations with “delayed arguments” or “time

lags” such as

y′(t) = f(t, y(t), y(t− τ)) (1.1)

or

y′(t) = f(t, y(t), y(t− τ1), y(t− τ2)) (1.2)

or of even more generalized form. Here, the derivative of the solution depends on the

values of the solution at t and at earlier instants. We will usually consider only one

time lag, and moreover nondimensionalize so that τ1 = 1.

The solution of a DDE depends on the “initial history”, the value of y(t) on some

interval, here of length τ1 = 1. As with initial-value problems for ordinary differential

equations we must specify this history function H(t) in order to solve the problem. In

this paper we choose to take the history on the interval −1 ≤ t < 0, unless otherwise

specified.

It is possible that the initial condition y(0+) is different from the final value of the

history function H(0−); in this case, there is a simple jump discontinuity at this point

and the DDE is considered to hold as t → 0+, only. We will see an example of this

later; numerical methods often exclude this possibility, but in practice it creates little

difficulty.

The Lambert W function is a complex-valued function with infinitely many branches [7].

Its definition is simple: y satisfies y exp y = x if and only if y = Wk(x) for some integer

branch k. Maple calls this function LambertW and can compute the complex values of

any of the branches. In Maple notation, LambertW(x) is shorthand for the principal
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branch and LambertW(k,x) denotes the kth branch where k is any integer and k = 0

gives the principal branch.

1.2. Numerical methods for DDEs

Numerical methods provide the only practical methods for solving most, if not nearly

all, DDEs, and the state-of-the-art is now quite advanced. For examples, see [9, 10,

14, 16, 15]. These solvers are widely used in applied studies that involve DDE models

because they are simple to use, robust, accurate, and efficient. Most of the numerical

solvers have been designed for DDE systems with constant delays.

Recently, Shampine [15] developed a routine for Matlab, called ddesd, that will solve

variable and state delay DDEs using control of the residual error. This is particularly

easy to understand and interpret in a physical context, and it is to be hoped that this

approach becomes universal. He considers the first order delay differential equations

y′(t) = f(t, y(t), y(d1), ..., y(dk)) (1.3)

where the delay functions dj = dj(t, y(t)) are such that dj ≤ t. His code gives the

exact solution to a problem

y′(t) = f(t, y(t), y(d1), ..., y(dk)) + r(t) (1.4)

where the residual r(t) is uniformly smaller than the user’s input tolerance specification,

and the history H(t) is likewise exact up to a small interpolation error. That is, ddesd

gives the exact solution to a perturbed problem, where the size of the perturbation is

under the control of the user. In a later section, we compare some of our solutions to

those provided by ddesd or its predecessor dde23.

1.3. Computer Algebra and niche problems

Computer algebra systems can also be used to solve DDEs for various initial histo-

ries. This can be done numerically, using similar techniques as the numerical methods,

or analytically using the method of steps, or using some other techniques that we show

in this paper. The solvers discussed here are implemented in Maple [13], a software

package that is widely used by researchers. It is thought that a DDE package in Maple

might be convenient for exploratory or verification purposes.
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It has been said that DDEs that arise most frequently in the modelling literature

have constant delays [2]. Also, when investigating stability of nonlinear problems, the

solution of certain linearized problems is of interest. We therefore start out by making

a basic framework for solving linear DDEs with constant delays. This defines our niche

problem set.

2. Method of Steps

The method of steps is an elementary method that can be used to solve some DDEs

analytically. This method is usually discarded as being too tedious, but in some cases

the tedium can be removed by using computer algebra. Consider the following general

DDE:

y′(t) = a0y(t) + a1y(t− ω1) + ... + amy(t− ωm) , (2.1)

where y(t) = H(t) on the initial interval −max(ωi) ≤ t ≤ 0. Let b = min(ωi). Then it

is clear that the values of y(t− ωi) are known in the interval 0 ≤ t ≤ b. These values

are H(t− ωi). Thus, for the interval 0 ≤ t ≤ b we have

y′(t) = a0y(t) + a1H(t− ω1) + ... + amH(t− ωm) (2.2)

and so

y(t) =
∫ t

0

(a0y(v) + a1H(v − ω1) + ... + amH(v − ωm))dv + y(0). (2.3)

