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Abstract

A procedure is given for classifying the dimension and structure
of symmetry groups leaving invariant individual members of a class
of physical differential equations, which exploits the knowledge of an
equivalence group of the class. The classes considered contain ar-
bitrary constants or functions. The components of the Lie symme-
try vector fields generating symmetries of individual members of such
classes satisfy systems of overdetermined partial differential equations.
Such symmetry defining systems are easily generated by symbolic ma-
nipulation algorithms. Such systems can in theory be reduced to sim-
plified form by symbolic implementations of (commutative) differen-
tial elimination algorithms and much desirable information can then
be obtained. However the reduction is often made prohibitive by the
presence of the unspecified functions.

Given the symmetry defining system for the symmetry vector fields,
we show how to refer the system to a moving frame. We choose the
frame to be covariant under the action of an equivalence group of
the class. With the defining system in manifestly covariant form,
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reduction to a non-commutative Riquier Basis is achieved by a non-
commutative generalization of the differential elimination procedure
originally developed by Riquier. An existence and uniqueness theorem
for such non-commutative Riquier Bases given in work by Lemaire,
Reid and Zhang, enables us to compute the dimension and struc-
ture of the symmetry algebras. Execution of our technique yields
a classification tree for the symmetries of the class. The method is
applied to a class of nonlinear diffusion convection equations ut =
((D(u)ux)x − (K(u))x and to a class of second order linear hyperbolic
equations zxy + A(x, y)zx + B(x, y)zy + C(x, y)z = 0 which are both
invariant under large easily determined equivalence groups. In these
examples the complexity of the calculations is much reduced by the
use of moving frames invariant under the given equivalence group.

AMS Classification: 35N10, 58J70, 53A55, 13P10, 12H05.
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1 Introduction

Lie symmetries of differential equations are the basis of several useful tech-
niques in applied mathematics, such as finding invariant solutions, solving
ordinary differential equations in formula, finding conservation laws and lin-
earizations [25, 21, 4, 22]. Some symmetries are known a priori on physical
grounds, for instance an isotropic medium will have rotational symmetries.
However, in general a given differential equation must be analyzed to find all
its symmetries. The analysis proceeds by seeking vector fields

X = ξi(w)
∂

∂wi

on the space of independent and dependent variables, such that the pdes are
invariant under the action of X. The unknown components ξi of the vector
fields satisfy a linear homogeneous system of pdes, the infinitesimal defining
system for the symmetries. Several programs are available [33, 27, 34] for
reducing the defining system and in many cases solving it explicitly and
exhibiting structural features of the Lie symmetry algebra. These programs
are often successful in performing symmetry analysis for a single differential
equation.

However, often one wishes to find the symmetry properties of a class of
differential equations. For instance, one might be interested in second order
odes y′′ = f(x, y, y′), or in wave propagation through an inhomogeneous
medium utt = c2(x)uxx.

Example 1.1. Consider the scalar nonlinear diffusion equation

ut =
(

D(u)ux

)

x
(1)

which is assumed to be nonlinear so that Ḋ(u) 6= 0 where dot denotes dif-
ferentiation with respect to u. Different functional forms of the diffusiv-
ity D(u) will lead to different symmetry groups. The symmetry operator
X = ξ(x, t, u) ∂x + τ(x, t, u) ∂t + η(x, t, u) ∂u has components ξ, τ , η which
obey defining equations [25, eq.(6.7.3)]

τx = τu = ξu = ηuu = 0 (2a)

D(2ξx − τt) − Ḋη = 0 (2b)

D(2ηxu − ξxx) + 2Ḋηx + ξt = 0 (2c)

Dηxx − ηt = 0. (2d)

3



For given D(u), this is an overdetermined linear homogeneous system.

In analyzing such systems containing arbitrary elements, new problems
arise. As the defining equations are manipulated, derivatives of the arbi-
trary elements (for instance Ḋ(u), D̈(u), . . . ) accumulate in the coefficients,
significantly increasing the algebraic complexity of the equations. One also
uncovers case splittings, conditional on the arbitrary elements obeying cer-
tain classification equations. Differentiation and elimination can be used to
determine these classification conditions.

Example 1.1 (cont.). Equation (2a) implies ηuu = 0, and ssuming that Ḋ 6= 0,
condition (2b) implies that D

Ḋ
(2ξx − τt)− η = 0. Thus (D/Ḋ)̈ (2ξx − τt) = 0,

where dot denotes differentiation with respect to u. There are two cases:

(D/Ḋ)̈ = 0 (3)

or (D/Ḋ)̈ 6= 0, 2ξx − τt = 0. In this second case, further differentiations
and eliminations quickly show that the diffusion equation (1) admits only
the obvious symmetries of translation in space and time, and the scaling
(x, t) 7→ (αx, α2t) (see [25, §6.7]).

Thus all the cases where the nonlinear diffusion equation (1) has non-
obvious symmetries occur for D(u) satisfying the classification condition (3).
Such conditions are what investigators aim for in classification problems.

The computational labor for symmetry classification is greater than for
symmetry analysis of one system, mainly because algebraic complexity of the
defining system can build up explosively as the equations are manipulated.
Programs such as [33, 34, 30, 20] can handle classes of pdes, but can fail
due to exhaustion of memory. Even when answers are returned, the case
splitting criteria may be so complex as to defy interpretation. To overcome
this, various workers [1, 2] follow Ovsiannikov [25] in using equivalence trans-
formations, which map equations in a class to other equations in the same
class.

Example 1.1 (cont.). For the diffusion equation (1), the transformations

x = βx′, t = t′, u = γu′ + δ, β, γ 6= 0 (4)

map the diffusion equation to γu′t′ = γβ−2
(

D(γu′ + δ)u′x′

)

x′
. Hence the

coefficient D(u) is mapped to a new coefficient, given by

D′(u) = β−2D(γu+ δ)
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When classifying symmetries, the equivalence group is typically used to
eliminate parameters from cases.

Example 1.1 (cont.). Ovsiannikov [25, §6.7] shows that the nonlinear heat
equation (1) admits additional symmetries only if D(u) is a solution of of the
classification condition (3), which is easily solved to give the forms:

D(u) = a, D(u) = aemu, D(u) = (au+ b)m, (a,m 6= 0)

Parameter elimination by the equivalence group (4) leads to the ‘normal
forms’

D(u) = 1, D(u) = eu, D(u) = um, (m 6= 0).

However, this use of equivalence transformations to ‘clean up’ at the
end of a symmetry classification does not address the problem of algebraic
complexity which arises in intervening calculations.

In the current paper, we present a method which takes advantage of
equivalence transformations at the outset rather than at the end. The goal
is to provide a method which has the equivalence group built into it, in the
sense that two equations connected by an equivalence transformation will au-
tomatically be identified throughout the calculation. Significant clarification
and simplification of symmetry classifications are thereby achieved.

Our method is based on differential elimination procedures developed by
Reid et al [27, 28, 29, 30] and is based on completion of the defining system
by adjoining compatibility conditions [5]. After a finite number of steps
the system is obtained in a reduced form where a local existence-uniqueness
theorem (originally due to Riquier) can be used to deduce properties of the
defining system, such as the dimension of its solution space. The differential
elimination method of [27, 18] is capable of systematically exhibiting such
symmetry classifying conditions, and similar methods are now employed in
several programs [33, 34, 20]. However, these methods are subject to severe
expression swell, and often fail for this reason. In addition, the programs
often give rise to spurious case splittings: the user pursues first one then
another branch, only to find that the branches have no special symmetry
properties.

By combining the differential elimination method of Reid with the equiv-
alence group associated with a class of differential equations, we are able
to carry out calculations which lessen these computational difficulties. The
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price paid for these results is twofold. First, we must compute the differential
invariants of the equivalence group. Second, the differential elimination and
completion must now be performed using a non-commuting basis of differ-
ential operators (moving frame). A rigorous non-commutative Gröbner-style
theory which gave properties of a class of the output systems is presented in
[10]. A different development, allowing nonlinearity not present [10], is given
in [15]. That approach yields a non-commutative generalization of Riquier’s
existence and uniqueness theorem.

The most closely related work to our own is that of Mansfield [19] who
gives a method, and an implementation in Maple, of an algorithm which uses
the theory of moving frames in Fels and Olver [7, 8]. Such work represents
a revitalized interest in Cartan’s method of moving frames, its applications
and generalizations. For example see [22], [14] and the review paper [24],
and also [6] for applications to computer vision. Applications to group in-
variant numerical integrators are given in [23] in the newly developing area
of Geometric Integration [11].

