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The usefulness of CAD/CAM (Computer Aided Design/Computer Aided Modelling)
systems as a means of increasing the efficiency of the design process is nowadays uncontested.
Advantages such as

e reduction of lead times,
e quality improvements, and

e cost reduction by saving time spent implementing engineering changes in the design
process

are often cited as the major benefits resulting from the introduction of specialized software
for CAD/CAM. From a mathematical point of view almost all the CAD/CAM problems are
related to the manipulation of geometric objects into the two or three dimensional space,
mainly curves and surfaces and combinations of both. Since these geometric entities are
usually presented through polynomials via their implicit of parametric representation, it
is clear that the intersection between Computer Algebra and Computer Aided Geometric
Design must be nonempty.

In this paper we plan to briefly describe some of the most relevant results in the symbolic
manipulation of curves and surfaces and their applications in Computer Aided Geometric
Design (CAGD), as well as report on the main research achivements in the frame of the
Spanish research project DGES PB98-0713-C02 entitled “Métodos Algebraico-Geométricos
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para la manipulacion de curvas y superficies”. More precisely, we will focus on the following
levels

o Algorithms for rational curves and Sufaces.
e Applications in CAGD.

e Practical performance of applications in CAGD.
Algorithms for rational curves and Sufaces

In the following we comment the results and basic ideas on the symbolic manipulation of
rational curves and surfaces. In this paper we will essentially describe the intuitive ideas
underlying the parametrization methods by adjoints of curves as well as how implicitization
implicitation techniques can be used to deal with rational curves and surfaces.

Algebraic curves and surfaces are the main geometric objects in CAGD, specially rational
curves and surfaces. In many practical applications parametric representation of varieties
are utilized (see e.g. [8],[9],[33],[36]). This fact has motivated the emergence of a research
area devoted to the construction of conversion algorithms for algebraic varieties, namely
parametrization and implicitization algorithms (see e.g. [9],[34]).

Parametrization algorithms for rational curves can be found in [1],[10],[29],[30], [47],[57],
[58] for algebraic curves, and in [2],[42],[48],[53] for surfaces. In [1], [47],[57], [58] the
problem is approach by means of linear systems of adjoint curves, while in [29],[30] the
parametrizations are achieved using cannonical divisors. In [2],[10] the case of space curve
is solved by birationally projecting the space curve into a plane curve. For surfaces, in
[48] a complete parametrization algorithm for algebraic surfaces based on adjoints is pre-
sented. Parametrization methods for special surfaces can be found in [1],[53] for quadrics
and quintic surfaces, and in [42] for canal surfaces.

One of the main problems arising in the manipulation of parametric curves and surfaces
in computer aided geometric design is the finding of efficient algorithms for computing the
implicit equation of curves and surfaces parametrized by rational functions (see for example
[13], [14], or the chapters 5 and 7 in [33]). This is due, for example, to the fact that,
if for tracing the considered curve and surface the parametric representation is the most
convenient, to decide in an efficient way the position of a point with respect to the curve or
surface considered, the implicit equation is desired.

The implicitization problem for hypersurfaces (in real applications, curves in the plane
or surfaces in the three dimensional space) parametrized in a rational way can be stated in
the following terms: let V be a hypersurface in R™ (in real applications n = 2 or n = 3)
parametrized by (i € {1,...,n}):
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where f; and g¢; belong to Z[t1, ... ,t,—1] with ged(fi, ¢;) = 1. The implicitization problem
for V is the finding of a non zero element Ry(z1,...,z,) in Z[z1, ..., z,] with the smallest
posible total degree and such that:
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More general formulations of the implicitization problem for arbitrary parametric varieties
can be found in [3], [11], [12], [37], [23] or [21].