Now that we know y(t) on [0, b] we can repeat this procedure to obtain y(t) on the

interval b ≤ t ≤ 2b. This is given by:

y(t) =
∫ t

b

(a0y(v) + a1y(v − ω1) + ...)dv + y(b) (2.4)

This process can be continued indefinitely, so long as the integrals that occur can

be evaluated without too much effort. It is this last restriction that usually causes

people to give up on this method, because the tedium and length of the method

quickly overwhelms a human computer. However, it turns out that for certain classes

of problems, where the phenomenon of “expression swell” is not too serious, we can

take the method quite far, with a computer algebra system to automate the solution

of the tedious sub-problems.
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For an example of this method we look first at a very simple DDE:

y′(t) = −y(t− 1) (2.5)

with y(t) = H(t) = 1 for −1 ≤ t ≤ 0. The solution in the interval 0 ≤ t ≤ 1 is given

by:

y(t) =
∫ t

0

−H(x− 1)dx + y(0) = 1− t (2.6)

Now we can solve for the solution in the interval 1 ≤ t ≤ 2. This solution is given by:

y(t) =
∫ t

1

−y(x− 1)dx + y(1) =
t2

2
− 2t +

3
2

(2.7)

This method can be programmed in Maple using a simple for loop. In this loop the

Maple function int is employed to evaluate the definite integrals that are used in the

method of steps. More generally, the routine dsolve can be used. The program will

be made available in the Maple Application Centre (www.maplesoft.com/mapleapps).

Fig. (1) plots the solution for Eq. (2.5) using the method of steps where the initial

function H(t) = 1.

This method finds a solution if the initial function H(t) is simple; for example, if it

is a polynomial. If the initial function is too complicated to be integrated by Maple,

then the method fails.

It is known that the elementary functions are not closed under antidifferentiation.

This led us to convert the initial function into a hypergeometric function, because such

functions often have hypergeometric integrals (by extending this thought to the class

of functions called the Fox H functions, we achieve closure; but Maple does not as yet

have an implementation of the Fox H functions (also called Mellin-Barnes integrals)).

We observe that in some cases the method succeeds, but in others it does not. The

situation improves if we use hypergeometric initial functions, but eventually the same

problem (antiderivatives not expressible as known functions) occurs. Further, due to

the phenomenon of expression swell, in this case because the size of the exact answer

increases rapidly with each integration, sometimes an enormous amount of time was

needed to compute the definite integrals arising. This represents a genuine limitation

of the method.

Although there are some limitations to the method, sometimes it is quite suc-

cessful. For example, consider solving equation (2.5) with initial history given by
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Figure 1: Solution of y′(t) = −y(t− 1), H(t) = 1, using the method of steps.

H(t) = (−1)b5(t+1)c, a piecewise constant. We further specify y(0) = 1, removing one

discontinuity, or specify y(0) = −1, keeping it. This makes quite a difference in the

solution, but not in the method used to compute it. Because of the discontinuities, this

is somewhat difficult for numerical methods to solve (though ddesd handles it nicely).

The Maple solution (for y(0) = −1) is plotted in Fig. 2. The first two integrations

yield the solution for t = θ, with 0 < θ < 1,





−θ − 1 θ < 1/5

θ − 7/5 θ < 2/5

−θ − 3/5 θ < 3/5

θ − 9/5 θ < 4/5

−θ − 1/5 θ < 1

and for t = 1 + θ, with again 0 < θ < 1,





1/2 θ2 + θ − 6/5 θ < 1/5

−1/2 θ2 + 7/5 θ − 31
25 θ < 2/5

1/2 θ2 + 3/5 θ − 27
25 θ < 3/5

−1/2 θ2 + 9/5 θ − 36
25 θ < 4/5

1/2 θ2 + 1/5 θ − 4/5 θ < 1

and we see that the length of the exact solution’s representation is growing, albeit

slowly.
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Figure 2: Solution of y′(t) = −y(t− 1), H(t) = (−1)b5(t+1)c], using the method of steps..

