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Abstract. Our goal was to make it as easy as possible to solve a large class of boundary value
problems (BVPs) for ordinary differential equations in the MATLAB problem solving environment
(PSE). We present here theoretical and software developments resulting in bvp4c, a capable BVP
solver that is exceptionally easy to use.

1. Introduction. Our goal was to make it as easy as possible to solve a large
class of boundary value problems (BVPs) for ordinary differential equations (ODEs)
in the MATLAB problem solving environment (PSE). We present here theoretical and

software developments resulting in the BVP solver bvp4c. It solves first order systems
of ODEs

y = f(z,y,p), a<z<b (1.1)

subject to two-point boundary conditions

g(y(a),y(d),p)=0 (1.2)

that can depend on a vector p of unknown parameters. It is unusual to allow prob-
lems with non-separated boundary conditions. Among general-purpose BVP solvers,
the valuable capability of unknown parameters is unusual. Despite the generality
of the problems allowed, bvp4c does not require users to provide analytical partial
derivatives, a great convenience that is also unusual.

The numerical method of bvp4c can be viewed as collocation with a C! piece-
wise cubic polynomial S(z) or as an implicit Runge-Kutta formula with a continuous
extension (interpolant). The formula has been studied by several authors and im-
plemented in a number of codes [3, 5, 9, 12, 13]. However, the codes evaluate the
formula in different ways, define error in different ways, use different algorithms to
estimate the error and select the mesh, and provide answers in different forms. We
base error estimation and mesh selection on the residual of S(z). Control of the size
of the residual is unusual for BVPs, but Enright and Muir [9, 10] point out that it has
important advantages. One of particular interest to us is its potential for coping with
poor guesses for the mesh and the solution. Enright and Muir use the same formula,
but a different interpolant in their solver MIRKDC. The residual is defined in terms
of the interpolant and we show that the one we use has important advantages. We
prove that the behavior of its residual is asymptotically local and depends only on
a derivative of the solution. We develop inexpensive estimates of both L., and Lo
norms of the residual that we prove to be asymptotically correct. We argue that the
estimate of the Ly norm is credible even when the asymptotic behavior of the residual
is not evident. An interesting aspect of this estimate and our numerical method is
that the acceptance test on the size of the residual automatically takes into account
how well the collocation equations are satisfied.

This paper presents the theory of a solver that appears in MATLAB 6 (Release
12). In addition, we explain here how to exploit further the PSE to solve BVPs faster.
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Hereafter we refer to the release version as R12bvp4c and the new one as bvp4c. By
default R12bvp4c uses finite difference Jacobians. We reduce the cost of forming
Jacobians in bvp4c by determining whether it is possible instead to use an averaged
Jacobian. bvp4c is vectorized and has a new option that allows a user to reduce the
run time significantly by vectorizing the evaluation of f(t,y,p).

Some numerical examples illustrate the software and algorithmic developments
of bvp4c. Other examples compare the standard interpreted MATLAB code with
compiled code. Included in this comparison are both MIRKDC and a compiled version
of bvp4c.

2. Simpson Method. Solving BVPs in a PSE is different from solving them in
general scientific computing (GSC). Some of these differences direct our attention to
certain kinds of formulas and implementations. A very important difference is that
in a PSE, most solutions are viewed graphically, though we must be able to obtain
accurate answers anywhere in [a,b]. This implies that some popular approaches are
not suitable: Formulas of quite high order are popular, but a modest order is more
appropriate at graphical accuracy. Some popular methods provide answers only at
mesh points. Others provide answers everywhere, but the accuracy is not uniform.
In this section we describe a method that satisfies our requirements and state some
of its basic properties. Later we prove some new results that show it to be especially
suitable for our purposes.

We assume throughout that the functions f(z, y, p) and g(u, v, p) of (1.1,1.2) are as
smooth as necessary. In particular, f is continuous and satisfies a Lipschitz condition
in y. For simplicity we suppress the argument p. The method we investigate can be
viewed in several ways. Dickmanns and Well [8] view it as collocation with a piecewise
cubic polynomial function S(z). S(z) satisfies the boundary conditions and for each
subinterval [z;, z;+1] of amesh a = 2o < 1 < ... < zy = b, it is a cubic polynomial
that collocates at the ends of the subinterval and the midpoint. It is continuous at
the end points of each subinterval, which along with collocation there implies that
S(z) € C'a,b]. This collocation method is equivalent to the 3-stage Lobatto IIla
implicit Runge-Kutta formula. When applied to a quadrature problem, it reduces to
the Simpson formula, so we call it the Simpson method. Cash [4] draws attention to the
method because its global discretization error contains only even powers of the step
size, making it attractive for extrapolation and deferred correction. He points out that
the formula can be evaluated efficiently using analytical condensation. Specifically, if
yi = S(z;) = y(z;) and h; = 2,41 — z;, then

h;
Yir1 = Yi + — (f(@i, ¥3) + f(Zit1,Yig1))