Example (see [26])
The parametric equations of the bicubic surface B are:

z=3t(t—1)>+ (s —1)>+3s
y:35(s—1)2—}—t3—}—3t
z=—3s(s> = bs+ 5)t° — 3(s° + 65> — 9s + 1)t* + (65° + 95 — 185+ 3) — 3s(s — 1)

We look for an implicit equation Hg for B. The first two equations (denoted by H; and Hg;
the third one will be denoted by Hs) do not have the desired structure in order to apply an
ad—hoc technique but an easy linear combination of them
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gives the good shape for the polynomial system to deal with. In this particular case the
equation Hp has the following structure:
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F1(A)=0,F>(A)=0

The computation of the r;(z,y)’s is performed by computing the Newton Sums of order 9,
Si(z,y) (k€ {1,...,9}) for the equation (1):
Sk(z,y) = Z (Hs(A))*.
F1(A)=0,F>(A)=0
For that, first it is computed the Jacobian Determinant of Iy and Fy:
27 45 9 9
Jac(s,t) = 9t%s% — 7t52 + 9/452 — ItQS + 18ts — 9/4s + gtz —9/2t — 3

Next the values of every fp(Jacs't’) (0 < i, < 2) are determined by computing the
coefficient of s%t? into the normal form of Jac s't/ with respect to F; and F,. Then every
Sk(z,y) is determined by the following expression:

2
Si(z,y) = {r(HEJac) = Z cgf)EF(Jacsitj)

2,j=0



(%)

where the . ’s are the coeffcients into the normal form of Hé“ with respect to F} and Fj:

2
(Hs(s,t)* = Y ePsiti mod (Fy, Fy)

(¥
7,7=0

Finally the desired result is obtained by using the classical Newton Identities of the uni-
variate case. The first two coefficients in Hp(z,y, z) are:
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The computing time was less than 15 seconds by using Maple 6 on a Sparc—15 Workstation.
This approach can be very useful to provide more efficient versions of the implicitization
algorithms presented by [23] (the time for implicitization the previous bicubic spline was
1500 seconds). The size of the file containing the full implicit equation of B is around 600
kbytes and it is avalaible upon request. To quote finally that no Computer Algebra was
able to substitute the parametric equations of 0 inside its implicit equation and obtaining
0 as result. Therefore we have verified that several hundreds of points randomly chosen on
B verify the implicit equation obtained.

Another problems with a similar formulation than the implicitization problem described
before and where the solution is obtained by eliminating from the initial equations some
variables, are (see [33]):

e Computation of offset curves and surfaces.

Computation of constant-radius blending surfaces.

Computation of the convolution of two plane curves or surfaces.

Computation of the convolution of two plane curves.

Computation of the common tangent of two plane curves.
e Computation of the inversion formula for parametric surfaces.

These geometrical operations are oftenly used when generating the boundary of a config-
uration space obstacles, in order to construct collision free motion paths for translating
objects.

Two main difficulties are encountered when trying to use the usual elimination technics
offered by Computer Algebra (resultants, Grébner bases, etc) to deal with the variable



elimination problems mentioned before. For example the implicitation of a rational surface
defined by
X (s,1) Y (s,t) Z(s,t)
T = = z =
Ws,t) YT W(s,t) 7T Wis,b)

appearing into a real-world problem is difficult to achieve by applying directly resultants

or Grébner bases because, first, it is usually a very costly algebraic operation and, second,
the coefficients of the polynomials in the parametrization are usually floating—point real
numbers.

These difficulties can be currently overcome in two different ways:

e By using multivariate resultants (see [11]), the implicit equation is described as a non
evaluated determinant. Then any question about the considered surface requiring the
implicit equation is reduced to a Numerical Linear Algebra question over such matrix
(usually an eigenvalue problem).

e By taking into account that, in general, a concrete object to model is made by several
hundreds (or thousands) of small patches, all of them sharing the same algebraic
structure: for such an object a database is constructed containing the implicit equation
of every class of patch appearing in its definition. This database must also contains
the inversion formulae (giving the parameters in terms of the cartesian coordinates)
and must be pruned to avoid specialization problems. Moreover the database for a
specific objetc is kept into a bigger and general database for a further use (see [17]).

The main drawback of the first approach is due to the existence of base points, ie
solutions of the polynomial system

X(s,t)=0, Y(s,t) =0, Z(s,t) =0, W(s,t) =0,

since their existence implies the vanishing of the determinant defining the implicit equation.
This problem is solving by looking for an appropiated submatrix of full rank as shown in
[39].

The main drawback provided by the second approach is due to the fact that some alge-
braic structures arising in the database construction are very complicated and the implicit
equation can not be generated or even difficult to use due to its huge size. Namely:

X(s,t) Y (s,t) Z(s,t)
W(s,t) 7T W(st)’ W (s, 1)
with
3 .
W =Y (Ajt* + Bjt + Cj)s’
7=0

and (U e {X,Y,7},i€ {z,y,z})

3
U= Z(agl)tQ + ﬁ;l)t + 7](2))sj.
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It is not also easy to deal in advance with specialization problems: upto this moment
these are detected by substituting several points in the surface, uniformly generated by the
parametrization, into the candidate to be the implicit equation.