If we try the same initial history with a more complicated differential equation, say

y′(t) = −
(

π

2
− 1

20

)
y(t− 1)− 1

20
y(t) , (2.8)

Maple can still compute the solution out to t = 8 handily—or, apparently so, though

it takes a bit longer.

The solution on 0 < t < 1 is given by (after manually encouraging Maple to simplify

the answer)




1− 10 π + 10 e−θ/20π θ < 1/5
(
10 π + 2 (1− 10 π) e

1
100

)
e−θ/20 − 1 + 10 π θ < 2/5

(
10 π + 2 (1− 10 π)

(
e

1
100 − e

1
50

))
e−θ/20 + 1− 10 π θ < 3/5

(
10 π + 2 (1− 10 π)

(
e

1
100 + e

3
100 − e

1
50

))
e−θ/20 − 1 + 10 π θ < 4/5

(
10 π + 2 (1− 10 π)

(
e

1
100 − e1/25 + e

3
100 − e

1
50

))
e−θ/20 + 1− 10 π 4/5≤ θ

which is already somewhat complicated. By the time we get to the eighth time

interval, the unsimplified solution is an expression over 500, 000 characters in length.

This is an example of expression swell, a familiar problem in computer algebra, with

several undesirable consequences, including dramatically increased computing time.

We emphasize that it is the exact answer here that is large and complicated: it is

not simply the program’s fault that the answer is so large, though perhaps in this

case an ongoing simplification process might reduce the length of the solution quite

dramatically. Indeed, even to evaluate the solution accurately to produce a smooth

graph the floating point precision had to be increased to 18 decimal digits. Thus,
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even though Maple could find the exact solution to this problem in a reasonable time,

and produce a reasonable graph of the solution, we see that the exact solution is

complicated, long, and difficult to evaluate accurately. This condition only worsens as

the integration proceeds. One source of difficulty here is the symbolic representation

for π in the problem; if we replace that with a rational approximation, the answers are

considerably shorter.

3. Other Methods

Consider the simple DDE

y′(t) = ay(t− 1) + a1y(t) (3.1)

given that y(t) = H(t) on −1 ≤ t ≤ 0 and a 6= 0. We first consider a1 = 0. By

analogy with y′ = λy, we try a solution of the form y(t) = est. This gives s = ae−s

or s = Wk(a) where Wk(a) is a branch of the Lambert W function [7]. Therefore, the

set of eigenvalues (exponents) takes the form sk = Wk(a) , k ∈ Z. Our solution thus

looks like

y(t) =
∞∑

k=−∞
ckeWk(a)t (3.2)

We can approximate this sum by truncating it and matching the coefficients ck with

the initial function H(t) that is given. That is, we look at

y(t) =
N∑

k=`

ckeWk(a)t (3.3)

and try to choose a ck so as to make y(t) as close to H(t) as we can on the interval

−1 ≤ t ≤ 0. If a < 0 is real, then the asymmetric numbering of the branches of W

means that we must take ` = −(N + 1) to get a real answer. If a > 0 then we should

take ` = −N .

The values of the ck can be determined using Laplace Transforms and Residues by a

classical technique due to Wright [17], and, in a different way, by using Least Squares.

In the classical Laplace Transform method we try to compute a finite number of the

exact coefficients in the series, whereas in the Least Squares method we compute a

finite sum directly and try to minimize the L2-norm of the difference between y(t) and

H(t) on the initial interval.
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3.1. Laplace Transform and Residue Theory

First consider the simple DDE in Eq. (3.1) with y(t) = H(t) for −1 < t < 0. Corless

[5] used a residue formula, due to Wright [17], to derive the solution for this simple

DDE where he assumed that a 6= −e−1. Using this theory he gave a program called

NHFS (See [5] for details), leaving the case a = −e−1 to the exercises. The solution to

that exercise is a special case of the results of [17], and is not given here. Instead, the

program will be made available on the Maple Application Centre, as with the program

for the method of steps. This exceptional case was not discussed by [1].