5 (
h; hi yi +ys h;
23 flzi + — Vit —(f(@iy1,Yit1) — f(zi,94)))

+ 2’ 2 8

The formula is viewed as a mono-implicit method in [2] and implemented in HA-
GRON [3]. It is used as the basic formula for evaluating higher order formulas by
deferred correction in TWPBVP [6, 5]. Tt is viewed as a boundary value Runge-Kutta
method in [12] and implemented in ABVRKS. All these codes implement the Simpson
method as one of a family of finite difference methods and provide solutions only at
mesh points. Other codes use continuous extensions (interpolants) to obtain solutions
throughout [a, b]. We refer to the C'! cubic spline used by Dickmanns and Well as the
natural interpolant and denote it by S(z). The Simpson formula is implemented with
the natural interpolant in RWA2 [13]. It is implemented with a different interpolant
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in MIRKDC [9]. This interpolant is a piecewise quartic polynomial function that is
C|a,b].

The text [1] uses the Simpson formula to illustrate its convergence results for
implicit Runge-Kutta methods. It is shown that if A = maxh; and the mesh is such
that h/h; is bounded above, the formula is uniformly fourth order accurate at all the
collocation points. If we let y; = S'(z;), it follows from this result and the Lipschitz
condition on f that

yi =y (2:) = f(2i,4:) — f (@i, y(2:) = O (h*)

The text also shows that the collocation polynomial (the natural interpolant) S (z)
and its derivatives satisfy

SV (z) =y (z) + 0 (R*77), j=0,1,2,3 (2.1)
uniformly for z in [a, b].

3. Residual. A serious practical difficulty with finite difference and collocation
codes is finding a mesh for which the asymptotic arguments that justify error esti-
mation and mesh selection are valid. Indeed, COLSYS [1] changes over to a more
expensive error estimate for an acceptance test because the estimate used to select
the mesh is not reliable when the mesh is coarse. This difficulty is especially seri-
ous when working at graphical accuracy with coarse meshes as we typically do in
MATLAB. Enright and Muir [9, 10] point out advantages in basing these fundamental
algorithms on the control of residuals, one being that it can be used both for mesh
selection and for acceptance of a solution. We prove here that the Simpson formula
with natural interpolant has some properties that make it a very attractive formula
for a BVP solver based on control of the residual: To leading order the behavior of
the residual is local, a result fundamental to mesh selection. We obtain an asymp-
totically correct estimate of an L., norm of the residual with just one evaluation of
the residual per subinterval and an asymptotically correct estimate of an Ly norm in
just two evaluations. The Lo estimator takes into account how well the collocation
equations are satisfied.

The residual of S(z) in the differential equations is r(z) = S'(z) — f(z, S(z)),
and the residual in the boundary conditions is g(S(a), S(b)). Put differently, S(z) is
a solution of the BVP

y' = flz,y) + r(z)
9(y(a),y(d)) = g(S(a), S(b))

From the viewpoint of backward error analysis, S(z) is a good solution to (1.1,1.2)
when the residuals are small because it is the exact solution of a problem close to
the one posed. When the residuals are small, the error in y'(z) is also small: The
Lipschitz condition on f and (2.1) imply that for a < z < b,

f(z,S(x)) = f(z,y(x)) + O (h*)
hence that
r(z) = (8'(z) - f(z,5(2)) — (¥'(z) — f(z,y(2))

= §'(z) —y'(z) + O(h")
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Because the term S’(z) — y'(z) is O(h?), the residual is asymptotically equal to the
error in the first derivative. This term is O(h*) for the interpolant of MIRKDC.
Accordingly, the residual of this interpolant is of higher order, but has a more com-
plicated behavior. In choosing S(z) for bvp4c, we gave up some accuracy to get a
residual with a simple behavior, a behavior that makes possible an inexpensive and
asymptotically correct estimate of the size of the residual.

In our implementation of the Simpson method, the residual is well-defined no
matter what mesh is used and no matter how poorly the collocation conditions are
satisfied. Further, the residual can be evaluated easily at any z, making it possible
to compute a credible assessment of its size even when the mesh is coarse. We aim to
develop algorithms based on control of the residual that will cope with poor guesses for
the mesh and solution and still be effective when the asymptotic behavior is evident.
To this end, we establish now the asymptotic behavior of r(x).