Recently, a new method for the implicitization of rational curves and surfaces has ap-
peared: the using of the moving line ideal basis for planar rational curves (see [15]) and
the using of moving surfaces for rational surfaces (see [50]). In principle they provide easier
respresentations for the implicit equation but they have the same drawbacks than the using
of resultants. In fact this method is still not completely understood for the case of rational
surfaces.

Many authors have also addressed the problem of computing good parametrizations;
where good affects to the degree of the rational functions in the parametrization (geo-
metric optimality), to the algebraic field extension where the parametrization is expressed
(algebraic optimality), and to the coefficient lenght in the parametrization (arithmetic opti-
mality). In addition, all these optimality questions can be treated from two different points
of view, namely if the data is given implicitely or the data is given parametrically and
implicitization techniques are not used.

Proper parametrizations (i.e. parametrizations with optimal degree) for curves given
implicitely are reached in [1],[29],[30], [47],[57], [58]. If the input is given parametrically,
reparametrization methods for improperly parametrized curves are also available, for in-
stance, in [3],[51]. Concerning the algebraic optimality, in [30] [58] procedures for determin-
ing parametrizations, of curves represented implicitely, expressed over the smallest possible
field extension of the ground field, are presented. In [30] the problem is approached by
cannonical divisors, while [58] treats the question by means of adjoint curves. Similar the-
oretical results can be found in [47]. The main difference of [47] with [58] is that in [47]
the problem is solved only for curves with ordinary singularities and uses adjoint curves
of high degree which affects the complexity. The algebraic optimality of parametrizations
has also been analyzed if the curve is given in parametric representation, see for instance
[4],[5],[56]. In [4] the problem is approach by means of cannonical divisors, while in [5] the
Weil’s descente variety associated with the parametrization is used. In [56] the techniques
developed in [4] and [5] are applied to the particular case of polynomial parametrizations
where the Weil’s descente variety turns to be a line. This last theretical statement is also
proved in [5].

An additional question, very important in applications, related to the algebraic optimal-
ity is the construction of solutions over the reals. In [46] an algorithm for deciding whether
a complex parametrization defines a real curve is given. Furthermore this approach finds,
using basically geds, a linear reparametrization of the parameter to transform the original
complex parametrization into a real parametrization, if the curve turns to be real. If the
curve is given implicitely in [59] it is shown how to adapt efficiently the parametrization
algorithm to decide first whether the curve is real to generate afterward a real parametriza-
tion. The basic idea of this method is to reduce the parametrization algorithm to the
computation of a simple single real point on the curve. In order to compute this point,



over the smallest possible field extension of the ground field, the curve is birationally trans-
formed, preserving the ground field, into a conic (see [28]). Also the problem of computing
the number of times a parametrization traces a curve when the parameter takes values in
C or in R is analyzed in [61]. Extensions of this problem to the computation of the degree
of a rational mapping between algebraic curves is considered in [60].

Nevertheless, purely arithmetic questions (for instance, the determination of reasonable
good upper bounds of the lenght of the coefficients of the rational functions involved in the
parametrization) are still open questions.

For the case of surfaces, proper parametrizations for surfaces given implicitely can be
achieved with the algorithm presented in [47], and first steps in the generation of real
parametrizations are introduced in [49]. However, most of the optimality questions are still
open problems.

Other additional problems as parametrization, implicitization and simplification of trigo-
nometric curves can be found in [35]. Results on complexity analysis for genus computation
and parametrization problems are in [40],[62]. Finally, concerning implementations we
refer to the systema CASA (see [27]) where most of the algorithms mentioned above are
considered.

Applications in CAGD

As we have mentioned CAGD is a natural frame for applications of algebraic curves and
surfaces. In this paper we will focus on two of these applications, namely offseting curves
and sufaces and blending of several surfaces.

The notion of offset is directly related to the concept of envelope. More precisely, the
offset hypersurface, at distance d, to an irreducible hypersurface V over an algebraically
closed field K is “essentially” the envelope of the system of spheres centered at the points
of V with fixed radius d (see figure 1 for the offset of a parabola and figure 2 for the offset
of a ellipsoid).