The remainder of this paper is organized as follows. In Section 2 we
discuss the adaptation of differential elimination methods to moving frames.
Using the equivalence group to find suitable frames is discussed in Section 3
and applied to the example of the nonlinear diffusion equation (1) in Sec-
tion 4. The calculation of structure constants from a frame defining system
is discussed in Section 5. Substantial examples of symmetry classifications
are presented in Sections 6 (nonlinear diffusion convection equations) and 7
(linear hyperbolic equations).

2 Frames and Non-Commutative Riquier Ba-

sis Form

2.1 Moving frame and structure relations

Differential elimination methods based on Riquier theory and its offspring
[13, 27, 30, 5] are stated in a coordinate system, with commuting partial
derivative operators. We now relax this and permit an arbitrary basis for
first order differential operators.

Definition 2.1. Let W be a neighbourhood in R
n. A moving frame of

differential operators on W (hence-forth abbreviated moving frame) is a set

6



of n smooth vector fields ∆1, ∆2, . . . , ∆n which are linearly independent at
each point in W .

This differs from the definition of Fels and Olver [7, 8] in which a moving
frame invariant under a Lie group G is a G-invariant map from a manifold
to a group. If W has coordinates w, any moving frame can ultimately be
referred to the coordinate frame ∂w1, ∂w2 , . . . , ∂wn :

∆i = Aj
i (w)∂wj . (5)

The n × n matrix Aj
i (w) of smooth functions is to be nonsingular at every

point w ∈ W . More generally, given a frame {∆i}n
i=1, we may change frame

to
∆′

i = Aj
i (w)∆j (6)

where the change of frame matrix Aj
i (w) is nonsingular and smooth in W .

We denote frame operators by upper case Greek letters ∆, Λ, etc. Moving
frames are widely used in geometry; see [35, Vol. II, §7] or most other modern
differential geometry texts for details.

Any vector field Ymay be referred to a frame ∆, as Y= θi∆i. Under the
change of frame (6), the components θi of the vector field transform via

θj = Aj
i (w)θ′i. (7)

Example 2.2. The following frame arises from the nonlinear diffusion con-
vection potential system discussed in §6. Let {∂v, ∂x, ∂t, ∂u} be a coordinate
frame on R

4(v, x, t, u). Introduce the moving frame ∆ given by

∆1 = ∂v ∆2 = ∂x

∆3 = ∂t + K̇(u)∂x +
(

uK̇(u) −K(u)
)

∂v ∆4 = ∂u (8)

where K(u) is some smooth function. The change of frame matrix has de-
terminant 1, so ∆ is indeed a moving frame on R

4.
Let

Y= χ∂v + ξ∂x + τ∂t + η∂u

be an arbitrary vector field, with χ, ξ, τ , η functions of (v, x, t, u). Resolving
with respect to the moving frame ∆, i.e. Y= θi∆i gives

θ1 = χ−
(

uK̇(u) −K(u)
)

τ θ2 = ξ − K̇(u)τ

θ3 = τ θ4 = η. (9)
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The commutator [ ∆i,∆j ] of two vector fields ∆i, ∆j from a moving frame
must be expressible as a linear combination of ∆k at each point:

[ ∆i,∆j ] = γk
ij∆k, (10)

where the structure functions γk
ij of the frame are functions of w, and γk

ij =
−γk

ji. Relations (10) are the structure relations for frame ∆.

2.2 Non-Commutative Riquier Reduction Method

Reid [27, 30] described algorithms for bringing a linear homogeneous system
of partial differential equations to a reduced involutive form, whose com-
patibility conditions yield no new relations. Now suppose we are given a
linear pde system referred to a frame. We seek to adapt the methods to this
case, allowing for non-commuting frame operators, successively defining or-
thonomic, reduced orthonomic, and reduced involutive systems with respect
to a frame. These concepts are direct adaptations from the Riquier-Janet
theory [13, 37, 27] for systems of differential equations.

Let {∆i}n
i=1 be a moving frame on W ⊆ R

n, with structure relations
[∆i,∆j] = γk

ij∆k. Let {θi}µ
i=1 be certain dependent variables. If J =

(j1j2 · · · jl), where each 1 ≤ ji ≤ n, then we use comma notation to indi-
cate the l-th order frame derivative with respect to J :

θi
,J ≡ ∆jl

· · ·∆j2∆j1θ
i

The notation [J ] will be used to indicate the symmetric multi-index associ-
ated with J . Let I and J be two multi-indices of orders p1, p2 respectively,
with p1 ≤ p2. We say I ⊆ J if there exists a multi-index L such that
[J ] = [IL]. Thus (133) ⊆ (3131). If I ⊆ J , then we say that θ,J is a deriva-
tive of θ,I . Thus θ331 is a derivative of θ,13, differing from θ,133 by terms of
order lower than 3. Note that if [I] = [J ] so that I is a permutation of J ,
then θ,J is a 0-th order derivative of θ,I .

Differential elimination methods rely on an ranking of the partial deriva-
tives ui

J in the pdes. For compatibility with the ordinary case, the structure
relations can be used to reorder the indices in J to some chosen order. For
instance, one could insist wherever a frame derivative θi

,J appears, that the
indices in J be non-decreasing. Using the structure relations to effect this
permutation gives rise at worst to terms of order lower than |J |.

8



Definition 2.3. A ranking of frame derivatives is a linear order relation ≺
on frame derivatives θj

,J , with the properties:

1. (Transitivity) If ∆[I]θ
i ≺ ∆[J ]θ

j and ∆[J ]θ
j ≺ ∆[K]θ

k, then ∆[I]θ
i ≺

∆[K]θ
k.

2. (Trichotomy) If ∆[I]θ
i, ∆[J ]θ

j are two derivatives, exactly one of (a) ∆[I]θ
i ≺

∆[J ]θ
j, (b) ∆[J ]θ

j ≺ ∆[I]θ
i, (c) ∆[J ]θ

j = ∆[I]θ
i, is true.

3. (Stability under differentiation) If ∆[I]θ
i ≺ ∆[J ]θ

j, then ∆[IL]θ
i ≺

∆[JL]θ
j for all arbitrary order multi-indices L.

4. (Least element) ∆[J ]θ
j ≺ ∆[JL]θ

j for all nonempty multi-indices L.

As an example of a ranking, consider the graded lexicographic ranking
θi

,I ≺ θj
,J if

1. |I| < |J |

2. |I| = |J |, but i < j

3. |I| = |J |, i = j but the first nonzero member of the sequence

N1(I) −N1(J), N2(I) −N2(J), . . . , Nn(I) −Nn(J)

is negative.

Here the notation Ni(J) represents the count of i’s in the multi-index J .

Example 2.4. Suppose there are two dependent variables θ1, θ2, and two
frame operators ∆1, ∆2, and that all multi-indices J are arranged to be
nonincreasing. Then graded lexicographic order is

θ1 ≺ θ2 ≺ θ1
,1 ≺ θ1

,2 ≺ θ2
,1 ≺ θ2

,2 ≺ θ1
,11 ≺ θ1

,12 ≺ θ1
,22 ≺ θ2

,11 ≺ θ2
,12 ≺ θ2

,22 ≺ · · ·

With ranking defined, we presume available procedures for the following
tasks:

maxorder(R)

input: A finite set R of frame derivatives θj
,J

output: The element r ∈ R highest in the ranking

removepermutations(R)
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input: A set R of frame equations.
action: For each equation r ∈ R, check for presence in r of derivatives

θj
,I , not in nondecreasing order.

If present, use structure relations to write them all in
nondecreasing order.

output: Equations R with permutations removed.

leadingderiv(eqn)
input: A frame equation eqn.
output: The derivative of highest order occurring in eqn:

leadingderiv := maxorder{θj
,J | θj

,J present in eqn}.

solve(eqn,deriv)
input: A frame equation eqn.

A frame derivative deriv = θj
,J occurring in eqn.

output: eqn rewritten in the form θj
,J = rhs.

subst(eqn,U)
input: An equation eqn in solved form ∆Jθ

j = rhs.
A set U of frame equations.

action: Replace each occurrence of ∆Iθ
j where I is a permutation

of J by ∆Iθ
j = rhs + permutation terms

output: U with ∆Jθ
j substituted out.

We adapt the concept of orthonomic system [26, 13] to frame systems.