Let g(z) be the cubic polynomial interpolating y (z) and ¥’ (z) at both ends of
[z, i4+1]- The Hermite representation of g(z) is

q(x) = Ay () y (zi) + A2 () y (ziy1) + B (2) v’ (2:) + B2 (2) ¥ (ziy1)

where
1 2 r —I; 1 2
Ay (x)=ﬁ(:c—xi+1) (1+2 - ), B (x)=ﬁ(m—:p,~) (z — Tit1)
1 — 1
As (z) = 2 (z — z;)° <1 —2%) , Ba(z)= w2 (z —2:)” (z — Tit1)

Subtracting g(z) from a similar representation of S(z) and differentiating leads to
§'(z) — ¢ (z) = AL (2) (vi —y (2:)) + A3 (2) (i1 — Y (Tit1)) +
Bi () (vi — ¥ (2:)) + B3 (%) (Wiga — ¥ (2i41))

It is easily seen that the Bj (z) are O (1) which, along with y; —y'(z;) = O(h*), leads
to

S'(2) — ¢ (z) = A1 () (i — y (1)) + A3 (2) Hir1 — ¥ (2i11)) + O(h*)

The remaining terms are more difficult to assess because the A} (z) are O (h~1). The
fourth order Simpson formula

hs
Yit1 = Yi + # (y; + 4y;+1/2 + y§+1)
is satisfied by y(z) with a local truncation error that is O(h?)

y(zip1) = y(zs) + % (v' (i) + 4y’ (ig1/2) + ¥ (zig1)) + O(A)

Subtracting these two equations and using the convergence results for the solution
and its derivative at the collocation points, we find that

Yi+1 — Y ($i+1) =Y —Y (901') +0 (h5)
Substituting this result into the expression for S’ (z) — ¢’ (z) leads to

§'(z) = q' (z) = (A1 (2) + 43 (2)) (v: —y (23)) + O (h?)
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The coefficients of the Hermite representation satisfy
A} (2) + Ay(2) =0
hence
S'(z) — ¢ (z) = O (h*)

Combining this with our earlier expression for the residual shows that on each subin-
terval

r(z) = ¢ (z) —y' (2) + O (h?)
Interpolation theory [17] provides the representation
1
¢'(z) —y'(2) = — Ry (P (0 - 1) (20 - 1)

where 8 = (z — z;) /h; and ¢ € (z;,%4+1). It is convenient to expand the derivative
about the midpoint to obtain finally

r(z) = —11—2hfy(4) (ziv1/2) 0(0—1) (20 —1) + O (h*)

We see that to leading order the residual depends on the problem only through y*) ()
and that the behavior is local to each subinterval. It follows that

Ir @)l = €12 59 (wi4/2) | + O(hY)

For the Lo norm the constant C; is about 8.02 x 103 and for the L, norm, about
5.75 x 1073,

MIRKDC uses two samples (evaluations of r) per subinterval to estimate the L
norm of the residual of its interpolant. It is not possible to obtain an asymptotically
correct estimate in this way because the behavior of the residual depends on the
problem [9]. The samples are taken at points that correspond to the local extrema
of a simplified model of the residual. We have seen that the residual of S(z) is
asymptotically a cubic polynomial in 8. A little calculation shows that its maximum
magnitude in [0, 1] is assumed at § = (3 + /3)/6. Accordingly, a single sample taken
at one of the points z; + 6h; provides an asymptotically correct estimate of the L.,
norm of r(z) on [z;, Zi11]-

We do not follow Enright and Muir in using the L., norm for several reasons.
We think that when the mesh is coarse and asymptotic behavior is not evident, a
quadrature formula of a moderately high degree of precision provides a more credi-
ble estimate of an integral norm than the same number of samples provides for the
maximum norm. Also, a solver based on an integral norm is more robust when the
residual is not smooth. For the Simpson method with natural interpolant the choice
matters only when the mesh is coarse and when f is not smooth because otherwise
the Lo norm of r(z) is asymptotically a constant multiple of the Ly norm. On each

subinterval [z;, z;11] we estimate
Tit1 1/2

Ir @), = / I @I de
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with a 5-point Lobatto quadrature formula. We have seen that to leading order,
|[*(z)]|3 is a polynomial of degree 6. This quadrature formula has degree of precision
7, so we obtain an asymptotically correct estimate of the size of the residual. In the
course of constructing S(z) we evaluate the residual at both ends and at the midpoint
of the subinterval, so this estimate requires only two additional evaluations of 7(z)
per subinterval, the same as the scheme of MIRKDC.

When the Simpson formula is evaluated exactly, the residual is zero at both ends
and the midpoint of each subinterval. In our implementation, the residual is zero at
both ends, but at the midpoint its size measures how well the algebraic equations
defining the method are satisfied. The residual at the midpoint of the computed S(z)
is available and we use it in the quadrature formula. In the next section we see how
this takes into account the error made in evaluating the collocation equations.