More formally, we define the classical offset to a hypersurface V, over an algebraically
closed field K of characteristic zero, at distance d as the Zariski closure in K", of the
constructible set A;(Vp) in K" of the intersection points of the spheres of radius d € K
centered at each point P € Vy and the normal line to V at P; where Vy C V is the set of
regular points of V, where the non-zero normal vectors to V are not isotropic. Moreover,
this notion can be generalized (see [6]) by introducing the movement of the normal vector
by means of a direct isometry. More precisely, we define the generalized offset to V over K
at distance d in the direction determined by a direct isometry A as the Zariski closure in
K" of the constructible set A7 (Vg) in K of the intersection points of the spheres of radius
d € K centered at each point P € Vg and the lines passing through each point P in the
direction determined by the vector N'(P) - A, where A'(P) is a normal vector to V at P.



This notion, for the case of plane curves, was already introduced by Leibniz in, and in
elementary texts on differential geometry and algebraic geometry some elementary aspects

of offsets are studied. The CAGD community started, in the 1980s, to be interested in
the topic, and problems related to “offsets” to curves and surfaces were addressed. The
reason for this interest is that offsets play an important role in CAGD), since they arise in
practical applications such as tolerance analysis, geometric control, robot path-planning and
numerical-control machining problems, like the description of the curve that a cylindrical

tool executes when it moves through a prescribed path [33], [36].
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Figure 1: Offset to the Parabola
[61,[7,[32], [33],

Currently, the study of offsets is an active research area (see e.g.
[34],[36],[38],[43],[44],[54],[55]). Indeed, as a consequence of this research, many interest-
ing questions related to algebraic geometry have appeared as, for instance, the study of the

3 Y
unirationality of the components of the offset to a given hypersurface, or the construction
of rational parametrizations of the unirational components of an offset hypersurface, or the

analysis of algebraic and geometric properties of the offset in terms of the corresponding
properties of the initial variety (e.g. geometric genus offset curves, etc), or the development

of special implicitization techniques for offsets.
In this paper we will report on the main results about the characterization of the uni-
rationality of offsets and on the direct parametrization algorithm for offsets to curves and
However, in many cases, one wants this

surfaces.
Another interesting problem in CAGD is modeling objects (see [33],[36]). Usually, one

models the object as a collection of surfaces.
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Figure 2: Offset (half) to the Ellipsoid

collection to form a composite object whose surface is smooth. This question leads to the
blending problem. In fact, a blending surface is a surface that provides a smooth transition
between distinct geometric features of an object. In figure 3 one can see a blending solution
of an sphere and a cylinder.

Roughly speaking, if Vi,...,V,, (surfaces to be blended), and Uy, ..., U, (clipping sur-
faces) are given, the blending problem consists in finding an algebraic surface V such that
Ci = U;NV, C V, and V meets each V; at C; with “certain” smooth conditions (ka
continuity, see [16]). More precisely, let C' C ViNVz be an irreducible curve such that
Vi, Vo are smooth at all but finitely many points on €. Then, we say that V; meets , V5
with G*-continuity if there exists parametrizations Py, Py of Vi, V, respectively such that
all partial derivatives of P, and P3 up to order k agree along C. If the surfaces Vi, V5 are
not rational, the G* continuity of Vi, V, along a irreducible curve C'CV; NV, can be intro-
duced by requiring that there exists two polynomials A, B € K[z, z3, z3], not identically
zero along C', such that all derivatives of AFy; — BF, up to order k vanish along C, where
Fy, and F; are the implicit equation of Vi, and V; respectively (see [64]).

Thus, the problem of blending smoothly a collection of surfaces may be decomposed into
two separate subproblems. The first one focuses on finding appropriate clipping surfaces U;
(see [64]), and the second assumes that the clipping surfaces are given, and deals with the
question of determining the final blending surface V' (see [64]). In this paper we deal with
the second problem, that we will call in the sequel the blending problem. In addition, the
blending problem can be approached from two different points of view, namely, implicitly



Figure 3: Blending of an sphere and a cylinder

(see [65]) or parametrically (see [63]). In the first case, one wants to compute an implicit
expression of the solution while in the second parametric solutions are required. Some
contributions for the parametric case have been done ([31], [41], [45]), but most of the
authors have addressed the implicit version of the problem (see [65]).