Definition 2.5. A linear homogeneous frame system is in orthonomic form
if

(i) Each equation is resolved in the form

θi
,I = fJ

j

where each fJ
j is a function of terms lower in the ranking than θi

,I .

(ii) θi
,I is strictly higher in the ranking than any terms θj

,J on the right hand
side.

(iii) A given derivative θj
,J cannot appear in both the left and right hand

sides of the same equation.

The highest order derivative occurring in an equation will be called the
leading derivative.
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Algorithm 2.6. (orthonomic)

function orthonomic(system)
unsolved := system
solved := ∅
repeat

unsolved := removepermutations(unsolved)
maxderiv := maxorder{leadingderiv(eqn) | eqn ∈ U}
maxset := {eqn ∈ unsolved | leadingderiv(eqn) = maxderiv}
nexteqn := (any element in maxset)
nexteqn := solve(nexteqn,maxderiv)
solved := subst(nexteqn,solved) ∪ {nexteqn}
unsolved := subst(nexteqn,unsolved \{nexteqn})

until unsolved = ∅
return(solved)

end

This algorithm must terminate after finitely many steps by a standard
Noetherian argument.

Definition 2.7. A frame system is in reduced orthonomic form if it is ortho-
nomic (Definition 2.5) and in addition

(iv) No frame derivative in the system is the derivative of any frame deriva-
tive on the left hand side.

Note that since θ,ij is regarded as a derivative of θ,j, a system with both
θ,j and θ,ij on the left hand side would not be reduced orthonomic. A system
can be brought to reduced orthonomic form as follows:

Algorithm 2.8. (reduce)

function reduce(system)
repeat

system := orthonomic(system)

while exist θj
,J , derivative of leading ∆Iθ

j do

system := reduce (θj
,I , θ

j
,J , system)

end do
until system is orthonomic
return(system)

end

11



Let a frame system be given in reduced orthonomic form. Suppose the
system contains the two equations

θi
,I = rhs1, θi

,J = rhs2 (11)

Define the ‘least common multiple’ [lcm(I, J)] of multi-indices I, J by

Nj[lcm(I, J)] = max
j

{Nj(I), Nj(J)}.

and suppose that the indices are ordered e.g. to be nonincreasing. Then
lcm(I, J) is the smallest multi-index K such that θ,K is a derivative of both
θ,I and θ,J .

Example 2.9. Let I = (11233), and J = (122). The ‘lcm’ of I, J is (112233).

Suppose [K] = [IL] = [JM ] for some multi-indices L, M . Then

θi
,K = θi

,IL + permutation terms

= (rhs1),L + permutation terms

and

θi
,K = θi

,JM + permutation terms

= (rhs2),M + permutation terms.

Equating these two expressions yields the compatibility condition

(rhs1),L − (rhs2),M + permutation terms = 0

of (11). This expression can then be reduced modulo the original reduced
orthonomic system.

If compatibility conditions are adjoined to a reduced orthonomic frame
system, the composite system is no longer in solved form, and must be
brought once again to reduced orthonomic form. We distinguish systems
where this process does not lead to addition of further relations.

Definition 2.10. A reduced orthonomic frame system R is in the form of
an (auto-reduced) non-commutative Riquier Basis [15] if the compatibility
conditions of R become trivial after reduction mod R.
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A frame system may be brought to such a form by putting it into reduced
orthonomic form, appending compatibility conditions, then repeating the
process:

Algorithm 2.11. (Non-Commutative Riquier Basis)

function Non-Commutative-Riquier-Basis(system)
repeat

system := reduce(system)
compat := compatibility(system)
system := system ∪ compat

until compat = ∅
return system

end

3 Invariant Form of Classification and Prop-

erties of Non-Commutative Riquier Bases

Associated with a system in the form of a non-commutative Riquier Basis
are two disjoint sets of frame derivatives.

Definition 3.1. If θj
,J occurs on the left hand side, or is a derivative of

θj
,I occurring on the left hand side of a frame system in the form of a non-

commutative Riquier Basis, then it is called a principal derivative of the
system. If θj

,J is not principal it is called a parametric derivative.

Note that the criterion for whether a frame derivative is principal (and
hence also for parametric) respects permutation of the multi-index J defining
it. Thus it is not possible to have θ,12 principal and θ,21 parametric.

The importance of systems of pdes in the form of a Riquier Basis is that
there is available a theory for existence of a unique solution in the neigh-
bourhood of initial data obtained by specifying each parametric derivative
at a point [37],[32]. For example if S is a linear homogeneous system in
Riquier Basis form, with independent variables w and dependent variables
θ, written in a coordinate frame. Let w0 be a point at which the coefficient
functions are analytic. If the parametric derivatives of S are of finite number
r, and values of these parametric derivatives are specified at w0, there exists
a unique analytic solution of S in a neighbourhood of w0 satisfying these
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initial conditions. In particular the system has an r-dimensional solution
space. If the parametric derivatives are not finite in number the system has
an infinite-dimensional solution space.

Briefly put, the solution space dimension of such a system is equal to the
number of parametric derivatives in the system (see [15] for a discussion of
the non-commutative case).

In its full generality, the theory is not restricted to linear systems, and
a careful enumeration of initial data sufficient to guarantee existence and
uniqueness for the infinite dimensional case is also performed. See [32, 31,
30, 5] gives details, examples and computational algorithms.

3.1 Classification Procedure

In [28] it is shown that classification can be performed without solving the
defining equations. The method algorithmically finds classification condi-
tions by appending compatibility conditions to the defining system (also see
Mansfield [18] and Boulier et al [5]).

To effect a classification for a frame system containing arbitrary elements,
the procedures detailed in §2.2 are slightly modified:

1. A classifying (frame) system C is now present. This specifies equations
to be satisfied by the arbitrary elements in the differential equations,
and must be reduced to non-commutative Riquier Basis form each time
a new equation is added to it.

2. Whenever the defining system S is modified by a differentiation oper-
ation, it is reduced modulo the classifying system C.

3. The reduction to orthonomic form will only complete if all divisions
were unequivocally possible (e.g., the coefficients are constants or are
known to be nonzero by virtue of inequalities I). If any other division
arises, note the pivot which is the coefficient of the leading derivative.
The calculation then splits into two cases:

• Adjoin pivot = 0 to the list of classifying equations.

• Adjoin pivot 6= 0 to the list of classifying inequalities.

Each case is pursued separately (see [5] for an algebraic interpretation).

14



A tree of possibilities is thereby built up, accumulating a classifying sys-
tem C—consisting of the original frame system C satisfied by the arbitrary
elements—and a set I of classifying frame inequalities which result from de-
manding that various pivots not vanish.

3.2 Invariant form of group classification

We can now perform symmetry classification of a class of differential equa-
tions in an invariant manner, i.e., with each step being invariant with respect
to the action of the equivalence group of the class. The above classification
method is simply carried out referred to a frame invariant under the action
of the equivalence group. The steps are:

1. Derive the equivalence group of the differential equations.

2. Derive defining equations for the symmetries of the differential equa-
tions.

3. Construct invariants and invariant augmented frame(s) of the equiva-
lence group, along with their structure relations. (Different frames may
be necessary for different arbitrary elements.)

4. Rewrite the defining system in terms of the invariant frame, with in-
variant coefficients.

5. Rewrite the classifying system in terms of invariants and frame opera-
tors.

6. Invoke the classification procedure with the given classifying system
and with no classifying inequalities initially.

7. For each leaf of the resulting tree there is a non-commutative Riquier
Basis form of the defining system: find the size and structure of the
associated Lie symmetry algebra (§5).

This method for symmetry classification, which first appeared in Lisle’s thesis
[17], is therefore a generalization of [28] to a case where an equivalence group
is available. Equivalence information is built into the method through the
invariant frame. In many cases completion to a non-commutative Riquier
Basis can be achieved by hand, even for systems requiring large amounts
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of computer time and memory. This is presumably because much symme-
try information is in the equivalence group. Factoring out this information
reduces the computational complexity. A useful feature of our method is
that, since it is expressed in terms of invariants of the equivalence group, the
case splittings involved are likewise invariant. This means that two equa-
tions connected by an equivalence transformation must end up on the same
branch of the classification tree. This can dramatically reduce the number
of spurious case splittings generated by the method, with consequent gains
in interpretability of the tree.