Applying the Laplace transform to Eq. (3.1) and rearranging, we obtain the Laplace

transform Y (s) of the solution y(t):

Y (s) =
1

(s− a1)es − a

(
y(0+)es + a

∫ 0

−1

e−sτH(τ)dτ

)
(3.4)

The poles of Y (s) occur at s = a1 +Wk(ae−a1). Now we invert the Laplace Transform

using residues so that we can find the solution of Eq. (3.1). Note that there may be

a double pole when s = a1 − 1 if ae−a1 = −e−1. Other poles include the zeros of

(s− a1)es − a, or sk = a1 + Wk(ae−a1). The residues may be computed by calling the

Maple command residue. The solution may then be written as a sum over all the

poles sk, which gives an infinite sum as an answer:

y(t) =
∑

k

ckeskt . (3.5)

Our Maple program assumes that the only poles of Y (s) are roots of (s − a1)es − a.

This is true if the history function has no poles (though it is allowed to have jump

discontinuities).

When ae−a1 = −e−1, W0(a) = W−1(a) = −1 is a double root and more care must

be taken. We have

(s− a1)es − a =
1
2

ea1−1 (s− a1 + 1)2 + O
(
(s− a1 + 1)3

)

and

estY (s) =
F (s)

(s− a1)es − a
est



Delay DE with Computer Algebra 11

where

F (s) = y(0+)es + a

∫ 0

−1

e−sτH(τ)dτ . (3.6)

Calculating the series expansion of estY (s) using Maple we obtain the residue at s =

a1 − 1:
(
(2 t− 4/3) eta1−t−a1+1F (a1 − 1) + 2 eta1−t−a1+1F ′ (a1 − 1)

)
(3.7)

The complete formula for the solution is therefore

y(t) =
∑−2

k=−n−1 ckeWk(−e−1)t

+
(
(2 t− 4/3) eta1−t−a1+1F (a1 − 1) + 2 eta1−t−a1+1F ′ (a1 − 1)

)

+
∑n

k=1 ckeWk(−e−1)t

(3.8)

This formula is implemented in the program NHFS, which will be made available in the

Maple Application Centre.

The scope of this procedure, as noted in [6], is limited to the initial functions for

which the integral and residue can be calculated analytically. As the DDE becomes

more complicated, Maple may not find a closed form for the integral or for the residue.

We note in particular that a piecewise history function with floating-point breakpoints

causes unnecessary difficulty for the residue command; there may be other similar

programmatic shortcomings.

We show the solution of y′(t) = −y(t − 1), H(t) = 1, given by truncating the sum

to 8 residues, in Figure 3. This is plotted in Figure 3. Note that the truncation

induces “ringing” near the left endpoint of the history; this is typical of the residue

method: a finite number of terms can capture the history only “in the mean”. However,

note that the error (forward error, y(t) − ytrue(t)) decreases exponentially, as seen in

Figure 4. Increasing the number of terms to 16 terms makes the error decay faster as

time progresses, but does not substantially improve the representation of the history

function.

Now let us show the solution to y′(t) = −y(t − 1) + y(t), H(t) = sin t. This is a

double root case, because ae−a1 = −e−1. Again we truncate the series to 8 residues.

The error in reproducing the history is shown in Figure 5. The residual error δ(t)/y(t),

where δ(t) := y′(t)+y(t−1)−y(t), which should be zero, is plotted in Figure 6, where

we see that it is essentially of the order of roundoff.
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8-term NHFS solution of y’(t) = -y(t–1), H(t)=1
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Figure 3: Approximate solution of y′(t) = −y(t− 1), H(t) = 1, using 8 residues.

Errors in 8 and 16 term solutions
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Figure 4: Forward errors in 8 (circles) and 16 (crosses) residue solutions of y′(t) = −y(t−1),

H(t) = 1.