4. Implementation. We have developed a code, bvp4c, based on the Simpson
method with residual control for MATLAB. Our goal was to make it as easy as possible
to solve a large class of BVPs. We believe that this means we cannot require users
to supply analytical partial derivatives. Also, we believe that it is quite important
to solve problems with unknown parameters and problems with general two-point
boundary conditions. Although we want the solver to be efficient, speed is not a
primary goal in MATLAB. We have taken advantage of experience with codes that
implement variations of the Simpson method, specifically [3, 5, 9, 12, 13]. However,
we handle some matters differently because computing in MATLAB differs from GSC
in important ways. We use the Simpson method more effectively because of the
theoretical developments of §3. More details about the issues and algorithms can be
found in [14].

4.1. Evaluating the Formula. When the Simpson method is implemented as
an implicit Runge-Kutta formula, the vector of unknowns includes the solution at all
collocation points. The work required to solve this algebraic system can be reduced
significantly by numerical or analytical condensation [1]. The approximate solution
and its first derivative are then computed only at the mesh points, but S(z) is a
cubic polynomial between mesh points, so these values are all we need to evaluate
it anywhere. We exploit the fact that in the condensed formulation of the Simpson
method, the residual at the middle of each subinterval is directly related to the error
of evaluating the formula.

The Simpson method applied to (1.1,1.2) with mesha =29 <21 <...<zy =b
is evaluated by solving the algebraic equations

3(X,Y)=0 (4.1)
where
X = [z0,21,--- ,a:N]T
Y = [yo,y1,--- »yn,p)”

(I)O(Xv Y) = g(y01yN7p)

1
®;(X,Y) =yi —yi-1 — ghz’—l(fz’—l +4fi_1/2 + fi)

fori=1,2,...,N, and
fi = f(@i, i, p)
_ hi1 yi1+yi hia
ficiy2 = f(wio1 + 5 B T g
6

(fl - fi—l)ap)



We solve (4.1) with a simplified Newton (chord) method, hence require the global
Jacobian 0®/0Y. For a fine mesh, a large system of linear equations is solved at each
iteration, making the structure of the Jacobian crucial both to storage and efficiency.
These matters are discussed fully in [1], so here we comment briefly about matters
particular to bvp4c. When there are no unknown parameters and the boundary con-
ditions are separated, popular solvers treat 9®/0Y as a banded or staircase matrix.
There are then a variety of effective ways to store the matrices and solve the linear
equations. This is the most important reason for popular codes excluding unknown
parameters and non-separated boundary conditions. However, excluding such prob-
lems shifts the burden to the user who must prepare them for the solver. Because
sparse matrix technology is fully integrated into MATLAB, it is natural and efficient
to treat 0®/9Y as a general sparse matrix. It is important to appreciate that relative
costs in this PSE do not correspond to those of GSC. In particular, the built-in linear
algebra functions execute much faster than interpreted code. Even if this were not so,
allowing general boundary conditions and especially unknown parameters is such a
convenience for users that it would justify the approach we take. A similar argument
about relative costs disposes of an objection to analytical condensation of the Simpson
method, namely the cost of multiplying partial derivatives of f in forming terms like

0®; hi—1 0fi 2, Ofi—1/2 <1I hi—y %)

Oyi 6 8y_§i_1 Jy 27 8 Oy

I —

It is possible to reduce this cost by evaluating the Simpson formula as a deferred
correction to the trapezoidal rule. However, in MATLAB the straightforward approach
is better because matrix multiplication is relatively fast.

By default we use numjac [16] to compute finite difference approximations to
partial derivatives of f and g. The algorithm is unusually robust: It retains scale
information from the approximation of one Jacobian to assist in the selection of in-
crements for the next. When computing a column of the Jacobian, it monitors the
change in function value and recomputes the column with a different increment if
this appears necessary for a meaningful approximation. Some codes reduce the cost
of forming Jacobians numerically by approximating some of them. In the case of
the Simpson formula, Cash [4] replaces J;_1/2 by J;_1 in 8®;/0y;_1 and replaces it
by J; in 0®;/0y;. However, Enright and Muir [9] report that the Newton process
is more likely to converge and converges faster when the Jacobian is approximated
directly at all the collocation points. In developing R12bvp4c we experimented with
Jic1j2 & (Ji + Ji—1)/2. Our experience with this approximation was like that of
Enright and Muir, so R12bvp4c approximates directly J;_1/». bvp4c tests whether

IJ; — Jioalln <0.25 % ([|Jillx + | Ji-1]1)