4 Application to Nonlinear Diffusion Equa-

tion

Before exhibiting two substantial classifications (§§6,7), we give a simpler
example. Consider the nonlinear diffusion equation

ut =
(

D(u)ux

)

x
(12)

We seek to write the defining equations (2) for its symmetries [25, eq.(6.7.3)]
in a form invariant under the action of the six-parameter equivalence group:

(a)















x′ = αx + a
t′ = α2t+ b
u′ = u
D′ = D

(b)















x′ = βx
t′ = t
u′ = γu+ δ
D′ = β2D

(13)

Here transformations (a) are the symmetries (self-equivalences) common to
the class, and (b) are the (non-self) equivalence transformations.

We assume outright that D > 0, and that Ḋ 6= 0, leaving aside the linear
heat equation. Introduce the frame and infinitesimals

∆1 := D1/2 ∂x θ1 := D−1/2ξ

∆2 := ∂t θ2 := τ

∆3 := D/Ḋ ∂u θ3 := Ḋ/D η (14)

and get the scalar invariant

J :=
DD̈

Ḋ2
− 1
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which satisfies relations

J,1 = 0, J,2 = 0. (15)

The only nontrivial structure relation for ∆ is

[∆1,∆3] = −1
2
∆1. (16)

The defining system (2) becomes

θ1
,3 = −1

2
θ1 θ2

,1 = 0 θ3
,11 = θ3

,2

θ2
,2 = 2θ1

,1 − θ3 θ3
,31 = 1

2
θ1

,11 + (J − 1)θ3
,1 −

1
2
θ1

,2

θ2
,3 = 0 θ3

,33 = Jθ3
,3 + J,3θ

3 (17)

Now that the frame ∆ has been introduced, we can apply the frame
reduction method to (17). Compute compatibility, for instance

(θ2
,3),2 − (θ2

,2),3 = −(2θ1
,1 − θ3),3.

Reducing the left hand side mod structure relations (16), this becomes 0 =
2θ1

,13 − θ3
,3. Reduction mod the defining system (17) gives θ3

,3 = 0, which is
adjoined to the system. Subsequent reduction gives J,3θ

3 = 0, giving the
case splitting J,3 = 0, J,3 6= 0.

If J,3 6= 0, then θ3 = 0, and the system quickly gives a non-commutative
Riquier Basis form with three-dimensional solution space. This is the generic
case of three symmetries ∂x, ∂t, x∂x +2t∂t. However, if J,3 = 0 (so that J is a
constant), further compatibility conditions and reductions bring the system
to

θ1
,11 = 2(1 − J)θ3

,1 θ2
,1 = 0 θ3

,11 = 0

θ1
,2 = 0 θ2

,2 = 2θ1
,1 − θ3 θ3

,2 = 0

θ1
,3 = −1

2
θ1 θ2

,3 = 0 θ3
,3 = 0 (18)

along with (3 − 4J)θ3
,1 = 0, and the pivot (3 − 4J) gives a case splitting.

If J 6= 3/4, then θ3
,1 = 0, and the system has non-commutative Riquier

Basis form

θ1
,11 = 0 θ2

,1 = 0 θ3
,1 = 0

θ1
,2 = 0 θ2

,2 = 2θ1
,1 − θ3 θ3

,2 = 0

θ1
,3 = −1

2
θ1 θ2

,3 = 0 θ3
,3 = 0.

17



There are four parametric derivatives θ1, θ2, θ3, θ1
,1, so the symmetry algebra

is of dimension four.
If J = 3/4, system (18) is in the form of a non-commutative Riquier

Basis. The parametric derivatives θ1, θ2, θ3, θ1
,1, θ

3
,1, give a five-dimensional

symmetry algebra.

5 Computation of Structure Constants

Consider a defining system for the components of a Lie algebra of vector
fields. A finite-dimensional Lie algebra is characterized up to isomorphism
by structure constants Ck

ij. We show how to find Ck
ij directly from the (frame)

defining system without solving the equations. The method is a generaliza-
tion to the non-commuting case of the method of Reid et al. [29].

5.1 Initial Data

Suppose a defining system has been completed to non-commutative Riquier
Basis form, and is of order K ≥ 1. (If K = 0, the solution space is either
trivial or ∞-dimensional). Indeed, we may assume that the system is in a
form where each equation is solved for its highest order derivative:

FramePrinc≤(ΘK) = A(w) FramePar≤(ΘK−1) (19)

where ΘK represents frame derivatives of order up to K:

ΘK =
{

θi
,J | i = 1, . . . , n; 0 ≤ |J | ≤ K

}

where, as usual, J is a multi-index. The solution space is assumed finite-
dimensional, so every frame derivative of order exactly K is principal, and
all parametric frame derivatives are of order K − 1 or lower.

The coefficient matrix A(w) varies from point to point. Let w0 be a regu-
lar point for the defining system, so that A is smooth at w0. At w0, the set of
values of FramePar≤(ΘK−1) is a vector space, which we call initial data space.
According to the formal Riquier existence and uniqueness Theorem [15] each
specification of initial data gives rise to a unique formal power series solution
of the defining system. Hence there is a vector space isomorphism S from
the space of initial data at w0 to the space of formal power series solutions
at w0.

18



5.2 Commutator bracket

The formal solutions are components of a vector field, and with the usual
commutator bracket on vector fields, the solutions at w0 are therefore also a
Lie algebra. The commutator bracket on solutions can be used to induce a
bracket on initial data. Let a, b be initial data vectors. Define

[a,b]id := S−1
(

[S(a),S(b)]
)

That is, the commutator of two initial data vectors is found by constructing
the associated formal solutions, taking commutators, then evaluating the
initial data of the commutator vector field.

Let the (unique) formal solutions associated with a,b be φ, ψ: φ = φi∆i,
ψ = ψi∆i. Thus by definition

FramePar≤(φ)(w0) = a, FramePar≤(ψ)(w0) = b.

The commutator is

ω = [φ, ψ] = (φiψk
,i − ψiφk

,i)∆k + φiψj[∆i,∆j] (20)

If the frame ∆ has structure relations [∆i,∆j] = γk
ij∆k, the k-th component

of the commutator is

ωk = φiψk
,i − ψiφk

,i + γk
ijφ

iψj

Let the initial data associated with ω be c, that is,

c = FramePar≤(ω)(w0)

Each component of c is therefore (ωk),J(w0) for some k, J . Now, the expres-
sion

(

φiψk
,i − ψiφk

,i + γk
ijφ

iψj
)

,J

can be evaluated using Leibniz rule to an expression involving derivatives
of φ, ψ up to order K, then reduced modulo the defining system (19) to an
expression involving only FramePar≤(φ), FramePar≤(ψ). Evaluation at w0

gives an expression involving only a,b. By doing so, each component of the
commutator initial data c is expressed as a skew-symmetric bilinear function
of a,b:

ck = Bk
ij(w0)a

ibj
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where Bij = −Bji. By construction, the quantities Bk
ij(w0) are structure

constants of the Lie algebra induced on initial data space, and therefore of
the desired Lie algebra of vector fields. Thus Ck

ij is the k-th piece of initial
data for the commutator of solution i with solution j.

Example 5.1. Consider the defining system (18) with J = 3/4, which is in the
form of a non-commutative Riquier Basis. The θi are components of a vector
field Y = θi∆i referred to a frame {∆1,∆2,∆3} with nontrivial structure
relation (16). The parametric derivatives are θ1, θ2, θ3, θ1

,1, θ
3
,1. Let

φ = φ1∆1 + φ2∆2 + φ3∆3, ψ = ψ1∆1 + ψ2∆2 + ψ3∆3,

be two solutions, and let ω = [φ, ψ]. Taking commutators (20) and using
structure relation (16), gives for instance

ω1 = (φ1ψ1
,1 − ψ1φ1

,1) + (φ2ψ1
,2 − ψ2φ1

,2) + (φ3ψ1
,3 − ψ3φ1

,3) −
1
2
(φ1ψ3 − ψ1φ3)

After substituting out principal derivatives from (18), we obtain

ω1 = φ1ψ1
,1 − ψ1φ1

,1

ω2 = 2(φ2ψ1
,1 − ψ2φ1

,1) − (φ2ψ3 − ψ2φ3)

ω3 = φ1ψ3
,1 − ψ1φ3

,1)

Differentiating and again reducing mod (18) gives

ω1
,1 = 1

2
(φ1ψ3

,1 − ψ1φ3
,1)

ω3
,1 = φ1

,1ψ
3
,1 − ψ1

,1φ
3
,1)

Evaluating at the initial data point gives

c1 = a1b4 − b1a4 (C1
14 = 1)

c2 = 2(a2b4 − b2a4) − (a2b3 − b2a3) (C2
24 = 2, C2

23 = −1)

c3 = a1b5 − b1a5 (C3
15 = 2)

c4 = 1
2
(a1b5 − b1a5) (C4

15 = 1
2
)

c5 = a4b5 − b4a5 (C5
45 = 1)

The Lie algebra therefore has commutation relations

[Y1,Y4] = Y1 [Y1,Y5] = Y3 + 1
2
Y4 [Y2,Y3] = −Y2

[Y2,Y4] = 2Y2 [Y4,Y5] = Y5

Note that it was not necessary to explicitly construct solutions during this
process.
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6 Potential Diffusion Convection System

We now present a substantial computational example, applying the frame
method to the diffusion convection potential system

vx = u, vt = Dux −K. (21)

The arbitrary elements D(u) (diffusivity) and K(u) (convection) obey the
auxiliary system

Dv = Dx = Dt = 0

Kv = Kx = Kt = 0 (22)

It is assumed at the outset that D > 0; this condition is preserved by the
transformations below.