3.1.1. Difficulties with the methods so far The method of steps has two main difficulties:

the first is that the integrals arising may not be expressible in terms of known functions,

and, second, even if the integrals are expressible, they may not be short formulas. Thus,

the solution may expensive to compute, if it can be done at all. Finally, the method is

Error reproducing history

0

0.02

0.04

0.06

0.08

sin(t)-y(t)

–1 –0.8 –0.6 –0.4 –0.2

t

Figure 5: History error for 8 residue solution of y′(t) = y(t)− y(t− 1), H(t) = sin t.
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Relative residual Error
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Figure 6: Relative residual error δ(t)/y(t) in 8-residue solution of y′(t) = y(t) − y(t − 1),

H(t) = sin t.

inherently finite: the long-time behaviour of the solution is not always evident from the

first few analytical steps. Numerical methods are also inherently finite in this fashion,

except that they are so efficient that in practice the solution can be continued for t as

large as desired (and in the case the solution settles down to a fixed point, an infinite

sized time step can be taken reliably).

The residue theory has a similar limitation if the initial history and the equation

give rise to an expression that cannot be integrated or have its residue computed

analytically. If, however, this can be done, then the solution gives the long-time

behaviour of the solution y(t) very nicely; this is the main strength of the method,

in fact. However, even in just the simple examples we have seen here, the phenomenon

of ringing, also called the Gibbs phenomenon in the theory of Fourier series [12], shows

that the solution we compute is the exact solution of a problem with a history that is

not pointwise close to the specified history.

In the next section, we explore a different method, similar to the residue method,

that does not suffer as much from ringing. We will see that it gives the exact solution to

the DDE with a history function that is much closer to the specified history function.

3.2. Least Squares

Once again, consider Eq. (3.1). In the previous method we tried to compute a finite

number of the exact coefficients (residues) in the series. In this section, we compute a

different finite sum directly instead, i.e. we compute (using what is called the discrete
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Lambert Transform [6])

y(t) =
N∑

k=`

ckea1+Wk(ae−a1 )t ,

where the ck are chosen to minimize the L2-norm of the difference between y(t) and

H(t) on −1 < t < 0. This means that we are solving y′(t) = ay(t− 1) + a1y(t) subject

to y(t) = Ĥ(t) on −1 ≤ t ≤ 0, where Ĥ(t) is supposed to be close to H(t) in the

L2-norm. In other words, we give the exact solution to the given DDE, subject to a

perturbed initial condition.

To conveniently make this perturbation as small as possible, we may attempt to

minimize (we set a1 = 0 for expository convenience here)

J(C) =
∫ 0

−1

∣∣∣∣∣H(t)−
N∑

k=`

ckea1+Wk(ae−a1 )t

∣∣∣∣∣

2

dt .

Now, if we find the values of c∗k that will make

∫ 0

−1

[
H(t)−

∑

k

c∗keWk(a)t

] ∑

k

∆keWk(a)tdt = 0

for all ∆k, then we have J(c ∗+∆) = J(c∗) +
∫ 0

−1
|∑k ∆k|2 dt and therefore the values

of the c∗k’s are the minimum coefficients. Therefore, we can see that this just boils

down to solving the Least Squares system

N∑

k=`

ck

∫ 0

−1

e(sk+sj)tdt =
∫ 0

−1

H(t)esjtdt (3.9)

for ` ≤ j ≤ N and is in the form of Mc = b where Mij =
∫ 0

−1
exp((si + sj)t) dt =

(1 − exp(−si − sj))/(si + sj). Here si = Wi(a). The matrix M in this equation is

Hermitian, meaning that it is equal to its conjugate transpose, if a is real and the

indices in the sum are taken to include all complex conjugate sk’s.