If so, J;_1/2 is approximated by the average of J; and J;_; and otherwise, it is
approximated directly. With this test we use an average value only where the Jacobian
is not changing rapidly. The test is made practical by the fast built-in function for
computing norms. In experiment with a large set of test problems we found with
one exception that judiciously replacing the Jacobian at the midpoint by an average
did not increase the run time and often reduced the longer run times by 20%. In
particular, all the examples for which always averaging resulted in unsatisfactory
performance in our earlier experiments were solved successfully. The exception arises
from the fact that when the collocation equations are linear in all the unknowns and
all the Jacobians are evaluated directly, the Newton iteration converges in a single
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step. Averaging Jacobians results then in a set of equations that must be solved
iteratively. On the other hand, the solver does not average when analytical partial
derivatives are supplied. These partial derivatives are generally very easy to supply
for linear problems, so it is generally very easy to avoid the inefficiency of averaging
when the collocation equations are linear. This inefficiency is less common than it
might at first seem. For averaging to be counterproductive, not only must the ODEs
be linear, but also the boundary conditions, and unknown parameters must appear
linearly.

Like bvp4c, the MATLAB programs for solving stiff initial value problems (IVPs)
form Jacobians by finite differences. Often it is easy to vectorize the evaluation of
f(z,y) for a given z and an array of vectors y. This is obviously valuable in forming a
finite difference Jacobian, so the IVP solvers have an option for vectorized functions.
This is a natural option for BVPs, too, but important additional gains are possible
in bvp4c if the function is vectorized with respect to = as well. That is because in
forming (4.1), all the arguments are known in advance. Generalizing what is done for
IVPs, we added an option for users to code f(z,y) so that it accepts z = [z1, 22, ...]
and y = [y1,y2,...] and returns an array [f(z1,y1), f(z2,¥2),...]. The benefits of
vectorizing f(z,y) depend on the BVP, but in our experiments we have found that
together with judicious averaging of the Jacobian, run times were often reduced by
40% and more.

Because guesses for a mesh and solution may be poor, it is important to enhance
the global convergence of the simplified Newton iteration. We follow Deuflhard [7] and
Gladwell [11] in using a weak line search for this purpose. Deuflhard emphasizes the
importance of scaling in the practical solution of nonlinear algebraic equations and
proposes an affine-invariant convergence test to deal with this difficulty; we adopted
his proposal in bvp4c. A new global Jacobian is formed and factored only when the
convergence rate is unsatisfactory. Enright and Muir [9] suggest that if the Newton
iterations converge slowly, it may be more efficient to stop iterating and redistribute
the mesh. That has been our experience, too, so we limit the number of iterations to
four.

Finite difference and collocation methods all evaluate a formula by solving alge-
braic equations like (4.1). If the approximation to y(z) is to have a certain accuracy,
it is usual to solve the algebraic equations rather more accurately, enough so that
the error in evaluating the formula can be neglected. For instance, Enright and Muir
found in experiment [10] with MIRKDC that a tolerance of 1% of the tolerance on
the residual was satisfactory. In bvp4c we use 10%, but we have found a way to take
into account the error in evaluating the formula. A little calculation shows that

1 1
S (iy1)2) = 3 (yi + yiy1) — ghz’ (fixr — i)

: 3Yitn—¢i 1. .
8" (ziy1/2) 5 h 7 v + i)

When these expressions are used in the residual,

3 Yit1 — Vi

r (@ip1)2) = 2 (fiv1 + 1)

N

-f (wi+1/27 % (i + Yit1) — %hz’ (fiv1 — fz’))
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which is recognized as

3
T($i+1/2) = ﬁ‘l’iﬂ
K3

As we construct S(z) with analytical condensation of the implicit Runge-Kutta for-
mula, the residual vanishes at both ends of [z;, z;+1] and the residual at the midpoint
is the only one that we seek to make zero. This value of the residual is used by
the quadrature formula that estimates ||r(z)||;- In this way our test for accepting a
solution takes into account how well the algebraic equations (4.1) are satisfied.

4.2. Mesh Selection. A popular approach to mesh selection redistributes mesh
points with a global strategy based on inverse interpolation. It assumes that the mesh
is sufficiently fine and f is sufficiently smooth. We experimented with the approach
and found it unsatisfactory when the mesh is crude and f is only piecewise smooth.
Problem 7 of [15] was illuminating. At z = 1.5 there is a jump in y'(z) and the
residual is O(1). Because it uses a maximum norm, MIRKDC is not able to solve
this BVP. However, even with an integral norm, we found the global strategy to be
unsatisfactory and so developed a local strategy for bvpdc. We add equally-spaced
mesh points to each subinterval with ||r(z)||; > tol. We have found it best not to
introduce more than two mesh points at a time. When the residual exhibits its
asymptotic behavior, ||r(z)||; is O(hz/ ?). Two additional mesh points would then
reduce the residual by a factor of 3=7/2 &~ 2 x 1072, so we introduce two points when
[|r(z)|l; > 100tol and otherwise, one. This is a reasonable approach to reducing the
error when the asymptotic behavior is evident and a plausible approach for any mesh.
To reduce the cost, we also remove points. This is done in a way that is plausible for
any mesh and when the asymptotic behavior is evident, assures us that the residual
will remain acceptable with the coarser mesh. One of our tactics is to replace three
consecutive subintervals by two because the residual is then evaluated at new points,
increasing the robustness of the scheme for assessing the size of the residual. Another
is to test the consistency of the behavior of the residual on successive subintervals.