6.1 Equivalence group

A calculation detailed in [17] shows that the class of equations (21) admits
the equivalence operators

X1 = ∂v X6 = x ∂v + ∂u

X2 = ∂x X7 = 1
2
v ∂v −

1
2
x ∂x + u ∂u + 1

2
K ∂K −D∂D

X3 = ∂t X8 = −v ∂x + u2 ∂u + uK ∂K − 2uD ∂D (23)

X4 = −t ∂v + ∂K X9 = −v ∂v − x ∂x − 2t ∂t +K ∂K

X5 = t ∂x + u ∂K X10 = v ∂v + x ∂x + t ∂t +D∂D

The commutation relations of the algebra are

[X1,X7] = 1
2
X1 [X1,X8] = −X2 [X1,X9] = −X1 [X1,X10] = X1

[X2,X6] = X1 [X2,X7] = −1
2
X2 [X2,X9] = −X2 [X2,X10] = X2

[X3,X4] = −X1 [X3,X5] = X2 [X3,X9] = −2X3 [X3,X10] = X3

[X4,X7] = 1
2
X4 [X4,X8] = X5 [X4,X9] = X4

[X5,X6] = −X4 [X5,X7] = −1
2
X5 [X5,X9] = X5

[X6,X7] = X6 [X6,X8] = 2X7 [X7,X8] = X8

This 10-dimensional algebra L is the semidirect sum of the following subal-
gebras

{X1,X2,X3} ⊕s {X4,X5} ⊕s {X6,X7,X8} ⊕s {X9} ⊕s {X10}
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These subalgebras correspond to generating the equivalence group from the
following subgroups:

(a)







v̄ = v + ε1

x̄ = x + ε2

t̄ = x + ε3

(b)







v̄ = v − κ1t
x̄ = x+ κ2t
K̄ = K + κ1 + κ2u

(c)























v̄ = αv + βx
x̄ = γv + δx

ū = αu+β
γu+δ

K̄ = K
γu+δ

D̄ = (γu+ δ)2D

(d)















v̄ = v/a
x̄ = x/a
t̄ = t/a2

K̄ = aK

(e)















v̄ = bv
x̄ = bx
t̄ = bt
D̄ = bD

(24)

where a, b 6= 0 and αδ − βγ = 1, and all parameters are real.

6.2 Defining system

The components χ, ξ, τ , η (functions of (v, x, t, u)) of the symmetry operator

Y= χ ∂v + ξ ∂x + τ ∂t + η ∂u

satisfy the infinitesimal defining system

τv = τx = τu = ξu = χu = 0

Ḋ( ∂x + u ∂v)(χ− uξ) − 2D( ∂x + u ∂v)ξ +D ∂tτ = 0
(

∂t + K̇( ∂x + u ∂v) −K ∂v

)

(χ− uξ) +K ∂tτ −D( ∂x + u ∂v)
2(χ− uξ) = 0

η = ( ∂x + u ∂v)(χ− uξ). (25)

6.3 Construction of invariant frame

Invariants and invariant frames for the full equivalence group will be con-
structed, by successively enlarging subgroups (24) (a), (a,b), . . . , (a,b,c,d,e).
At each step the following elements are constructed:

• Scalar differential invariants.

• Invariant frame operators.

• Invariant vector field components.
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• Structure relations of the frame.

• Auxiliary system in terms of frame.

• Defining system for symmetries in terms of frame.

(a) Common translation symmetries
The translations (24a) constitute the common symmetries of the system

(21). The invariant scalars are u,D,K. The coordinate frame ∂v, ∂x, ∂t, ∂u

is invariant, as are the infinitesimals χ, ξ, τ , η. The structure relations are
trivial. The scalars obey

∂vu = ∂xu = ∂tu = 0, ∂uu = 1
∂vK = ∂xK = ∂tK = 0,
∂vD = ∂xD = ∂tD = 0.

(26)

Defining system (25) is already in invariant form; this amounts to saying that
its coefficients do not depend on v, x, t.
(b) Galilean transformation

Now consider the group (24b). The scalar invariants are

u, D, J := K̈ (27)

An invariant frame ∆ and infinitesimals θ are:

∆1 = ∂v θ1 = χ− (uK̇ −K)τ

∆2 = ∂x θ2 = ξ − K̇τ

∆3 = ∂t −K ∂v + K̇( ∂x + u ∂v) θ3 = τ (28)

∆4 = ∂u θ4 = η.

The structure relations are trivial apart from

[∆3,∆4] = −uJ∆1 (29)

System (6) implies that the scalars satisfy

u,1 = u,2 = u,3 = 0, u,4 = 1
K,1 = K,2 = K,3 = 0,
D,1 = D,2 = D,3 = 0

(30)
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Finally, defining system (25) becomes

θ3
,1 = θ3

,2 = θ3
,4 = 0

θ2
,4 = −Jθ3, θ1

,4 = −uJθ3

Ḋ(∆2 + u∆1)(θ
1 − uθ2) − 2D(∆2 + u∆1)θ

2 +D∆3θ
3 = 0 (31)

∆3(θ
1 − uθ2) −D(∆2 + u∆1)

2(θ1 − uθ2) = 0

θ4 = (∆2 + u∆1)(θ
1 − uθ2)

where dot notation ∆4D = Ḋ etc. is retained, since ∆4 = ∂u.
(c) SL2 subgroup

The group (24c) acts on the scalar invariants (27) of (24a,b) by

u′ =
αu+ β

γu+ δ
, D′ = (γu+ δ)2D, J ′ = (γu+ δ)3J,

and on the frame ∆ (28) by

∆′
1 = δ∆1−γ∆2, ∆′

2 = −β∆1+α∆2, ∆′
3 = ∆3, ∆′

4 = (γu+δ)2∆4.

From this, we find scalar invariants

L :=
DD̈ − 3/2Ḋ2

D4
, I := |J |D−3/2, (32)

and invariant frame Λ and infinitesimals λ:

Λ1 = πD1/2(∆2 + u∆1) λ1 = −1
2
πD−3/2

(

Ḋ(θ1 − uθ2) − 2Dθ2
)

Λ2 = πD−3/2
(

2D∆1 + Ḋ(∆2 + u∆1)
)

λ2 = 1
2
πD1/2(θ1 − uθ2)

Λ3 = ∆3 λ3 = θ3 (33)

Λ4 = 1
D

∆4, λ4 = Dθ4.

The quantity π appearing throughout is a sign ±, whose choice is discussed
below.

The nontrivial structure relations of the frame Λ are

[Λ1,Λ4] = −1
2
Λ2, [Λ2,Λ4] = −LΛ1, [Λ3,Λ4] = −IΛ1 (34)

System (30) shows that the invariants L, I are subject to

L,1 = L,2 = L,3 = 0, I,1 = I,2 = I,3 = 0. (35)
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Finally, defining system (31) becomes

λ3
,1 = 0 λ1

,1 = 1
2
λ3

,3 λ2
,11 = λ2

,3 λ4 = 2λ2
,1

λ3
,2 = 0 (36)

λ3
,4 = 0 λ1

,4 = −Lλ2 − Iλ3 λ2
,4 = −1

2
λ1

In this beautiful form only two terms have nonconstant coefficients, and the
simplicity of structure of defining system (25) is revealed.