For the implicit blending, it holds that the family of solutions are in the intersection
of some polynomial ideals generated by the implicit equations of V;, and powers of the
equations of U;, and therefore elimination techniques as Grobner basis can be applied (see
[64]). More precisely, let V; be a surface defined implicitly by ¢1, and U; an auxiliary
surface defined implicitly by h;. Let g1, hy be different irreducible polynomials. If g = 0
and hy; = 0, intersect transversally in a single irreducible curve, then any polynomial F’ such
that 7 = 0 meets g; = 0 along the curve C; = Vi N U; with G*—continuity, much be in the
ideal (g1, h¥1)

On the hand, if the question is approached from the parametric point of view, one
may ask whether there exists rational blending solutions of the problem, and if so, derive
parametrizations of them. For this purpose, one may impose that V; are rational, that
parametrizations of them are known, and that the clipping surfaces U; are taken such that
the clipping curves C; are also rational.

In this paper we will present a symbolic parametric algorithm that generates directly,
from the clipping parametrizations, parametrizations of families of blending surfaces that
depend on additional parameters. Furthermore, one may control in advance the number of
parameters to be involved in the final solutions to afterwards utilize them to model properly
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the final object.
Practical performance of applications in CAGD

A succesfully application of the generic implicitation procedures described before has
been the sectioning an implicit B-spline surface. Consider all the patches (implicitly rep-
resented) defining the B—spline surface to be sectioned by the plane z = k. For each patch,
and with the equation z(u,v) = k, we compute the intersection of this curve (into the v —v
domain) with the boundary of the definition domain (i.e. starting with « = 0, then u = 1,
v =0 and v = 1, usually two points are determined at most). By evaluating these points
in the parametrization we obtain the extremes of the section on the B—spline surface. With
each point computed before, and by using the implicit equation, every component of the
section is discretized (always inside the plane # = k). The points computed before are
interpolated by using a cubic spline curve representing the section of the considered patch.
The previous steps are repeated for every patch of the considered surface (see [18] and [19]).

Figure 4 shows how looks like the sectioning, by using the generic implicitation, of a
concrete object in the CAD/CAM environment CSIS of the company CANDEMAT.

Figure 4:

Another common problem in CAD systems is the resolution of topological problems
when dealing with geometric entities defined by algebraic objects. Probably the most sim-
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ple one is the determination of the topology of an algebraic curve defined by its implicit
equation. For example for the polynomial

flz,y) = 279756.02 — 559692.0zy% + 279936.0xy* 4 15588.0y%2> + 217.02°
—15583.023 + 26043.62% — 2303.92* 4 35.926 — 745286.4y> + 370656.0y*
—72774.0y%2% 4 2589.4y%2* 4+ 373334.3900 + 1296.0y° + 46728.0y* 2>

its real drawing which appears to the left of Figure 5. This picture (only cuantitative) does
not allow to determine which is the real configuration of the considered curve while the
graph appearing to the right of Figure 5 gives the right cualitative information looked for.
This graph can be computed in a very fast way (a few seconds) by using the algorithms in
[24] and [25] and used to resolve topological problems.
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Figure 5:

The availability of shape error measurement tools is an obvious necessity in the field of
quality control in industry, where parts are made according to a theoretical mathematical
model. When dealing with surfaces the objective is to establish whether or not the shape
of a specific area is correct in terms of the theoretical definition of the mathematical entity
irrespective of its position in 3D space.

In our case a theoretical model and an actual one made from the first as reference
are available. The measuring of errors is based on corresponding points in the theoretical
surface model and the actual surface. The points are previously chosen for the detection
of faults in regions of the actual surface. The points are given in two different positions in
3D space and one tries to put some transformation between them allowing the evaluation
of errors in such a way that it is guaranteed that the tolerances specified by the standards
are verified.

Our method (see [20] for more details) finds the rigid motion moving the first set of
points as close as possible to the second one. This is made by introducing a non linear
least-squares problem where the unknowns to be determined are the parameters of the rigid
motion (the translation and the three angles of the rotation). The structure of this non linear
least—squares problem allows its resolution in closed form by using several symbolic methods

12



(and the Computer Algebra System Maple). Thus the error is computed by applying this
optimal rigid motion to the first set of points and then making the differences.

Figure 6 shows how works in practice, into the software CSIS of the company CANDE-
MAT, the algorithm shortly sketched before.

Figure 6:
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