We have written a Maple program to compute these quantities, for linear constant

coefficient DDEs with (possibly more than one) constant delays (again, to be made

available in the Maple Application Centre). The program, DDEsolve, accepts a vector

of constant coefficients, A, a vector of constant delays, Ω, the initial function, H(t),

for the interval −max(Ω) < t < 0 and the number of terms, numt, that the program is

to use in the initial interval. These are used to determine the values sk which are used
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Figure 7: Least Squares solution of Eq. (3.1) where A = [0,−1], Ω = [0, 1] and H(t) = 1 in

the interval −1 ≤ t ≤ 0 and numt= 40.

to formulate the matrix M and the vector b. Solving the linear system defined by M

and b determines the least squares solution c.

For an example, we once again consider the simple DDE Eq. (3.1) with a history

function H(t) = 1 on the initial interval −1 < t < 0. For this example A and Ω

are given by A = [a1, a] and Ω = [0, 1]. The sk are the appropriate values of the

Lambert W function. Fig. (7) plots the Least Squares solution of this example.

Fig. (8) plots the difference of the Least Squares and the function H(t) in the initial

interval (dash-dot line). The Least Squares solution matches the initial history to

within 0.06. For comparison, this figure also plots the initial differences of the Laplace

Transform methods (solid line). It was noted previously that the Laplace Transform

method exhibits the Gibbs phenomenon (poor convergence) in the initial interval. As

expected, the Least Squares solution is much closer to the original function in the

initial interval. The numerical method ddesd also computes an excellent solution (not

shown) to this problem.

3.3. Treatment of the DDE y′(t) = a0y(t) + a1y(t − ω1) + a2y(t − ω2) + ...

A strength of the Least Squares methods is that it can be modified to treat DDEs

of more complex form than Eq. (3.1):

y′(t) = a0y(t) + a1y(t− ω1) + a2y(t− ω2) + ... (3.10)
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Figure 8: Solution of Eq. (3.1) in the initial interval where A = [0,−π/2], Ω = [0, 1] and

H(t) = 1 in the interval 0 ≤ t ≤ 1 and numt= 40.

where ai and ωi are constants. For this DDE, with more than one delay, sk is no longer

a value of the Lambert W function. To find the values of sk we employ a procedure

called Analytic [4]. Although this procedure is useful to find the values of s, it

is time consuming. A better method, based on homotopy from simpler exponential

polynomials, is being investigated. Here, we use the Lambert W function when the

length of the vector A ≤ 2 and the Analytic method when the length of A > 2.

Fig. (9) plots two examples of the DDEs:

y′(t) = −4y(t)− 3y(t− 1)− 2y(t− 1.5)− y(t− 2) (3.11)

y′(t) = −y(t)− 5y(t− 1)− 2y(t− 2) (3.12)

with H(t) = −t on 0 < t < 2 and H(t) = sin(t) on 0 < t < 2 respectivly. Note

that numt (the number of terms) was increased to 100 for these examples. As the

DDE and initial function become more complicated, more terms are needed in the

Least Squares method to ensure that the solution has a good match with the history

function. Fig. (10) and (11) plot the residual of the solution and the initial difference

for Eq. (3.12). These figures show that the solution is that of a DDE that is close

to the original. We observe that as the polynomial given to Analytic or the function

H(t) becomes more complicated, the residual of the solution increases.
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Figure 9: Examples of solutions of a DDEs with more than one delay. Parameters for the

solid line are A = [−4,−3,−2,−1], Ω = [0, 1, 1.5, 2], numt = 100 and H(t) = −t in the interval

0 ≤ t ≤ 2. Parameters for the dash-dot line are A = [−1,−5,−2], Ω = [0, 1, 2], numt = 100

and H(t) = sin(t) in the interval 0 ≤ t ≤ 2.

3.4. Comparison of computer algebra methods to numerical methods

In the previous sections we described three different methods that can be imple-

mented using computer algebra to find the approximate solution to DDEs. In this

section we will compare the solution of a DDE given by the methods in this paper with

that of the numerical solver dde23 and its successor ddesd in MATLAB. The reader

is referred to [16] for more information on dde23, and to [15] for more information on

ddesd. We compare to these routines because they, like the methods presented here,

are available in a problem-solving environment and one would expect similar ease of

use and performance. The more recent and powerful ddesd of [15] is quantitatively

and qualitatively more powerful than dde23, but no harder to use.