Consider the sign π which appeared above in (28). If J 6= 0, then π can
be chosen as π = sgn J , and the frame Λ is then invariant under the action
of the whole SL2 subgroup (24c). However, if J = 0 then Λ1, Λ2 (28) change
sign under action of (24c), so that (28) is not invariant. This is because
when I = 0 (pure diffusion) the transformation x 7→ −x, v 7→ −v becomes a
reflection symmetry. In this case we set π = 1.
(d) Scaling group—convection

The scaling group (24d) acts on Λ given in (32), (33) by

Λ′
1 = aΛ1 L′ = L

Λ′
2 = aΛ2 I ′ = aI

Λ′
3 = a2Λ3

Λ′
4 = Λ4

There is now a case splitting, depending whether I = 0 or not.
Case a. I 6= 0.

The parameter a can be eliminated to give an invariant frame Γ and
infinitesimals ζ:

Γ1 = I−1Λ1 ζ1 = Iλ1

Γ2 = I−1Λ2 ζ2 = Iλ2

Γ3 = I−2Λ3 ζ3 = I2λ3 (37)

Γ4 = Λ4 ζ4 = λ4.

The scalar invariants are

L, M := I,4/I (38)

The structure relations of Γ are

[Γ1,Γ4] = −1
2
Γ2 +MΓ1, [Γ2,Γ4] = −LΓ1 +MΓ2, [Γ3,Γ4] = −Γ1 + 2MΓ3

(39)
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From (35) the invariants L, M obey

L,1 = L,2 = L,3 = 0, M,1 = M,2 = M,3 = 0, (40)

Finally, defining system (36) becomes

ζ3
,1 = 0, ζ1

,1 = 1
2
ζ3
,3, ζ2

,11 = ζ2
,3, ζ4 = 2ζ2

,1

ζ3
,2 = 0, (41)

ζ3
,4 = 2Mζ3 ζ1

,4 = Mζ1 − Lζ2 − ζ3, ζ2
,4 = −1

2
ζ1 +Mζ2

Case b. I = 0.
The condition I = 0 is equivalent to J = 0, that is, K̈ = 0. This case

is equivalent to a pure diffusion equation K = 0. Here division by I cannot
be effected, so the group parameter a cannot be eliminated: the Boltzmann
scaling operator has become a symmetry. An invariant L is available, but
there is no invariant frame. Note that this case also inherits the symmetry
x 7→ −x, v 7→ −v from the SL2 group (24c): this is due to our failure to
eliminate the sign π.
(e) Scaling group—diffusion

Finally the scaling group (24e) acts on Λ, L, I as follows:

Λ′
1 = b−1/2Λ1 L′ = b−2L

Λ′
2 = b−3/2Λ2 I ′ = b−3/2I

Λ′
3 = b−1Λ3 (42)

Λ′
4 = b−1Λ4

Now consider the branches I 6= 0 and I = 0 from above.
Case a. I 6= 0.

The action of (24e) on Γ, L, M is:

Γ′
1 = bΓ1 L′ = b−2L

Γ′
2 = Γ2 M ′ = b−1M

Γ′
3 = b2Γ3

Γ′
4 = b−1Γ4

The calculation splits into two subcases, depending whether L vanishes.
Case aa. I 6= 0, L 6= 0.
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Using L, the parameter b can be eliminated, yielding invariant frame Σ
and infinitesimals β

Σ1 = |L|1/2Γ1 β1 = |L|−1/2ζ1

Σ2 = Γ2 β2 = ζ2

Σ3 = LΓ3 β3 = L−1ζ3 (43)

Σ4 = |L|−1/2Γ4 β4 = |L|1/2ζ4.

The invariants of the group action are

P := |L|−3/2Γ4L, Q := M |L|−1/2, σ := sgnL. (44)

The sign σ is genuinely invariant, so long as transformations are real-valued
(or complex-valued). The structure relations of the frame Σ are

[Σ1,Σ4] = 1
2
(2Q− σP )Σ1 −

1
2
Σ2, [Σ2,Σ4] = −σΣ1 +QΣ2,

[Σ3,Σ4] = −σΣ1 + (2Q− σP )Σ3 (45)

From (40), the invariants P , Q are bound by

P,1 = P,2 = P,3 = 0, Q,1 = Q,2 = Q,3 = 0. (46)

Finally, defining system (41) becomes

β3
,1 = 0, β1

,1 = 1
2
β3

,3, β2
,11 = σβ2

,3, β4 = 2β2
,1

β3
,2 = 0, β2

,4 = −1
2
β1 +Qβ2

β3
,4 = (2Q− σP )β3 β1

,4 = 1
2
(2Q− σP )β1 − σβ2 − σβ3

(47)

Case ab. I 6= 0, L = 0.
Here L cannot be used to eliminate the parameter b. There is a case

splitting on M .
Case aba. I 6= 0, L = 0, M 6= 0.

Here M can be used to eliminate the group parameter b. The scalar
invariants are

R := M−2Γ4M, S := LM−2. (48)

An invariant frame Ξ and infinitesimals ξ are:

Ξ1 = MΓ1

Ξ2 = Γ2

Ξ3 = M2Γ3

Ξ4 = M−1Γ4

ξ1 = M−1ζ1

ξ2 = ζ2

ξ3 = M−2ζ3

ξ4 = Mζ4.

(49)
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The quantities R, S, Ξ are well-defined whenever M 6= 0 (regardless of L).
Here L = 0, and hence S = 0. The structure relations of Ξ are

[Ξ1,Ξ4] = −1
2
Ξ2 + (1 − R)Ξ1 [Ξ2,Ξ4] = Ξ2

[Ξ3,Ξ4] = −Ξ1 + 2(1 −R)Ξ3 (50)

From (40) the invariant R is bound by

R,1 = R,2 = R,3 = 0. (51)

Finally, the defining system (41) becomes

ξ3
,1 = 0, ξ1

,1 = 1
2
ξ3
,3, ξ2

,11 = ξ2
,3, ξ4 = 2ξ2

,1

ξ3
,2 = 0, (52)

ξ3
,4 = 2(1 −R)ξ3 ξ1

,4 = (1 −R)ξ1 − ξ3, ξ2
,4 = −1

2
ξ1 + ξ2

Case abb. I 6= 0, L = 0, M = 0.
Here there is no way to eliminate the group parameter b, and we retain

the frame Γ. This singular case is again associated with equivalence transfor-
mations moving into the symmetry group. Conditions L = 0, M = 0, I 6= 0
are

DD̈ − 3
2
Ḋ2 = 0, (K̈D−3/2)· = 0, K̈ 6= 0

which lead to

D(u) = (eu+ f)−2, K(u) =
au2 + bu+ c

eu+ f

where at least one of e, f is nonvanishing, and eu+ f does not divide au2 +
bu+c. These are equations including Burgers’ equation and a system studied
by Fokas and Yortsos [9]. It is interesting that the frame calculations pick
this out as a singular case even though the linearizing transformation taking
Burgers’ to the heat equation is not in the equivalence group, and hence not
detected.
Case b. I = 0.

The action of the scaling group (24e) on the frame Λ is given by (42).
With I = 0, the calculation splits on L.
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Case ba. I = 0, L 6= 0.
Here L can be used to eliminate the parameter b. The scalar invariants

of the group action are

P := |L|−3/2Λ4L, σ := sgnL. (53)

An invariant frame Ω and infinitesimals ω are:

Ω1 = |L|−1/4Λ1 ω1 = |L|1/4λ1

Ω2 = |L|−3/4Λ2 ω2 = |L|3/4λ2

Ω3 = |L|−1/2Λ3 ω3 = |L|1/2λ3 (54)

Ω4 = |L|−1/2Λ4 ω4 = |L|1/2λ4.

This P is the same as (44), merely rewritten in new notation. The structure
relations of the frame Ω are

[Ω1,Ω4] = 1
4
σPΩ1 −

1
2
Ω2 [Ω2,Ω4] = −σΩ1 + 3

4
σPΩ2,

[Ω3,Ω4] = 1
2
σPΩ3. (55)

From (35) the invariant P satisfies

P,1 = P,2 = P,3 = 0 (56)

Finally, determining system (36) becomes

ω3
,1 = 0 ω1

,1 = 1
2
ω3

,3 ω2
,11 = ω2

,3 ω4 = 2ω2
,1

ω3
,2 = 0 (57)

ω3
,4 = 1

2
σPω3 ω1

,4 = 1
4
σPω1 − σω2 ω2

,4 = −1
2
ω1 + 3

4
σPω2

Case bb. I = 0, L = 0.
Here there is no way to eliminate b, and frame Λ is retained. This singular

case corresponds to D, K satisfying

DD̈ − 3
2
Ḋ2 = 0, K̈ = 0

or
D(u) = (eu+ f)−2, K(u) = au+ b

where at least one of e, f is nonvanishing. These equations include the system
studied in [36, 3] and found to be equivalent to the linear heat system. In
this case the linearizing transformation is in the equivalence group, so it is
expected that this case should be picked out as singular.
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D > 0
Λ4 := 1

D
∂u

L := DD̈−3/2Ḋ2

D4

I := |K̈|D−3/2

M := Λ4I/I

I 6=0 I=0

P := |L|−3/2Λ4L
frame: Ω

frame: Λ

L6=0 L=0

P := |L|−3/2Λ4L

Q := M |L|−1/2

frame: Σ

L6=0 L=0

R := M−2Λ4M
frame: Ξ

frame: Γ

M 6=0 M=0

Figure 1: Preliminary classification tree for potential diffusion convection
system (21). Branchings are on the basis of whether or not particular frames
exist.