5. Examples. In this section we consider a couple of examples that show the
design and algorithms of bvp4c make it easy to solve a large class of BVPs. In
particular, they show this to be rather easier than with popular solvers for GSC.
We have proposed several changes to the algorithms of R12bvp4c that make bvpéc
faster. A third example shows that these changes can reduce run times significantly.
It is possible to compile codes written in FORTRAN or C as MEX files for use in a
MATLAB program. With this in mind, it is natural to ask how one of the solvers for
GSC would compare to bvpdc. We did this with MIRKDC and compare it to bvp4c.
There is a MATLAB compiler that first translates an M-file into C and then compiles
it. We did this with bvp4c and compare the compiled code to the M-file.

Example 1.10 of [1] models the spread of measles with the differential equations

yll =M —5(t) Y1 Y3
Yy = B(t) y1ys — y2/A
Yz = y2/X —ys/n

Here (B(t) = 1575 (1 + cos2mt) and the constants are given as u = 0.02, A = 0.0279,
and 7 = 0.01. The solution is to satisfy the periodicity conditions y(0) = y(1).
Solving this BVP is straightforward with bvp4c because it accepts general two-point
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boundary conditions, but most solvers, including TWPBVP and MIRKDC, do not
accept problems with non-separated boundary conditions. Introducing new variables
to obtain a problem with separated boundary conditions is not hard, but it is some
trouble for the user and has computational implications, c.f. §4.1.
The following program solves this BVP and provides the solution as Figure 5.1.

function sol = measles

solinit = bvpinit(linspace(0,1,5),[0.01; 0.01; 0.01]);

sol = bvp4c(Qodes,@bcs,solinit);

x = linspace(0,1,100);

y = bvpval(sol,x);
plot(x,y(1,:)-0.07,’-’,x,y(2,:),’--?,x,y(3,:),’-.7);

legend(’y_1(t) - 0.07 ’,’y_2(t)’,’y_3(%)’,4);

%
function dydx = odes(x,y);
beta = 1575%(1 + cos(2*pi*x));
dydx = [ 0.02 - beta*y(1)*y(3)
betaxy(1)*y(3) - y(2)/0.0279
y(2)/0.0279 - y(3)/0.01 1;

function res = becs(ya,yb)
res = ya - yb;

-4

— y,(h-007
— -y,
-y,

;

-8 I I I I I I I T
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

F1G. 5.1. The measles problem.

In simplest use, just about all you have to do to solve a BVP with bvp4c is
define the problem. The ODEs and the boundary conditions are defined by providing
functions for evaluating them. The ODEs are handled just as with the IVP solvers,
so the subfunction odes requires no discussion. The boundary conditions subfunction
bes evaluates the residual g(ya, yb) of arguments ya and yb that approximate y(a) and
y(b), respectively. The solver makes no assumptions about the form of the boundary
conditions, so from the user’s point of view, there is nothing special about the periodic
boundary conditions of this example.
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BVPs can have more than one solution, so part of the definition of a BVP is a
guess for the desired solution. It is provided to bvp4c as a structure that is usually
formed with bvpinit(x,v). The argument x is a guess for the mesh with either
a=z(l) <z(2) <...<z(end) =bora=2z(1) >=z(2) >... > z(end) =b. The
argument v provides a guess for y(z) on [a, b], either in the form of a function or a
vector when the guess is constant. Here the guess structure solinit is formed with
a mesh of five equally spaced points in [0, 1] and a guess that all three components of
the solution have the constant value 0.01.

The solution is returned by bvp4c as a structure called here sol. The code selects
automatically an appropriate mesh that is returned in the field sol.x. Solution values
are returned in the array sol.y with each column of sol.y corresponding to an entry
of sol.x. This form of the output is convenient for plotting with the standard tools of
MATLAB. For instance, all three components are plotted with plot(sol.x,sol.y).
bvp4c computes a solution S(z) for the whole interval [a,b]. For some applications
we need the solution at specific points, hence must evaluate S(z) there. The cost
of solving a BVP depends strongly on the number of mesh points, so bvp4c tries to
use no more than necessary. Because of this, the values at mesh points alone may
not provide a smooth graph. That is the case with this example. To get a smooth
graph, we just need to evaluate S(z) at more points. The function bvpval(sol,xint)
evaluates a solution defined by the structure sol at all the points of the array xint.
This capability contrasts sharply with BVP solvers for GSC cited earlier, including
TWPBVP, that provide answers only on a mesh. Further, the continuous extension
evaluated in bvpval is uniformly accurate and C'[a,b] in contrast to the C°[a,b]
continuous extensions of COLSYS that have a (much) lower order of accuracy between
mesh points. The Simpson method and encapsulation of the solution as a structure
made it easy to provide the capability: In addition to the field sol.y that holds values
of S(z) at mesh points, there is a field sol.yp that holds values of S'(z) there. For
each entry £ of xint, bvpval determines the subinterval for which z; < ¢ < 2,41 and
then evaluates the cubic polynomial S(z) in Hermite form at x = £. Vectorization
and built-in functions are used to reduce considerably the cost of evaluating S(z) for
long vectors xint.