Fig. (12) compares the solutions of Eq. (3.1) with H(t) = 1 on −1 < t < 0 using the

Laplace Transform method(solid line), the Least Squares method (dash dot line), the

Method of Steps (dots) and the solution of the same DDE given by the routine dde23 by

MATLAB (also the dots). From this figure one can observe that dde23 gives the closest

solution to the actual solution that is given by the Method of Steps. But, the solutions

produced using the Laplace Transform method and the Least Squares method are very

close to the actual solution. See Fig. (13). Notice that the Least Squares solution
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Figure 10: Residual of Least Squares solution. Parameters for the solid line are A =

[−4,−3,−2,−1], Ω = [0, 1, 1.5, 2], numt = 100 and H(t) = −t in the interval 0 ≤ t ≤ 2.

is closer in the intial interval whereas the Laplace Transform method is closer after.

This is generally the case. The reason begin that the errors in the Laplace Transform

method are strictly confined to the higher terms (with greater damping) and hence

the errors decay faster; the errors in the Least Squares method are present in every

term and thus do not die out (but rather reflect the influence of a slightly perturbed

initial condition). The solution by dde23 can be expected to have errors that grow

only slowly over time, if at all; in these examples, the errors damp out over time.

Obviously, for functions where the Laplace Transform method and the method of

steps cannot determine a solution the Least Squares procedure gives the best approx-

imation to the original DDE. It is important to note that as the number of terms in

the initial interval increases in the Least Squares procedure the difference between the

Least Squares solution and that of dde23 decreases.

One convenience to these analytical methods is that we are able to obtain a closed

form approximation to the solution of the original DDE. Using this solution the

derivative is very easy to calculate and thus phase portrait of y vs y′ is easily obtained

using the Maple command plot. However, the new routine ddesd also allows easy

access to derivative information, and its generality, power and speed make it truly

attractive.
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Figure 11: Initial difference of the Least Squares solution. Parameters for the dash-dot line

are A = [−1,−5,−2], Ω = [0, 1, 2], numt = 100 and H(t) = sin(t) in the interval 0 ≤ t ≤ 2.

4. Concluding Remarks

We have shown that computer algebra may be effective in solving linear constant

coefficient delay differential equations with a single constant delay. These equations

arise often in applications, and the convenience of having a special-function “closed

form” expression for the eigenvalues, namely Wk(a exp(−b)), allows useful approximate

solution of the problems. This technique gives, we believe, some symbolic insight

into the nature of the problems solved, and helps with the understanding of more

complicated and general problems of this type.

We have extended the classical techniques for solving DDEs in two ways: in this

paper, by allowing an approximate least-squares fit to the initial function, much as

is done by approximating initial conditions for PDE by truncated Fourier series, and

in [8] by extension to systems of linear constant coefficient delay differential equations

with a single constant delay, using a Parlett-type recurrence in a more general context

than evaluation of the function Lambert W on matrices.

This technique is in both cases analogous to a spectral method, and has some

potential for use in special situations, because its accuracy increases over long-time

integrations, and because it represents the exact solution for perturbed initial condi-

tions.



20 J. M. Heffernan and R. M. Corless

32 410

y

1

0.4

0.2

0.6

-0.4

t

5

0.8

0

-0.2

Comparison ´ of ´ Methods

Figure 12: Solution of Eq. (3.1) where A = [0,−e−1], Ω = [0, 1] and H(t) = 1 in the interval

0 ≤ t ≤ 1 and numt = 6 using Laplace Transform method (solid line), Least Squares method

(dash-dot line), Method of Steps (dots) and dde23 by MATLAB (also the dots).

A similar approach has been used in control theory [1]. However, [1] did not look at

the special cases arising in the multiple eigenvalue case when the eigenvalues were −1/e,

but did use the least-squares idea (which also appears in Corless [5]).
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