6.4 Completion to non-commutative Riquier Basis form

So far we have the incomplete classification tree shown in Figure 1.
For each of the five leaves of the tree above we now complete the de-

termining system to a non-commutative Riquier Basis. This gives rise to a
further hierarchy of branchings. Note that three common translation sym-
metries are always present, and we do not present results for any branch with
only a three-dimensional solution space.
Case aa. I 6= 0, L 6= 0.

The defining system is (47), referred to frame Σ. The frame Riquier
method gives case splittings which show that for symmetry beyond the min-
imal translations, it is necessary that P,4 = Q,4 = 0, implying that P,Q are
constants. In that case, the system reduces to the non-commutative Riquier
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Basis

β3
,1 = 0 β2

,11 = 0 β1
,1 = −(2Q− σP )β2

,1

β3
,2 = 0 β2

,2 = −2Qβ2
,1 β1

,2 = 2σβ2
,1 β4 = 2β2

,1

β3
,3 = −2(2Q− σP )β2

,1 β2
,3 = 0 β1

,3 = 2σβ2
,1

β3
,4 = (2Q− σP )β3 β2

,4 = −1
2
β1 +Qβ2 β1

,4 = 1
2
(2Q− σP )β1 − σβ2 − σβ3

(58)
The four parametric quantities β1, β2, β3, β2

,1 give a four-parameter symmetry
group.

Application of the method (Section 5) for finding structure constants
gives a Lie algebra of symmetry operators Y1, Y2, Y3, Y4 with commutation
relations

[Y1,Y4] = −(2Q− σP )Y1 + Y2 [Y2,Y4] = 2σY1 − 2QY2

[Y3,Y4] = 2σY1 − 2(2Q− σP )Y2

Case aba. I 6= 0, L = 0, M 6= 0.
Applying the frame Riquier method to system (52) with frame Ξ (49)

shows that additional symmetry only arises only if R,4 = 0, in which case
the non-commutative Riquier Basis is:

ξ3
,1 = 0

ξ3
,2 = 0

ξ3
,3 = 2(1 − R)ξ2

,2

ξ3
,4 = 2(1 − R)ξ3

ξ2
,1 = −1

2
ξ2
,2

ξ2
,22 = 0

ξ2
,3 = 0

ξ2
,4 = −1

2
ξ1 + ξ2

ξ1
,1 = (1 − R)ξ2

,2

ξ1
,2 = 0

ξ1
,3 = −ξ2

,2

ξ1
,4 = (1 − R)ξ1 − ξ3

ξ4 = −ξ2
,2

(59)

The parametric quantities ξ1, ξ2, ξ3, ξ2
,2 give a four-dimensional symmetry

algebra with commutation relations

[Y1,Y4] = (1 −R)Y1 −
1
2
Y2, [Y2,Y4] = Y2, [Y3,Y4] = −Y1 + 2(1−R)Y3

Case abb. I 6= 0, L = 0, M = 0.
No further case splittings arise for this case, which includes Burgers’ equa-

tion and Fokas-Yortsos’ equation [9]. The Cole-Hopf transformation connects
the potential system to the linear heat system, and the non-commutative
Riquier Basis has infinitely many parametric derivatives. It is not repro-
duced here.
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Case ba. I = 0, L 6= 0.
The frame Riquier method applied to defining system (57) yields a case

splitting on P,4. If P,4 6= 0 the non-commutative Riquier Basis is

ω3
,1 = 0

ω3
,2 = 0

ω3
,3 = 2ω2

,2

ω3
,4 = 1

2
σPω3

ω2
,1 = 0

ω2
,22 = 0

ω2
,3 = 0

ω2
,4 = −1

2
ω1 + 3

4
σPω2

ω1
,1 = ω2

,2

ω1
,2 = 0

ω1
,3 = 0

ω1
,4 = 1

4
σPω1 − σω2

ω4 = 0

(60)

The parametric derivatives ω1, ω2, ω3, ω2
,2 give the four-dimensional sym-

metry algebra common to all diffusion potential systems. The commutation
relations are

[Y1,Y4] = Y1, [Y2,Y4] = Y2, [Y3,Y4] = Y3.

If P,4 = 0, we obtain a non-commutative Riquier Basis

ω3
,1 = 0

ω3
,2 = 0

ω3
,3 = 2σPω2

,1 + 2ω2
,2

ω3
,4 = 1

2
σPω3

ω2
,11 = 0

ω2
,12 = 0

ω2
,22 = 0

ω2
,3 = 0

ω2
,4 = −1

2
ω1 + 3

4
σPω2

ω1
,1 = σPω2

,1 + ω2
,2

ω1
,2 = 2σω2

,1

ω1
,3 = 0

ω1
,4 = 1

4
σPω1 − σω2

ω4 = 2ω2
,1

(61)
The parametric quantities ω1, ω2, ω3, ω2

,1, ω
2
,2 give a five-dimensional sym-

metry algebra, with structure relations

[Y1,Y4] = 1
2
Y1 [Y1,Y5] = Y2 [Y2,Y4] = 1

2
Y2

[Y2,Y5] = 2σY1 − σPY2 [Y3,Y4] = Y3

Case bb. I = 0, L = 0
There is no further case splitting. The non-commutative Riquier Basis

for (36) is

λ3
,1 = 0

λ3
,2 = 0

λ3
,4 = 0

λ3
,33 = 0

λ2
,4 = −1

2
λ1

λ2
,11 = λ2

,3

λ2
,12 = −1

2
λ1

,3

λ2
,22 = 1

2
λ1

,3

λ2
,23 = 0

λ1
,1 = 1

2
λ3

,3

λ1
,2 = 0

λ1
,4 = 0

λ1
,33 = 0

λ4 = 2λ2
,1

(62)
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There are infinitely many parametric quantities: λ1, λ3, λ1
,3, λ

2
,2, λ

3
,3; and the

sequences λ2, λ2
,3, λ

2
,33, . . . and λ2

,1, λ
2
,13, λ

2
,133, . . . . The symmetry algebra is

therefore infinite-dimensional: this subcase consists of equations which can
be mapped to the heat equation by an equivalence transformation, so its
symmetry properties can be regarded as known.

6.5 Summary of classification

The calculations of this section yield the classification tree shown in Fig-
ure 2. In this compact diagram is present all the information required to
decide the symmetry properties of a diffusion convection potential system.
The elegance of the result is apparent when compared with the classifying
equations produced by the ‘raw’ version of Riquier–Janet [28].

In Figure 2, all the branchings are (by construction) invariant under the
action of the equivalence group. Hence two equations connected by an equiv-
alence transformation always occur on the same branch. This greatly cuts
down on spurious branchings. Note that equations occurring on different
branches of the tree could be equivalent with respect to a transformation
not in the group (24). Indeed Burgers’ and linear heat equations occur on
different branches, yet are connected by the Cole-Hopf transformation.

7 Linear Hyperbolic Equations

Consider the class of second order linear hyperbolic equations in character-
istic coordinates:

∂xyz + A∂xz +B ∂yz + Cz = 0, (63)

with A, B, C functions of (x, y). We give a complete symmetry classification
for these equations, completing the discussion by Ovsiannikov [25, §9] (see
also Lie [16] and Vranceanu [38]).