As this example illustrates, bvp4c and its auxiliary functions bvpinit and bvpval
make it easy to formulate a BVP, solve it, and plot the solution. Certainly the call
list of bvp4c is remarkably short compared to the 24 arguments of TWPBVP and
the 20 of MIRKDC. To achieve this, heavy use is made of defaults and features
of the language. The MATLAB PSE allows us to relieve users almost entirely of
the disagreeable and error-prone specification of sizes, types, and storage modes of
arrays, especially working storage, that is typical of BVP solvers for GSC. Most
BVP solvers, including TWPBVP and MIRKDC, require users to provide analytical
partial derivatives, but bvp4c does not, a great convenience for the user. Like the IVP
solvers of MATLAB, bvp4c provides for a scalar relative error tolerance and a vector
of absolute error tolerances. This is more control of the error than provided by many
BVP solvers, including TWPBVP and MIRKDC, but problems are typically solved
to graphical accuracy in this PSE and the default values are generally satisfactory
for this purpose. Optional information like the names of functions for evaluating
analytical partial derivatives and error tolerances is specified in a convenient way
using an optional (structure) argument. Because this is exactly like the IVP solvers,
there is no need to discuss it here.
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Example 1.4 of [1] describes flow in a long vertical channel with fluid injection:

fIII _R[(fl)2 _ff”] +RA: 0
W'+RfW+1=0
9" +Pfo =0

Here R is a Reynolds number and P = 0.7 R. The parameter A is unknown. Because
of the presence of the unknown scalar A, there are eight boundary conditions

f0)=f'0)=0, f1)=1, f(1)=1
h(0) = h(1) =0, 6(0)=0, 6(1)=1

bvp4c accepts problems with unknown parameters, but most BVP solvers, including
TWPBVP and MIRKDC, do not. Indeed, [1] uses this example to show how to pre-
pare a BVP so that unknown parameters can be computed with solvers that do not
provide for them. As with non-separated boundary conditions, this is not hard, but
it is some trouble for the user and has computational implications, c.f. §4.1. Un-
known parameters are more trouble than non-separated boundary conditions because
after preparing the problem, the user of a code like TWPBVP or MIRKDC must also
provide analytical partial derivatives of the ODEs and the boundary conditions with
respect to the parameters. In designing bvp4c we considered the convenience of han-
dling directly unknown parameters to be quite important because they are commonly
introduced when preparing singular BVPs for numerical solution. Deciding to provide
this capability reinforced our decision that bvp4c use numerical partial derivatives by
default.

The following program solves this BVP for R = 100, provides the solution as
Figure 5.2, and reports to the screen that A = 2.7606. As seen here, plotting solutions
at just the mesh points typically provides a satisfactory graph.

function sol = injection

solinit = bvpinit(linspace(0,1,10),0nes(7,1),1);
sol = bvp4c(Qodes,@bcs,solinit);

A = sol.parameters

plot(sol.x,sol.y(2,:));

%
function dydx = odes(x,y,A);
dydx = [ y(2); y(3); 100*(y(2)~2-y(1)*y(3)-4)

y(5); -100*y (1) *y(5)-1; y(7); -70xy(1)*y(7) 1;

function res = bcs(ya,yb,A)
res = [ ya(1); ya(2); yb(1)-1; yb(2)
ya(4); yb(4); ya(6); yb(6)-1 1;

This program shows that unknown parameters cause very few complications. Nat-
urally a guess must be supplied for the unknown parameters to identify the values of
interest and to assist the solver in computing them. It is provided as a third (vector)
argument of bvpinit. Here we guess that A = 1. The ODE and boundary condi-
tions functions must have the vector of unknown parameters as an additional input
argument, no matter whether the function uses any of the parameters. The values
computed for the unknown parameters are returned in the solution structure sol as
the field sol.parameters.
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The shockbvp example provided with R12bvp4c solves
ey + xy' = —en*cos(nz) — (wx)sin(nz)

with boundary conditions y(—1) = —2, y(1) = 0. This BVP is used in Example
9.2 of [1] to illustrate mesh selection. Details are provided there for COLSYS when
computing the solution with ¢ = 10~%. To illustrate continuation, shockbvp solves
this BVP by successively solving the problem with e = 1072,1073,10~%. This is easy
with bvp4c because a solution structure for one value of € can be supplied as a guess
structure for the next value. It also illustrates the use of analytical Jacobians to reduce
run times. As with the previous examples, shockbvp uses the default tolerances of
RelTol = 1073, AbsTol = 10~%. We made two modifications for our experiments.
To increase the run time, we did another step of continuation to solve the BVP with
€ = 1075, To include the costs of interpolation, we used bvpval to evaluate the
solution at 100 equally spaced points in [—1,1] for the plot of Figure 5.3. All our
experiments with this BVP were run on a PC with a Pentium IT 450MHz processor
and 128 MBytes of RAM. The run time of a function shkbvp was measured by issuing
the command

>> clear all functions, shkbvp, tic, for i=1:10, shkbvp, end, toc

and dividing the elapsed time by 10.

First we solved the BVP with R12bvp4c. With default finite difference partial
derivatives, this took 19.82s. With its judicious use of averaged Jacobians, bvp4c
took only 13.31s. This is a substantial reduction in run time that requires no action
on the part of the user. The run time can be reduced considerably by providing the
solver with analytical partial derivatives. Averaged Jacobians are not used in bvp4c
when analytical partial derivatives are supplied, so the run times of the two codes
are then much more comparable, 9.56s for R12bvp4c and 8.83s for bvpdc. bvpédc
takes advantage of a vectorized ODE function. Using this option, it solved the BVP
in 6.49s with finite difference partial derivatives and in 3.50s with analytical partial
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FIG. 5.3. The shock layer problem with e = 10~5.

derivatives. If run time is sufficiently important to warrant the trouble of providing
analytical partial derivatives and/or vectorizing the ODE function, the algorithmic
developments of bvp4c make it possible to reduce the run time significantly. Of course,
if run time is very important, the computations should not be performed in MATLAB
at all.

Of the solvers written for GSC that we have cited, the only one that might be
compared fairly with bvp4c is MIRKDC because it is the only one that controls the
size of the residual. It is a natural choice anyway because the algorithms of bvp4c are
developments of those of the method of order 4 in MIRKDC, developments tailored
to MATLAB. MIRKDC can be used to solve the present BVP because it can do
continuation and it has a subroutine for interpolation. It requires analytical partial
derivatives, but this is an option in bvp4c. We created MEX files for MIRKDC and
its interpolation subroutine that we used to solve the BVPs very much as we did with
bvp4c and bvpval. A critical difficulty in making a fair comparison is that the two
codes do not measure the size of the residual in the same way: MIRKDC measures the
size of the residual relative to max(|f|,1) and bvp4c, relative to |f| + AbsTol/RelTol.
The error controls are roughly comparable if we take AbsTol = RelTol. For our
experiments we took the tolerance tol of MIRKDC to be 1072 and RelTol = AbsTol =
tol for bvp4c. It proved to be illuminating to solve the BVP for several values of e.
The run times are reported in Table 5.1. These times are not intermediate results of
continuation to € = 107°%; they are the results of independent runs with the € of the
table being the final value of continuation. In comparing the results we must consider
the effects of compilation and algorithms. The former is illuminated by another set
of computations displayed in the table. The Cbvp4c line in the table presents results
obtained using compiled versions of bvp4c and bvpval. It might be surprising that
compilation did not reduce the run time more. Certainly it would be possible to obtain
a more efficient C version of the solver by coding it directly, but the fundamental
issue is that only part of the computation is compiled. The solver must continually
pass through an interface to MATLAB where the various functions are evaluated as
interpreted code. The FORTRAN code of MIRKDC is coded more efficiently, but
the expense of going through the interface is higher because the FORTRAN code is
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TABLE 5.1
Run time in seconds.

Finale | 1073 10=* 1075
bvp4c 1.24 2.88 841
Cbvp4c 1.02 238 6.92
MIRKDC | 0.97 3.58 12.24
Vbvp4c 0.63 1.34 3.37

TABLE 5.2
Number of mesh points.

e |10 107 10* 10°°

bvpic 36 56 113 235
MIRKDC | 36 87 208 699

not nearly as well matched to the PSE. The differences in the run times for bvp4c
and MIRKDC are so large for the smaller ¢ that they must be due to algorithmic
differences in the codes. This is made clear by Table 5.2 which displays the number
of mesh points used by the two codes. To complete our comparison of run times,
we show in the Vbvp4c line of Table 5.1 results for bvp4c when the ODE function
is vectorized. These runs with an M-file show that exploiting fully the PSE is more
important than (partial) compilation.
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