7.1 Equivalence group

The equivalence transformations for (63) are

(a)







x′ = x
y′ = y
z′ = w(x, y)z

(b)







x′ = f(x)
y′ = g(y)
z′ = z

(c)







x′ = y
y′ = x
z′ = z
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D > 0
Λ4 := 1

D
∂u

L := DD̈−3/2Ḋ2

D4

I := |K̈|D−3/2

M := Λ4I/I

I 6=0 I=0

P := |L|−3/2Λ4L (heat)
∞-dim

L6=0 L=0

4-dim 5-dim

Λ4P 6=0 Λ4P=0

P := |L|−3/2Λ4L

Q := M |L|−1/2

L6=0 L=0

R := M−2Λ4M (Burgers’)
∞-dim

M 6=0 M=0

3-dim 4-dim

Λ4R6=0 Λ4R=0

3-dim

Λ4P 6=0 Λ4P=0

3-dim 4-dim

Λ4Q6=0 Λ4Q=0

Figure 2: Complete symmetry classification tree for potential diffusion convection system (21).
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where (a) is a normal subgroup of (a,b). We make only ad hoc use of the
reflection (c). The effect of these transformations on the arbitrary elements
is

(a)































A′ = A−
wx

w

B′ = B −
wy

w

C ′ = C − A
wx

w
−B

wy

w
−
wxy

w

(b)



































A′ =
1

ġ
A

B′ =
1

ḟ
B

C ′ =
1

ḟ ġ
C

(c)































A′ = B

B′ = A

C ′ = C

For transformations (a), the scalar invariants are x, y and the Laplace in-
variants

h := Ax + AB − C, k := By + AB − C

and their derivatives.

7.2 Symmetry operator

A symmetry operator for (63) is sought in the form

X = ξ ∂x + η ∂y + σz ∂z

where ξ, η, σ depend on (x, y) only. An invariant frame and infinitesimals for
(a) are given by

∂x −Bz ∂z ξ

∂y − Az ∂z η

z ∂z ζ := σ +Bξ + Aη

In terms of these, the defining system is conveniently written [25, §9.4] as:

ξy = 0, ηx = 0

(hξ)x + (hη)y = 0 (kξ)x + (kη)y = 0 (64)

ζx = (h− k)η ζy = (k − h)ξ

Note that compatibility of the last two equations is satisfied as a consequence
of the other equations. From now on we consider only the first 4 equations,
and ignore the z-components.
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The action of transformations (b) on h, k is

h′ =
1

ḟ ġ
h, k′ =

1

ḟ ġ
k

The conditions h = 0, k = 0 are invariant, and specify the class of the wave
equation zxy = 0. If h = 0, k 6= 0, transformations (c) effect the interchange
h↔ k and enable us to assume without loss of generality that h 6= 0.

7.3 Scalar invariants

Some properties of the invariants of transformations (a,b) are easily verified:

Proposition 7.1. Suppose h 6= 0. Then:

(i) The quantities

p := k/h q :=
hxy

h2
−
hxhy

h3
=

1

h
∂xy ln h

are scalar invariants.

(ii) The nonlinear operations

N [J ] :=
∂xJ ∂yJ

h
S[J ] :=

∂xyJ

h
(65)

map an invariant J to another invariant.

We make the notations

n := N [p], s := S[p].

Further invariants will be defined as needed.

7.4 Analysis of defining system

From the defining system (64), elementary manipulations give

ξy = 0 ηx = 0 (66a)

ξx = −ηy −
hx

h
ξ −

hy

h
η (66b)

pxξ + pyη = 0 (66c)
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Compatibility of the ξx, ξy equations gives

ηyy = −
hy

h
ηy −

(hy

h

)

y
η − hqξ (67)

and compatibility of this with the ηx equation gives

qxξ + qyη = 0 (68)

A useful fact is the following:

Proposition 7.2. Let J be an invariant. Suppose the defining system in-
cludes the equation

Jxξ + Jyη = 0

Then it follows that
(NJ)xξ + (NJ)yη = 0

Proof. Differentiation and simplification modulo (66) shows that

Jxηy − (Jxy −
hy

h
)η − (Jxx −

hx

h
Jx)ξ = 0

Jyηy + Jyyη + Jxyξ = 0 (69)

and eliminating the ηy terms yields the result.

The basic symmetry properties [25, §9] of the equation are well-known,
and easily worked out:

Proposition 7.3. (i) The symmetry group is of dimension ≤ 3.

(ii) If pxqy − qxpy 6= 0, the symmetry group is trivial.

(iii) The symmetry group is of dimension 3 iff

px = py = qx = qy = 0

(iv) If condition (iii) is not satisfied, the group is of dimension ≤ 1.

Proof. (i) This follows by counting the non-leading derivatives ξ, η, ηy in
the system (66) and (67).

(ii) If the determinant is nonzero, then (66c) and (68) immediately give
ξ = η = 0.
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(iii) If px, py, qx, qy vanish, then the defining system (66a), (66b), (67) is a
non-commutative Riquier Basis; the three parametric derivatives ξ, η,
ηy show that the Lie algebra is of dimension 3.

(iv) If px or py is nonzero, (66c) combined with (69) would give an equation
with ηy as leading derivative, reducing the count of non-leading deriva-
tives to 2 (ξ, η). Equation (66c) then reduces the count to 1. The same
argument applied to (67) gives the same result if qx or qy is nonzero.
This establishes (iv) and the ‘only if’ part of (iii).

7.5 Frame calculation

To complete the symmetry classification, the cases admitting a 1-dimensional
symmetry group must be distinguished. Details are given for one subcase
only; the others are similar.

First suppose that px 6= 0. Introduce an invariant frame such that

ξ ∂x + η ∂y = θ1∆1 + θ2∆2

where

∆1 =
1

px
∂x θ1 = pxξ

∆2 =
px

h
∂y θ2 =

h

px
η

The structure relations of the frame are

[∆1,∆2] = s∆1 + rΓ1

where

r :=
1

px

(pxx

px

−
hx

h

)

is an invariant. We note the following syzygy relationships:

p,1 = 1, p,2 = n, n,1 = s+ nr

In terms of this frame, the defining system is

θ1 + nθ2 = 0, θ1
,2 − sθ1 = 0, θ2

,1 + rθ2 = 0

θ1
,1 + θ2

,2 − rθ1 + sθ2 = 0 (70)
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Clearing θ1 from the other equations and using the syzygies gives the equation
(n,2 − nn,1)θ

2 = 0. Hence the group is trivial unless

p,1n,2 − p,2n,1 = 0

If this condition is satisfied, the defining system is

θ1 = −nθ2, θ2
,1 = −rθ2 θ2

,2 = −nrθ2 (71)

Computing compatibility shows that the group is trivial unless

p,1r,2 − p,2r,1 = 0

Moreover, if this condition is satisfied, defining system (71) is in the form of
a non-commutative Riquier Basis, with one parametric derivative θ2. Hence
the symmetry algebra is 1-dimensional.

Now suppose that px = 0 but py 6= 0. An invariant frame is

∆1 =
py

h
∂x θ1 =

h

py

ξ

∆2 =
1

py

∂y θ2 = pyη

Another invariant appears:

t :=
1

py

(pyy

py
−
hy

h

)

,

and we note the relations

p,1 = 0, p,2 = 1, s = 0, t,1 = −q (72)

The defining system is

θ2 = 0, θ1
,1 = 0, θ1

,2 = −tθ1 (73)

and taking compatibility and using (72), it follows that the algebra is trivial
if q 6= 0. If q = 0 then (73) is a non-commutative Riquier Basis, with one
parametric derivative θ1, and hence a 1-dimensional symmetry algebra.

If px = py = 0, similar considerations arise when qx 6= 0 or qy 6= 0: we do
not reproduce the calculations here.
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In the case p, q both constant, we work in the frame

∆1 = ∂x θ1 = ξ

∆2 =
1

h
∂y θ2 = hη.

The defining system in non-commutative Riquier Basis form is

θ1
,1 = −θ2

,2 −
hx

h
θ1 θ2

,1 =
hx

h
θ2

θ1
,2 = 0 θ2

,22 = −qθ1 (74)

7.6 Commutation relations

Let (θ1, θ2) and (φ1, φ2) be two solutions of defining system (74). If

[θ1∆1 + θ2∆2, φ
1∆1 + φ2∆2] = ψ1∆1 + ψ2∆2

then after simplification modulo (74), we find

ψ1 = −(θ1φ2
,2 − φ1θ2

,2), ψ2 = θ2φ2
,2 − φ2θ2

,2, ψ2
,2 = q(θ1φ2 − θ2φ1)

and hence the symmetry algebra has structure

[X1,X2] = qX3, [X1,X3] = −X1, [X2,X3] = X2.

The complete classification tree is shown in Figure 3.
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